Computational Monotone Co-Design

2025-08-31



Contents

A. Invitation to computational co-design

1. A tour of MCDPL

What MCDPLIS . . . . . o o e e e e e e e e e e e
Graphical representation . . . . . . . . . . L e e e
Yourfirstmodel . . . . . .. e

1.1.
1.2.
1.3.

1.4.

1.5.

1.6.
1.7.

1.8.

1.3.1.
1.3.2.
1.3.3.

Constraining functionality and requirements . . . . . . . . . . .. e
Use of Unicode glyphs in the language . . . . . . . . . . . .
Aside: ahelpful compiler . . . . . . .. e e e

Describing relations between functionality and resources . . . . . . . . . . ... Lo e

1.4.1.

UNIS . . . o e e

Catalogs . . . . e e

1.5.1.

Multiple minimal SOIUtiONS . . . . . . . . . . . e e e e

Union/choice of design problems . . . . . . . . . . L e e
Composing design problems . . . . . . . . . L e

1.7.1.
1.7.2.
1.7.3.

Implicit composition of design problems from formulas . . . . .. .. ... ... L Lo L.
Explicit composition of design problems . . . . . . . . ..
Adding co-design constraints . . . . . . ...

Re-usable design patterns using templates . . . . . . . . .. e e e e e e

B. MCDPL reference

2. Introduction

2.1.

Introduction . . . . . . . . L e e e e e e e e

2.1.1.

Kinds . . . . . e e e

3. Posets and values
poset: Defining finite posets . . . . . . . . .
Extrema of posets . . . . . . L e e

3.1.
3.2

3.3.

3.4.

3.5.

3.6.

3.7.

4. Named DPs

4.1.
4.2

4.3.
4.4.

3.2.1.
3.2.2.

Topand BOtLtom . . . . . . o v i e e e e e e e e e e
Minimals and Maximals . . . . . . . . o it e e e e e e e e e e e e e e e e e

Numerical POSELS . . . . . . o o o e e e e e e e

3.3.1.

Numerical precision . . . . . . . . . . e e

Numbers with units . . . . . . . o .
Poset products . . . . . . . . e e e e e

3.5.1.
3.5.2.

x: Anonymous Poset Products . . . . . . . . L e
product: Named Poset Products . . . . . . . . . . . . . . . e e e

Posets Of SUDSELS . . . . . . . . e e e e e e e e e e

3.6.1.
3.6.2.
3.6.3.

powerset: POWET SEtS . . . . . . . i e e e e e e e e e e
EmptySet: Theempty set . . . . . . . . . . o e
UpperSets and LowerSets: Upperand lowersets . . . . . . . . . . . . .. ittt

Defining uncertain CoNStants . . . . . . . . . . . .. e

Defining NDPS . . . . . . . o
Constructing NDPs as catalogs . . . . . .« . o v ottt e e e e e e e e e e e e e e
4.2.1. Trueand false . . . . . . . .
Constructing NDPs from YAMLfiles . . . . . . . . . . . e e e
Describing Monotone Co-Design Problems . . . . . . . . . . . ... e
44.1. Declaring functionality and requirements explicitly . . . . . . . .. .. ... . Lo L o
4.4.2. Declaring functionality and requirements implicitly using expressions . . . . .. .. ... ... ... ... ...
4.4.3. Forwarding functionalities and requirements from other subproblems . . . . . ... ... . ... ... .....
4.4.4. Declaring functionality and requirements using interfaces . . . . .. .. ... ... ... .. .o L L.
4.4.5. Ignoring or propagating the functionality/requirements of subproblems . . . . .. .. ... ... ... .....

13

14
14
14
14
15
16
16
16
17
17
18
19
20
20
20
21
22

24

25
25
25

26
26
26
26
26
27
27
27
28
28
28
29
29
29
29
30



4.4.6. Shortcuts for summing over functionalities and requirements . . . . . .. ... ... ... L.

4.5. Mathematical relations between functionalities and requirements . . . . . . . . . .. .. ... oL
4.5.1. Abstract interpretation of mathematical relations . . . . . . . . . ... Lo Lo
4.5.2. Minand maX . . . . . . ottt e e e e e
4.5.3. Floorand ceilrelations . . . . . . . . . . . . e
4.5.4. Built-in approximations . . . . . . . .. e e e

4.6. Accessing the componentsof aproduct . . . . . . . . ...
4.6.1. Accessing the components of an anonymous product . . . . . . . . ...l e e e e

4.7. Operations on NDPS . . . . . . o e
4.7.1. compact: Compactification . . . . . . . . . .. L e e
4.7.2. flatten: Flattening . . . . . . . . . . . o e
4.7.3. abstract: Abstraction . . . . . . . .. e e
4.7.4. canonical: Canonical form . . . . . . . . . .. L e

4.8. choose: Union of design problems . . . . . . . . . e

. Higher-order modeling

5.1. Interfaces . . . . . . . L e
5.1.1. interface: Declaringinterfaces . . . . . . . . . . . . ..
5.1.2. extends: Extending interfaces . . . . . ... ... L
5.1.3. implements: Using interfaces when definingmodels . . . . . . .. ... ... .. . .. L ..
5.2. TemplateS . . . . . . . e e
5.2.1. template: Declaring templates . . . . . . . . . L. L e e e
5.2.2. specialize: Instantiating templates . . . . . . . ... . L L e

. Queries
6.1. Defining qUeries . . . . . . . . o e e
6.1.1. FixFunMinRes . . . . . . . . e
6.1.2. FixResMaxFun . . . . . . . . . . e

. Syntax
7.1. MCDPL SYNtaX . . . . o o o e e e e e e e e e e e e e e e e e e e
7.1.1. CharaCters . . . . . . . . o e e e e
7.1.2. CommentS. . . . . . . .
7.1.3. Reserved keywords . . . . . . . . .
7.1.4. Syntacticequivalence . . . . . . . .. e
7.1.5. Identifiers . . . . . . . o e e e e
7.1.6. Use of Greek letters as part of identifiers . . . . . . . . .. . . . ..

Software manual

. MCDP Command line interface

8.1. Installation . . . . . . . . e
8.1.1. Prerequisites . . . . . . o e e e e e e e e
8.1.2. A Linux (Ubuntu/Debian) . . . . . oo v o et e e e
8.1.3. BmacOS . . . e
8.1.4. ER Windows (Experimental) . . . . . . . . . i . e
8.1.5. Getting Started . . . . . . . L e e e e
8.1.6. Troubleshooting . . . . . . . . . .

8.2. MCAP UPAAte . . . . e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

8.3. mcdp co-design PLot . . . . . L L e e e e e e e e e e e e e e

8.4. mcdp Co-design SOLVE . . . . . . i e e e e e e e e e e e e e e e e e e e e e e e e e e e e
8.4.1. Resolution options . . . . . . . . . L e e
8.4.2. Implementation options . . . . . . . . L e

8.5. mcdp co-design SOLVEe-QUELY . . . . o i v i i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
8.5.1. Resolution options . . . . . . . . . e e e
8.5.2. --imp - Computing implementations . . . . . . . . . . .. L e e
8.5.3. --blueprints - Computing blueprints . . . . . . . . . .. L

8.6. mcdp Co-desSign eXPOTL . . . v v i i i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

. Libraries for parsing the exported data
9.1. @ Python library medp-format2-py . . . . . . . . o e e e e e
9.2. @ Rustcrate medp-format2-rs . . . . . . . . L e

44
44
44
44
44
45
45
45

46
46
46
47

48
48
48
48
48
48
48
49

50

51
51
51
51
51
52
53
53
53
53
54
55
55
55
55
55
55
56



D. Mathematical underpinnings for computational co-design

10. Order theory

101, POSEtS . . o o o e
10.2.  Special subsets Of POSELS . . . . . . . L e e e
10.3. MONOtONE IMAPS . . . . . o v v vttt e e e e e e e e e e e e e e e e
10.4.  ClOSUIE OPETALOIS . .« . . v v v v e e e e e e e e e e e e e e e e e e e e e e e e e e e e
10.4.1.  Upperand lower closureof apoint . . . . . . . . . . . . e
10.4.2. Upperandlower closureofasubset. . . . . . . . . .. . L
10.4.3.  Upper and lower closure of a function . . . . .. . . . .. . ... . e

11. Design problems (DPs)
11.1.  Design problems . . . . . . . . . L
112, PosL andPosU . . . . . . ... e
11.3. Queriesfor DPS . . . . . . . e e e e

12.DP computability and well foundedness
12.1. Well-foundedness . . . . . . . . oot e e e e e e e
12.1.1.  Well-foundedness of upper and lower sets . . . . . . . . . . . ... e
12.1.2.  Well-foundedness of PosU and PosL morphisms . . . . . . . . .. ... .0 ittt
12.1.3.  Well-foundedness of DPS . . . . . . . . . . . o i e e e e e e
12.2.  Liftingmapsto DPs . . . . . . . o e e e e e e
12.3.  Upper and lower preimage of a mONotone Map . . . . . . ¢ v o v v v vt e e e e e e e e e e
12.4.  Well-foundedness and Galois connections . . . . . . . .. . . . . . e
12.5. Well-foundedness and Scott-continuity . . . . . . . . . . . . . e e e e e e e e
12.5.1.  Scott-continUity . . . . . . . o o e e e e e e e e e e e e e
12.5.2. Co-Scott-continuity . . . . . . . . . o e e e e e e e e e e e e
12.5.3.  Scott-continuity and well-foundedness . . . . . . . . .. ..
12.6.  Liftingasfunctors. . . . . . . . . L e e
12.6.1.  Restriction to Scott-(CO)CONtINUOUS MAPS « .« « v v v v v v e v e et e e e e e e e e e e e e e

13. Scalable computation for DPs
13.1.  Scalablemaps . . . . . . L e
13.2.  Approximation of DP qUeries . . . . . . . . . . L e e e e e e

14. Design problems with implementations (DPIs)

141, DPIS .« . o o e
14.2.  Optimization queries associated toa DPT . . . . . . . . . . . . e e e e e e e
14.3. Categories PosUTL and POSLI . . . . . . . . . . . e e e e e e
14.3.1.  RelatingPosUI and PosLIto PosUand PosL . . . . . .. .. . .. ... . ...,
14.3.2.  Pre-orderonPosLIand PosUI . . . . . ... . .. ... ... e
14.4. DPIqueries as PosUI/PosLImorphisms . . . . . . . . . . . .o e e e e e
14.5.  Free-forgetful adjunction between DPand DPI. . . . . . . . . . ... .. . . . e
15. Scalable computation for DPI
15.1.  SPosUIand SPOSLI . . . . . . . . e
15.2.  Approximation of DPIqUeries . . . . . . . . . . o e e e e e e
16. Numerical approximation
16.1.  Approximation of DPS . . . . . . . . e e e
16.2.  Approximation of operations in complete lattices . . . . . . . . ... e
16.2.1.  Upper and lower approximations of the original operation . . . . . ... ... ... ... ... ... .. ....
16.2.2.  Comparingthe DPs . . . . . . . . . o e

E. Catalogs

17.Sets and posets catalog
17.1. SetsCONSLIUCLIONS . . . . . . . . . . oo et e e
17.1.1. Cartesian producCts . . . . . . . . . L e e e e e e e
17.1.2. SUIM . .o o e e e e e e e e e e
17.2.  Constructions forsingle posets . . . . . . . . . L
17.2.1.  Oppositeof a poset . . . . . . . . e e e

58

59
59
59
59
59
59
60
60

62
62
62
62

64
64
64
64
65
65
66
67
68
68
68
69
70
71

72
72
72

75
75
76
77
78
78
79
80

81
81
81

83
83
83
83
84



18.

19.

20.

17.2.2. Arrow construCtions . . . . . . . . . . L i e e e e e e e e e e e e e e e

17.2.3.  Discretized version of a poset . . . . . . ... e
17.2.4.  Posets Of SUDSELS . . . . . . . . . e e e e e e
17.3.  Constructions with multiple posets . . . . . . . . . . . e e e
17.3.1.  Cartesian product of posets . . . . . . . . . L e e
17.3.2.  DirectsSum of pOSEts . . . . . . . .. e e e e e e
17.3.3.  Lexicographic productof posets . . . . . . . . . . L e
17.4.  POSEtFilters . . . . . . . o e e e e e e
17.4.1.  Finite subposet of an ambient poset . . . . . . . . . . .. e e e
17.42.  Interval in@apoSet . . . . . . o o i i e e e e
17.4.3. Lower and upper closure in @ poset . . . . . . . . . .. L e e e e e e e e e e e e e
17.4.4. Union and Intersection of Sub posets . . . . . . . . . . . . e e e
17.4.5.  Samplin@ aPoSet . . . . . . i e e e e e e e e e
Monotone maps catalog
18.1.  Identitymap . . . . . . . o o o e e e e e
18.2.  ConStantmapS . . . . o v vt e e e e e e e e e e e e e e e
18.3.  Ceilingand floor . . . . . . . . L e
18.3.1.  Generalizedrounding . . . . . ... ...
18.4.  Sum, multiplication, and division . . . . . . . . . L e e
18.4.1.  SUM . . . . o e e e e e e e e e e e e e
18.4.2.  Multiplication . . . . . . . . . e e e e
18.4.3.  DIiVISION . . . . . . o e e e e s
18.5. Unaryjoin and meet Operations . . . . . . . . . . i it e e e e e e e e e e e e
18.6.  m-aryjoinSand mMeets . . . . . . v v ot i e e e e e e e e e e e e e e e e e e e e
18.6.1.  m-aryJOIN . . . . . . L e e e e e
18.6.2.  m-aryMeet. . . . . . . e e e
18.7.  LiftsStoSUDSELS . . . . . . . o o e e e e e e e e e e e e e e
18.8.  Plumbing . . . . . . . e
18.8.1.  SHCING . . . . . o o e
18.8.2.  INJECLIONS . . . . . o o o e e e e e e e e e e e e
18.9.  Catalog. . . . . . .. e
18.10. Threshold maps . . . . . . . L . o e e
I8.11. TeStS . . . . o o e e e e e e e e e e e e
18.11.1. ConStant < X . . . o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
18.11.2. constant < X . . . . . . . e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
18.11.3. X < ConStaAnt . . . . . . e e e e e e e e e e e e e e e e e e e e e e e e e e e e
18.11.4. Xx <conStant . . . . . . . e e e e e e e e e e e e e e e e e e e e e e e e e e e
18.12. Lower/upper set containment testS . . . . . . . . . . ..l e e e e e e e e e e e e e e
18.12.1. Lowersetcontainmenttests . . . . . . . . . . . ... e e e e e e e e e e e e e e e e e
18.12.2. Uppersetcontainment testS . . . . . . . . . . .. e e e e e e e e e e e e
18.13. Orderasafunction . . . . . . . . . . . . . e e e e
Monotone map compositions catalog
19.1. Constructions forsingle maps . . . . . . . . . L e e e e
19.1.1.  Oppositeofamap . . . . . . . . e e
19.2.  Constructions for multiple maps . . . . . . . . . L e e
19.2.1.  Parallel composition . . . . . . . . . e e
19.2.2.  Series compoSition . . . . . . L. e e e e e
19.2.3. Productofmaps. . . . . . . . . L e e
19.24.  Sumofmaps . . . . . . e e e
19.2.5.  Coproduct of Mmaps . . . . . . . . . e e e e e
19.2.6. Domain Union . . . . . . . . . . e e e e e e e e e s
LPos and UPos catalog
20.1.  Identity morphisms . . . . . . . . . L L e e e e e e e e e e e e e e
20.2.  Liftingmaps . . . . . .. e e e
20.3.  Catalogmaps . . . . ...
20.4. Union and intersection of principal lowersets . . . . . . . . . . . . L
20.5. Representing principal lower and upper sets . . . . . . . . ... e e e e e
20.6.  Generic inverses for mathematical operations . . . . . . . . . ..
20.7.  Fltering . . . . o o o o e e

90
90
90
90
90
92
92
93
95
97
99
99
100
100
101
101
101
102
102
103
103
104
104
105
105
105
106
106

107
107
107
107
107
108
108
109
109
110



21.

24

20.8.  Parallel composition . . . . . . . . L e e
20.9.  SUIN . . . e
20.10. Codomain SUm . . . . . . . . o e
20.11. Productof maps . . . . . . . . o i e e e e e
20.12. Series cCOmpOSItiOn . . . . . . . . L e e e
20.13. Union and Intersection of maps . . . . . . . . . . L e e e
20.14. TIaCe . . . . v o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
LPosl and UPosl catalog
21.1. Identify . . . . o e e e e e e e e e
21.2. ConStantmaps . . . . . e e e e e e e e e e e e e e e e e e e e e e e e
21.3. Catalogmaps . . . . .o e e e e
214, Liftingmaps . . . . . . L e e e
21.5.  Series cCOmPpOSItiON . . . . . . . . e
21.6.  Parallel composition . . . . . . . . L e e
21.7.  Intersection of MAPS . . . . . . . . L e e e e e e
21.8.  Unionof maps . . . . . . . i e e e e e
21.9. Transformingmaps . . . . . . . . L e e
2110, TIACE . . . o v v e e e e e e e e
22.SLPos and SUPos catalog
22.1. Identities. . . . . . . . L
222, Lifting . . . . . o e e
22.3.  Parallel composition . . . . . . .. L e e e e e e e e e e e
22.4.  Series cOMPOSItION . . . . . . L e e e e e e e e e e e e
22.5. URNION . . . . . o e
22.6.  Intersection . . . . . . . . . . e
22,70 TIACE . . . o o oo e e
22.8.  Product . . . . . . e
22,9, SUIN . . .o e
22.10. Productintersection . . . . . . . . . . . . e e e e e e e e e
22.11. Scalable inverse of sum and multiplication operations . . . . . . . . . . .. L
22.12. Explicitapproximation . . . . . . . . . . L L e e e e e e e e e e e e e
23.SLPosl and SUPosl catalog
231, LiftS . . o e
23.2.  Explicit approximations . . . . . . . . .. e e e e e
23.3.  Parallel composition . . . . . . . . e e e e e
23.4.  Series composition . . . . . . . L e e e e
23.5.  Intersection . . . . . . .. e
23.6. UniON . . . . . e
2370 TIACE . . . o i oo e
.DP catalog
24.1. Identity . . . . ..
242, Ambient CONVEISION . . . . . . . . . . . o i e e e
243, TsomorphiSm . . . . . . . e e e
244, Lowerliftofamap . . . . . . . .
24.5. Upperliftofamap . . . . . . . . e
24.6.  Functionalities/requirements limits . . . . . . . . . . . L L L e e
24.6.1.  Functionality not more than the requirementand constant . . . . . ... ... ... ... ... .. ... .....
24.6.2.  Requirement not less than the functionality and constant . . . . . . .. ... .. ... ... ... . ... ...
24.6.3.  All functionalities less than the requirement . . . . . . . . . . . . . .. e
24.6.4.  Any functionality less than the requirement . . . . . . . . . . .. .. e
24.6.5.  All requirements more than the functionality . . . . .. .. ... ... ... . . ..
24.6.6.  Anyrequirement more than the functionality . . . . . . ... ... .. L L
24.6.7. All constants less than therequirement. . . . . . . . . .. ... .. L
24.6.8. Functionality less than all constants . . . . . . . . . . . . . . e
24.6.9. Functionality and all constants less than the requirement . . . . . ... ... ... ... .............
24.6.10. Functionality or any constant less than the requirement . . . . . ... .. ... ... ... ... ... . ...
24.6.11. Functionality less than the requirement and allconstants . . . . . . .. . .. .. ... ... .. ... ......
24.6.12. Functionality less than the requirement or any constant . . . . . . . ... .. .. ... . ...

119
119
119
119
120
121
121
122
122
123
123

125
125
125
126
126
127
128
128
129
129
131
131
132

134
134
134
135
136
136
137
138



25. DPI catalog 144
25.1. Trueandfalse . . . . . . . L 144
25.1. 1. True . ... 144
25.1.2.  FalSe . . . . . e e 144

252, Catalogs . . . . . 145
25.3.  Parallel composition . . . . . . . . L e e e e 146
254, SETIES . . . . v i e 147
25.5.  Intersection . . . . . . . .. e 148
25.6. UNION . . . . ottt e e e e e e e e e e e e e 149
2570 TIACE . . . o o o o e 150
F. MCDP Format 2 152
26. Top level 153
26.1. Root - Top-level object types for what can be serializedinafile. . . . ... .. ... ... ... ... . ... ..... 154
26.2.  POoSet-APOSEL. . . . . . e e e e e e e 155
26.2.1. P_Bool -Theposetofbooleanvalues . . . . . . . . .. .. .. e e 155
26.2.2.  P_Decimal - Decimal numbers with fixed precision. . . . .. .. .. ... .. L o o 156
26.2.3. P_Finite- Arbitrary finite poset . . . . . . . . . . 156
26.2.4. P_Float - Poset of floating pointnumbers. . . . . . . . . .. .. L 157
26.2.5. P_Fractions - Fractions with a maximum absolute value for numerator and denominator. . . . . . . ... ... 157
26.2.6. P_Integer-Posetofintegers. . . . . . . . . . o L e e e e e 157
26.2.7.  P_Unknown - Placeholder for an unknown poset . . . . . . . . . . .. ... . 158
26.2.8.  P_C_Arrow - Arrow constructors for posets. . . . . . . . . .. e e e 158
26.2.9. P_C_Discretized- Discretized version ofaposet. . . . . . . .. .. . ... ... 158
26.2.10. P_C_LowerSets - The poset of lower setsofagivenposet. . . . . ... .. .. .. . ... .. ... ... ... 159
26.2.11. P_C_Opposite-Opposite of aposet. . . . . . . . . . o e e e 159
26.2.12. P_C_Power - Power posetofa given poset. . . . . . . . . . .. L e e e 160
26.2.13. P_C_Twisted - Twisted arrow construction of aposet. . . . . . . . . . . . .. . . e 160
26.2.14. P_C_Units-Aposetwithunits . . . . . . . . . . . e 160
26.2.15. P_C_UpperSets - The poset of upper sets of a given poset. . . . . .. ... ... ... .. .. ... 161
26.2.16. P_C_Lexicographic - Lexicographic productofposets . . . . . . . .. .. .. . . ... 161
26.2.17. P_C_Product - Cartesian product of posets . . . . . . . . . . . . e e e 162
26.2.18. P_C_ProductSmash-Posetsmash product . . . . . . . .. .. .. . ... 162
26.2.19. P_C_Sum-Directsum of posets. . . . . . . . . . e e e e 163
26.2.20. P_C_SumSmash - Direct (smash) sumof posets . . . . . . . . . . . . ... 163
26.2.21. P_F_Bounded - A subposet that allows to sample a numericposet. . . . . . . . .. .. .. ... L. 164
26.2.22. P_F_C_Intersection-Intersection of posets. . . . . . . . . . . . . . e 165
26.2.23. P_F_C_Union-Union of posets . . . . . . . . . . . i i e e e e 165
26.2.24. P_F_Interval - Anintervalinaposet. . . . . . . . . . . . oo e e e e 166
26.2.25. P_F_LowerClosure-Lowerclosureinaposet. . . . . . . .. . . . . . .. i 166
26.2.26. P_F_Subposet - A finite subposet of an ambientposet. . . . . . . .. ... 166
26.2.27. P_F_UpperClosure-Upperclosureinaposet. . . . . . . . . . . . ittt ettt e e e e 167

26.3.  MonotoneMap-MONOIONE MAPS . . . . . . v v v vttt e e e e e e e e e e e e e e e e e e e 168
26.3.1. M_Constant-Aconstantfunction . . . . .. . .. . . . .. e 169
26.3.2. M_Empty - The unique map from the empty settoanother . . . . ... .. ... ... ... ... ......... 169
26.3.3.  M_Explicit-Amapdefined pointwise. . . . . . . . . ... 169
26.3.4.  M_Td-Identitymap . . . . . . . o o o i e e e e e e e e e e e e e 169
26.3.5. M_Undefined-Undefinedmap . . . . . .. . . . . . . . e e 170
26.3.6.  M_Unknown - Placeholder foranunknownmap . . . .. ... ... .. ... e 170
26.3.7. M_ContainedInLowerSet - Test for containmentinalowerset . .. .. ... ... ... ... .......... 170
26.3.8. lM_ContainedInUpperSet - Test for containmentinanupperset . . .. ... ... ... ... .. ........ 170
26.3.9. M_Injection-Injectionintoaposetsum . . . . . . .. ... .. ... 170
26.3.10. M_Join-Join Operation . . . . . . . . i it it e e e e e e e e e e e e e e 171
26.3.11. M_JoinConstant-Joinwithaconstantvalue . .. ... ... ... .. ... .. .. ... 171
26.3.12. M_Meet-Meet Operation . . . . . . . . . . . it e e e e e e e e e e 171
26.3.13. M_MeetConstant-Meetwithaconstant . . . . ... ... ... .. . .. . e 172
26.3.14. lM_RepresentPrincipalLowerSet_TotalOrderBounded - Largest principal lower set in the poset. . . . . . .. 172
26.3.15. M_RepresentPrincipalUpperSet_TotalOrderBounded - Largest principal upper set in the poset. . . . . . .. 172
26.3.16. M_SmashInjection-Injectionintoasmashsum . ... .. ... ... ... .. . .. ... .. ... ..., 172
26.3.17. M_C_Op-Oppositeofamap . . . . . . . . . . e e e e e 173



26.4.

26.3.18. 1M_C_RefineDomain - A refinement of the domain ofa monotonemap . .. ... .. ... ... ......... 173
26.3.19. M_C_lirapUnits - Wraps a monotone map with units descriptions for domain and codomain. . ... ... ... 173
26.3.20. M_C_Coproduct - Coproductof monotonemaps . . . . . . . . . . ottt e e e e 173
26.3.21. M_C_CoproductSmash - Smash coproduct of two monotone maps . . . . . . . . . ...t 174
26.3.22. 1M_C_DomProdCodSmash - A monotone map from a product of domains to a smash product of codomains. . . . . 174
26.3.23. M_C_DomSmashCodProd - A monotone map from the smash product of domains to the product of codomains. . 174
26.3.24. M_C_DomUnion - Domain union of monotone maps . . . . . . . . . o v vttt e e e e 175
26.3.25. M_C_Parallel - Monoidal product of monotone maps . . . . . . . . . . . i vttt 175
26.3.26. 1M_C_ParallelSmash - Monoidal (smash) product of monotonemaps . . . . . . . ... ... .. ......... 175
26.3.27. M_C_Product - Productof monotonemaps . . . . . . . . . . . . e e e 175
26.3.28. M_C_ProductSmash - Smash product of monotonemaps . . . . . . . .. . ... 176
26.3.29. M_C_Series - Series composition of monotonemaps . . . . . . . .. ..o e 176
26.3.30. M_C_Sum- Sum of MONOtONE MAPS . « « « v o v v v vt e e e e e e e e e e e e e e e e e e e e e 176
26.3.31. M_C_SumSmash - Smash sum of monotone maps . . . . . . . . . . .. i e e e 177
26.3.32. M_AddL - Addition in the L topology. . . . . . . . . . . e e 177
26.3.33. lM_AddLConstant - Add a constantin the L topology. . . . . . . . . . . .. .. .. 177
26.3.34. M_AddU- Additioninthe Utopology. . . . . . . . . . e 177
26.3.35. M_AddUConstant - Addition of constantinthe Utopology. . . . . . . . . . .. . . .. . ... 178
26.3.36. M_Ceil® - Ceiling function relative . . . . . . . . . . . . e e 178
26.3.37. M_DivideLConstant - Division by a constant (L topology) . . . . . . . . . o ottt i 178
26.3.38. M_DivideUConstant - Division by a constant (U topology) . . . . . . . . . o o i ittt i 178
26.3.39. M_Floor® - Floor functionrelative . . . . . . . . . . . . . . . e 179
26.3.40. M_MultiplyL - Multiplication (L topology) . . . . . . . o v it e e e 179
26.3.41. M_MultiplyLConstant - Multiplication by a constant (L topology) . . . . . . . .. .. .. ... .. .. .... 179
26.3.42. M _MultiplyU- Multiplication (U topology) . . . . . . . . o i v i e e e e 179
26.3.43. M_MultiplyUConstant - Multiplication by a constant (U topology) . . . . . . . .. ... ... . ... . .... 179
26.3.44. M_PowerFracL - Lift to the power of a fraction (L topology) . . . . . . . . . . . o i ittt 180
26.3.45. M_PowerFracU - Lift to the power of a fraction (U topology) . . . . . ... ... . .. ... ... 180
26.3.46. M _RoundDown-Rounddown . .. . .. ... ... ... ... e 180
26.3.47. M_RoundUp-Roundup . . . . . . . . o i e e e e 180
26.3.48. M_ScaleL - Scaling in the L topology by a fraction. . . . ... ... .. ... ... .. .. .. .. . .. ... 180
26.3.49. 1M_ScaleU - Scaling in the U topology by afraction. . . . . .. ... ... ... . . ... . ... ... ... 181
26.3.50. M_SubLConstant - Subtraction of a constant (L topology) . . . . . . . . . . .. 181
26.3.51. M_SubUConstant - Subtraction by a constant (U topology) . . . . . . . . . v i ittt e et 181
26.3.52. M_C_LiftToSubsets - Lift of a monotonemaptosubsets . . . . . . . . . . .. .. .. ... .. 181
26.3.53. M_LiftToLowerSets - Liftsa monotone map tolowersets . . . . . . ... .. ... ... .. ... ... ..... 181
26.3.54. M_LiftToUpperSets - Lifts a monotone map to uppersets . . . . . . . . . . ottt i it i 182
26.3.55. M_BottomIfNotTop - Maps top to top, and everythingelsetobottom. . . . . . .. .. ... ... ... ...... 182
26.3.56. M_IdentityBelowThreshold - A monotone map that outputs a constant value if the input is above a threshold. 182
26.3.57. M_Thresholdl - Threshold map (r-to-f for DP_FuncNotMoreThan) . . . . .. .. ... ... .. ......... 182
26.3.58. M_Threshold2 - Threshold map (f-to-r for DP_ResNotLessThan) . . .. ... ... ... ... .......... 183
26.3.59. M_TopIfNotBottom- Maps bottom to bottom, and everythingelsetotop. . . . . . . ... ... .. ... ..... 183
26.3.60. M_Lift-Liftsavaluetoatuplewithoneelement.. . . . ... ... ... ... . .. ... ... 183
26.3.61. M_TakeIndex - Projection of an elementina poset product. . . . . . ... ... ... .. ... . ... ..... 183
26.3.62. 1M_TakeRange - Projection of a range of elements in a smash poset product. . . . . .. ... ... ... ...... 184
26.3.63. M_Unlift - Unlifts a one-element tuple toits singleelement. . . . . . . ... ... ... ... ... ........ 184
26.3.64. M_C_Leg X-Testsconstant < X . . . . . . . i i i i i e e e e e e e e e e e e e e e e e e e e e e 184
26.3.65. M_C Lt X-Testsconstant < X . . . . . . . . . . . . i i i i e e e 184
26.3.66. M_X_Leqg C-Testsx <constant . . . . . . . . . . i i e e e e e e e e e e e e e e e e e e 185
26.3.67. M_X Lt C-Testsx <constant. . . . . . . . .. . . . . e 185
26.3.68. M_Leq-TestSX; <p Xy « v v v v i i e e e e e e e e e e e e e e e e e 185

L1Map - Map to lower sets of functionalities. . . . . . . . . . . . . L e 186
264.1. Ll Constant-Constantmap . . . . . . . . . . i i i i i e e e e e 186
26.4.2. Ll_Entire-Returnstheentire poset . . . . . . . . . . . L e 187
26.4.3. L1_Explicit-Mapdefined pointwise . . . . . . . . . . . . e 187
26.4.4. L1_Identity-Liftoftheidentitymap . . . . . . . . . . . . . . e 187
26.4.5. L1_Unknown - Placeholder for an unknownmap. . . . . . .. . . .. . . . e 187
26.4.6. L1_Catalog-Mapinduced by acatalogofoptions. . . . . .. .. ... ... ... 188
26.4.7. Ll_IntersectionOfPrinLowerSets - Intersection of principal lowersets. . . . . . . ... ... ... ...... 188
26.4.8. L1_RepresentPrincipalLowerSet - Representa principallowerset . . . . . ... ... ... . ... ...... 188
26.4.9. L1_UnionOfPrinLowerSets-Union of principal lowersets. . . . . . . . . .. .. .. ... . ... ... .. 188
26.4.10. L1_C_CodSum-Co-domainsum combination . .. ... .. ... ... ... ... .. ... .. . . . ... 189



26.5.

26.6.

26.4.11. L1_C_CodSumSmash - Co-domain (smash) sum combination . . . . ... ... ... ... ... ......... 189
26.4.12. L1_C_DomUnion-Domain union . . . . . . . . .. . . . ... i e 189
26.4.13. L1_C_Parallel -Monoidal product . . . . . . . . . . . . e 190
26.4.14. L1_C_ProdIntersection - From producttointersection . . . . . . . . . . .. .. .. ... .. 190
26.4.15. L1_C Product-Product . . . .. . .. . .. .. e 190
26.4.16. L1_C_Series-Seriescomposition . . . . . . . . . e e e e e e e e e 190
26.4.17. L1_C_Intersection-Intersection . . . . . . . . . . . . . . . i it 191
26.4.18. L1_C_Union-UNION . . . . . oo v i ittt it e e e e e e e e e e e e e e e e e 191
26.4.19. L1_C_RefineDomain - Refines the domain ofa monotonemap. . . . . .. ... .. .. ... ... 191
26.4.20. L1_C.Trace-Trace. . . . . . . o v v i i i ittt e 191
26.4.21. L1_C_WrapUnits-Decoratesamapwithunits. . . . . . . . . . . . ... ... .. ... 192
26.4.22. L1_InvlMul_Opt - Finite-resolution optimistic approximation of the inverse of a multiplication map. . . . . . . . 192
26.4.23. L1_InvMul_Pes - Finite-resolution pessimistic approximation of the inverse of an additionmap. . . . . . . . .. 192
26.4.24. L1_InvSum_Opt - Finite-resolution optimistic approximation of the inverse of a multiplication map. . . . . . . . 192
26.4.25. L1_InvSum_Pes - Finite-resolution pessimistic approximation of the inverse of an addition map. . . . . . . . .. 193
26.4.26. L1_FromFilter - Filtersbased onamonotonemap. . . . . . . . . . . ...ttt 193
26.4.27. L1_L_Linv-Lowerinverse of amonotone map . . . . . . . . . . oottt i it e e e 193
26.4.28. L1_Lift-Liftsamonotonemap . . . . . . . . o v vt v vttt e e e e e e e e e e e e 193
26.4.29. L1_TopAlternating-Lowerinverseforthemeetmap . . . . . . . . . . . .. . .. . ... ... 194

UlMap - Map to UPPer SetS Of TESOUICTES. . « . . v v v v v v v e v e e e e e e e e e e e e e e e e e e e e 195
26.5.1. Ul_Constant-Constantmap . . . . . . . . . o v v it i it e e e e e e 195
26.5.2. Ul_Entire-Returnstheentireposet . . . . . . . . . . . . .. e 196
26.5.3. Ul_Explicit-Mapdefined pointwise . . . . . . . . . . .. e e 196
26.5.4. Ul_Identity - Liftoftheidentitymap . . . . . . . . . . . . . . e 196
26.5.5. Ul_Unknown - Placeholder for an unknownmap. . . . . ... .. .. . . . i 196
26.5.6. Ul_Catalog-Mapinduced by acatalogofoptions. . . . .. ... ... ... . . . . 197
26.5.7. Ul_IntersectionOfPrinUpperSets - Intersection of principal uppersets.. . . . . . ... ... ... ... ... 197
26.5.8. Ul_RepresentPrincipalUpperSet - Represent a principal upperset . . . . . . . .. ... .. ... ... .... 198
26.5.9. Ul_UnionOfPrinUpperSets - Union of principal uppersets. . . . . . . . . . . . . . .. .. 198
26.5.10. U1_C_CodSum- Co-domain sum combination . .. ... .. ... ... ... .. ... .. ... . 198
26.5.11. U1_C_CodSumSmash - Co-domain (smash) sum combination . . . . ... ... .. ... ... ........... 199
26.5.12. Ul_C_DomUnion-Domain union . . . . . . . . . . .. . . ittt e e 199
26.5.13. Ul_C_Parallel -Monoidal product . . . . . . . . . . . . . . . e 199
26.5.14. Ul_C_ProdIntersection - From product tointersection . . . . . . . . .. .. ... ... .. ... ... 200
26.5.15. UI_C_Product-ProducCt . . . . . . . . . . i e e 200
26.5.16. Ul_C_Series-Series compoSition . . . . . . . . . . . . e e e e 200
26.5.17. Ul_C_Intersection-Intersection . . . . . . . . . . . . . .. . ... e 200
26.5.18. UI_C_Union-UNION . . . . . . ottt e e e e 201
26.5.19. Ul_C_RefineDomain - Refines the domain of a monotonemap. . . . . . ... .. ... ... ... ........ 201
26.5.20. Ul_C_Trace-Trace. . . . . . . . . o o i i i it 201
26.5.21. Ul_C_WrapUnits-Decoratesamap withunits. . . . . . . .. .. . . ... ittt 201
26.5.22. Ul_InvMul_Opt - Finite-resolution optimistic approximation of the inverse of a multiplication map. . . . . . . . 202
26.5.23. Ul_InvMul_Pes - Finite-resolution pessimistic approximation of the inverse of a multiplication map. . . . . . . 202
26.5.24. Ul_InvSum_Opt - Finite-resolution optimistic approximation of the inverse of an addition map. . .. ... ... 202
26.5.25. Ul_InvSum_Pes - Finite-resolution pessimistic approximation of the inverse of an additionmap. . . . . . . . .. 202
26.5.26. Ul_FromFilter - Filters based on a monotone map. . . . . . . . . . ot v i vt vttt e e 203
26.5.27. Ul_L_Uinv - Computes the upper inverse of amonotonemap. . . . . . . . . . . ..o v v v i i 203
26.5.28. UL_Lift-Liftsamonotone map . . . . . . . . o v vttt it e e e e e e e e e e e e e e 203
26.5.29. UL UInv_JOIN . . . . vt ittt ittt e e e e e e e e e e e 203
26.5.30. Ul_Uinv_JoinConstant . . . . . . . . v v v vttt ittt e e e e 204

LMap - Map to lower sets of functionalities and implementations. . . . . .. .. ... ... ... ... ... 205
26.6.1. L_Constant-Constantmap . . . . . . . . . . . . i i i i e e e e e 205
26.6.2. L_Identity-Identitymorphism . . . . . . . . . . .. . e 205
26.6.3. L_Unknown - Placeholder foranunknownmap . . . . . ... .. .. ... e 205
26.6.4. L_Catalog-LMapforacatalog . . . . . . . . . . . o i i i e 206
26.6.5. L_C_Parallel-Monoidal product . . . . . . . . . . . . e e e 206
26.6.6. L_C_Series-Seriescomposition . . . . . . . . . . . . ... 206
26.6.7. L_C_Intersection-Intersectionofmaps . . . . . . . . . . . . . i i 206
26.6.8. L_C Union-Unionofmaps . . . . . . . . oot ittt e e e e e e e e e e e 207
26.6.9. L_C_ITransform- Transforms the implementation of anothermap.. . . . .. ... ... ... ... ... .... 207
26.6.10. L_C_RefineDomain - Refines the domain ofamonotonemap . . ... . ... .. ... ... ... ........ 207
26.6.11. L_C_ Trace-TraCe . . . . . . . . . . i it i 207



26.6.12. L_C_lWrapUnits-Decoratesamapwithunits. . . . . . . ... ... .. . . . . 207
26.6.13. L_L_Liftl_Constant - Lifts a L1IMap morphisms with a constant value for the implementation. . . ... ... 208
26.6.14. L_L_Liftl Transform- Liftsa L1IMap morphism with a function to compute the implementation. . . . . . . . 208
26.7. UMap - Map to upper sets of resources and implementations. . . . . . . .. .. .. ... e 209
26.7.1. U_Constant-Constantmap . . . . . . . . . o ot i i i it e e e e e e e e e e e 209
26.7.2.  U_Identity-Identity . . . . . . . . . . . i i i e e e e e e 209
26.7.3.  U_Unknown - Placeholder foran unknownmap . . . . . . . . . . . . . . i ittt 209
26.7.4. U_Catalog-UMapforacatalog. . . . . . . . . . o i e e e e 210
26.7.5. U_C_Parallel-Monoidal product . . . . . . . . . . . . . . e 210
26.7.6. U_C_Series-Series COmpOSItiON . . . . . . . . . o i i i i e e e e e e e e e e e 210
26.7.7. U_C_Intersection-Intersectionof maps . . . . . . . . . . . o i i i i it 210
26.7.8. U_C_Union-Unionofmaps . . . . . . . . . o i i i i it e e e e e e e 211
26.7.9. U_C_ITransform- Transforms the implementation of anothermap.. . . . . . .. .. ... ... ... ...... 211
26.7.10. U_C_RefineDomain - Refines the domain of amonotonemap . . ... ... ... .. ... ... ......... 211
26.7.11. U_C_Trace-Trace . . . . . . . . . . i i i i i e e e e e e e e e 211
26.7.12. U_C_WrapUnits-Decoratesamapwithunits. . . . . . .. .. ... .. . . . . 211
26.7.13. U_L_Liftl_Constant - Lifts a UlMap morphism with a constant value for the implementation. . . . . . . . .. 212
26.7.14. U_L_Liftl_Transform- Lifts a UlMap morphism with a function to compute the implementation. . . . . . . . 212
26.8.  SL1Map - Scalable map to lower sets of functionalities. . . . . . . . . . . .. . . L 213
26.8.1. SL1_C_Parallel-Monoidalproduct . . . . . . . . . . . . . . . e 213
26.8.2. SL1_C_Series-Series compoSition . . . . . . . . . o i i e e e e e e e e 213
26.8.3. SLI_Tdentity-Identity . . . . . . . . o o i i e e e e e e e e e e e e e e 214
26.8.4.  SL1_Unknown - Placeholder foran unknown SLIMap . . . . . . . . . . . Lo e 214
26.8.5.  SL1_C_CodSum-Sumofmaps . . . . . . . oottt it e e e e e e e e e 214
26.8.6. SL1_C_CodSumSmash-Smashsum . ... ... ... ... ... i 214
26.8.7. SL1_C_ProdIntersection - Product of domains, intersection of codomains . . . . . . ... ... ... ..... 214
26.8.8. SL1_C_Product-Productof SLImaps . . . . . . . . . . it i i e e e 215
26.8.9. SL1_C_Intersection-Intersection of SLIMaps . . . . . . .« v v it ittt i e e e e 215
26.8.10. SL1_C_Union-Unionof SLIMAPS . . . . . o o v v it e e e e e e e e e e e e e e e e e 215
26.8.11. SL1_C_RefineDomain - Refinementofthedomain . .. .. ... ... ... .. ... .. ... .. ... .. ... 215
26.8.12. SLI_C.Trace-Trace . . . . . . . . oo i i i ittt it e e e 216
26.8.13. SL1_C_lrapUnits - Decorates a map with units for the domain and codomain. . ... ... ... ... ..... 216
26.8.14. SL1_Exact-LiftsaLIMaptoaSLIMap. . . . . ¢ o v v v it e et e e e e e e e e e e e 216
26.8.15. SL1_InvMultiply - The lower inverse of multiplication. . . . . . . . ... .. ... ... .. ... ... .... 216
26.8.16. SL1_InvSum-The lower inverse of addition. . . . . . . . . .. . . . . .. .. 216
26.8.17. SL1_C_ExplicitApprox - Constructs a SL1Map from explicit approximations of L1IMap maps. . .. ... ... 217
26.9. SU1Map - Scalable map to upper sets Of FESOUICES. . . . . . . . . o it it e e e e e e e e 218
26.9.1. SU1_C_Parallel-Monoidal product . . . . . . . . . . . . e 218
26.9.2. SUL_C_Series-Series compoSition . . . . . . . . . . o e e e e e e e e e e e 218
26.9.3. SUl_Identity-Identity . . . . . . . . . . 219
26.9.4.  SU1_Unknown - Placeholder for an unknown SUIMap . . . . . . . . . . .. .0 ittt it e 219
26.9.5. SUL_C_CodSum-Sumofmaps . . . . . ¢ vt v ittt e e e e e e e e e e e e e e e 219
26.9.6. SU1_C_CodSumSmash-Smashsum . . .. ... .. ... .ttt 219
26.9.7. SU1_C_ProdIntersection - Product of domains, intersection of codomains . . . . . ... ... ... ...... 219
26.9.8. SUI_C_Product-Productof SUImMaps . . . . . . . . . v it i e e e e e e e e 220
26.9.9. SUl_C_Intersection-Intersectionof SUImMaps . . . . . . . . . o it ittt ittt e e 220
26.9.10. SU1_C_Union-Unionof SUIMAaPS . . . . . . . o ittt ittt e e e e e e e e e e 220
26.9.11. SU1_C_RefineDomain - Refinementofthedomain . .. ... ... ... ... ... ... ... ......... 220
26.9.12. SUL_C_Trace-Trace . . . . . . . . . . . i i i 221
26.9.13. SU1_C_WrapUnits-Wrapsamapwithunits. . . .. .. . .. .. . ... e 221
26.9.14. SUl_Exact-LiftsaUlMaptoaSUIMaP. . . . . . o ot v ittt e e e e e e e e e e e e e e e e 221
26.9.15. SU1_InvMultiply - The upper inverse of multiplication. . . . . . . . . . . .. ... ... ... ... .. 221
26.9.16. SUl_InvSum- Theinverse of addition. . . . .. ... .. .. . .. . . .. . 221
26.9.17. SU1_C_ExplicitApprox - Constructs a SU1Map from explicit approximations of UIMap maps. . . . . ... .. 222
26.10. SLMap - Scalable map to lower sets of functionalities and implementations. . . . . . .. ... .. ... .. ........ 223
26.10.1. SL_TIdentity-Identity . . . . . . . . . . o i i i e e e e e e e 223
26.10.2. SL_Unknown - Placeholder for unknown SLMap . . . . . . . . . . .. . e 223
26.10.3. SL_C_Intersection - Intersection of theresultsofasetofmaps. . . . . ... .. ... .. ... ... ...... 223
26.10.4. SL_C_Parallel -Monoidal product . . . . . . . . . . . . . e 224
26.10.5. SL_C_Series-Series composition . . . . . . . . . . . . e e e 224
26.10.6. SL_C_Union - Composition of SLMaps using the union of theresults. . . . . ... ... ... ... .. ... ... 224
26.10.7. SL_C_ITransform - Transforms the implementationsofaSLMap.. . . . . . . . .. ... ... . ... .. ... 224

10



26.10.8. SL_C_RefineDomain - Refines the domain of another SLMap . . . . . . ... .. ... ... ... ... .... 225
26.10.9. SL_C_Trace-Traceof aSLMap. . . . . . . . o ot ittt e e e e e e e e e e e 225
26.10.10. SL_C_WrapUnits - Decorates with units another SLMap. . . . . . . . . .. .. .. ... ... 225
26.10.11. SL_L_Exact-LiftsaLMaptoaSLMap. . . . . . . oot v i it et e e e e e e e e 225
26.10.12. SL_L_Explicit_Approx - Construct a SLMap from explicit optimistic and pessimistic approximations. . . . . . 225
26.10.13. SL_L_Liftl_Constant - Lifts a SL1IMap to SLMap with a constant implementation. . . ... ... ... . ... 226
26.10.14. SL_L_Liftl_Transform - Lifts a SL1Map to SLMap by generating the implementations. . . . . ... ... ... 226
26.11. SUMap - Scalable map to upper sets of resources and implementations. . . . . . . . . ... ... ... . ... ... 227
26.11.1. SU_Tdentity-Identity . . . . . . . . . o i i e e e e e e e e e 227
26.11.2. SU_Unknown - Placeholder for unknown SUMap . . . . . . . . . . ..ottt t it e e e e 227
26.11.3. SU_C_Intersection - Intersection of the resultsofasetofmaps. . . . .. ... . ... ... ... ........ 227
26.11.4. SU_C_Parallel -Monoidal product . . . . . . . . . . . e e 228
26.11.5. SU_C_Series-Series composition . . . . . . . . . . . . e e e e e e e e e e 228
26.11.6. SU_C_Union - Composition of SUMaps using the union of theresults. . . . . . .. ... .. ... ... . ... .. 228
26.11.7. SU_C_ITransform - Transforms the implementationsofa SUMap. . . . . .. .. .. .. ... ... ... ... 228
26.11.8. SU_C_RefineDomain - Refines the domain of another SUMap . . . . . .. ... .. ... ... ... .. .... 229
26.11.9. SU_C_Trace-Traceof aSUMaP. . . . . . . . . i i i i e e e e e e e e 229
26.11.10. SU_C_WrapUnits - Decorates with units another SUMap. . . . . . . . . . . . .. ittt i ... 229
26.11.11. SU_L_Exact-LiftsaUMaptoaSUMap. . . . . . . . . ittt ittt e e e e e e e e e e 229
26.11.12. SU_L_Explicit_Approx - Construct a SUMap from explicit optimistic and pessimistic approximations. . . . . . 230
26.11.13. SU_L_Liftl_Constant - Lifts a SUIMap to SUMap with a constant implementation. . . . . . . ... ... ... 230
26.11.14. SU_L_Liftl_Transform - Lifts a SUIMap to SUMap by generating the implementations. . ... ... .. ... 230
26.12. DP - Design problem with implementations (DPI) . . . . . . . . . . . . i ittt e 231
26.12.1. DP_GenericConstant - A DP with exactly one implementation. . . . . . . .. ... ... ... .......... 231
26.12.2. DP_Identity - Theidentity design problem. . . . . . . . . . . . . . . . . e 232
26.12.3. DP_True-TheDPthatisalwaystrue. . . . . . . . . . . . . . e e e e e e 232
26.12.4. DP_False-TheDPthatisalwaysfalse. . . . . . . . . . .. .. . . 232
26.12.5. DP_AmbientConversion - Compares functionality and resources in an ambient poset. . . . .. ... ... ... 233
26.12.6. DP_Catalog- A DP defined explicitlybyasetofoptions. . . . . . . .. .. .. ... . ... . ... . ... ... 233
26.12.7. DP_Iso - Enforces isomorphism between functionalities and requirements. . . . ... ... ... ... ..... 234
26.12.8. DP_LiftL - A DP generated from a monotone map from requirements to functionalities. . . .. ... ... ... 234
26.12.9. DP_LiftU- A DP generated from a monotone map from functionality to requirements. . . . . . ... ... ... 234
26.12.10. DP_C_Parallel - Monoidal product of design problems. . . . . . .. ... ... ... .. ... .. ... .. ... 234
26.12.11. DP_C_Series - Series composition of DPs. . . . . . . . . . . . L e 235
26.12.12. DP_C_Intersection - Intersection of design problems . . . . . . . . .. ... .. .. .. ... .. 235
26.12.13. DP_C_Union - Union of design problems (DPS). . . . . . . . . . . it ittt et e e 235
26.12.14. DP_C_Trace - Traceof adesign problem. . . . . . . . . . . . . i it i 235
26.12.15. DP_FuncNotMoreThan - Identity with limit to the functionality. . . . ... ... ... ... ... ... ..... 236
26.12.16. DP_ResNotLessThan - Identity with limit to theresource. . . . . .. .. . ... ... ... . ... .. .. ..., 236
26.12.17. DP_A11_Fi_Leq_R - Compares a vector of functions to a resource (conjunction). . . . . . .. .. ... ... ... 236
26.12.18. DP_Any_Fi_Leq_R - Compares a vector of functions to a resource (disjunction). . . .. ... .. ... ... ... 236
26.12.19. DP_F_Leq_All_Ri - Compares a vector of resources to a function (conjunction). . . . . . .. .. ... ... ... 237
26.12.20. DP_F_Leq_Any_Ri - Compares a vector of resources to a function (disjunction). . . .. ... .. ... ... ... 237
26.12.21. DP_All_Constants_Leq_R - Compare aresourcetoasetofconstants. . . . . . .. .. ... .. ... ...... 237
26.12.22. DP_F_Leq_All_Constants - Compare a functionality toasetofconstants . . . . ... ... ... ... ..... 238
26.12.23. DP_Al1l_Constants_And_F_Leqg_R - Compares resources to a function and a set of constants (conjunction). . . 238
26.12.24. DP_Any_Constants_Or_F_Leq_R - Compares resources to a function and a set of constants (disjunction). . . . 238
26.12.25. DP_F_Leq_All_R_And_Constants - Compares a functionality to a resource and a set of constants (conjunction). 239
26.12.26. DP_F_Leq_Any_R_And_Constants - Compares a functionality to a resource and a set of constants (disjunction). 239
26.12.27. DP_C_ExplicitApprox - Multi-resolution DP . . . . . . . . . . . . . e e 240
26.12.28. DP_Compiled - An "opaque” DP defined explicitly by itsinterface. . . . . . .. ... ... ... ... .. ..... 240
26.12.29. DP_Unknown - Placeholder for an unknown design problem. . . . . . .. ... .. ... ... ... ........ 240
26.13. NDP - Named DPs represent a graph of DPs with named nodes and node ports. . . . .. ... .. .. ... ........ 241
26.13.1. NDP_Composite - Graph of NDPs with connections between them. . . . ... .. ... ... .. ......... 241
26.13.2. NDP_Simple - An NDP thatcontainsasingle DP. . . . ... ... ... .. ... ... ... .. .. ... ..... 242
26.13.3. NDP_Sum-sumof NDPS . . . . . . . e 242
26.13.4. NDP_TemplateHole - A special NDP to indicate a template holeinthe NDP. . . . . .. ... ... ........ 243
26.14. NDPInterface-TheinterfaceofanamedDP. . . . . . . . . .. ... . e 244
26.14.1. NDPInterface_Explicit-The interface of anamed DP, given by two dictionaries for functionalities and resources.244
26.15. NDPTemplate - Atemplateforan NDP. . . . . . . . . . L e 245
26.15.1. NDPTemplate_Simple - A template described by a graph withholes. . . . .. ... .. ... ... ... ..... 245

11



26.16. Query - QUETIES . . . . . . i v e e e e e e e e e e e e e e e e e e e 246

26.16.1. Query_Single-Single query . . . . . . . . . . . 246
26.17. Value-Atypedvalue. . . . . . . . . L e 247
26.17.1. VU-A(poset,value) pair. . . . . . . . . . . L e e e e e 247
26.18. Check - Checks for the maps, asused in test Cases. . . . . . . . . . . it i i ittt e e e e 248
26.18.1. Ll1Check-CheckforaLIMap. . . . . . . . . o it i it e e e e e e e e e e e 248
26.18.2. LCheck-CheckforaLMap. . . . . . . . . . . i e e e 248
26.18.3. MapCheck - Check for a monotone map. . . . . . . . . v v vt ittt e e e e e e e 249
26.18.4. SL1Check - Checkfora SLIMap. . . . . . . .t i vttt ittt e e e e e e e e e e e 249
26.18.5. SLCheck-Check fora SLIMap. . . . . . . . o it i it et e e e e e e e e e 249
26.18.6. SUlCheck - Checkfora SUIMap. . . . . . . . ot ittt ettt e e e e e e e e e e e e e e 250
26.18.7. SUCheck - Check foraSUMap. . . . . . . . . . e e e e e e e e 250
26.18.8. UlCheck-Checkfora UlMap. . . . . . . . . . . i i i e e e e e e e e e e 250
26.18.9. UCheck-Checkfora UMap. . . . . . . . . oo i ittt e e e e e e e e e e e e 251

27. Miscellaneous level 252
27.1. LowerSet- Representsalowersetinaposet. . . . . . . . . . . o i e e e e e e 253
27.1.1. LowerSet_LowerClosure - A lower set defined as the down closure of a finite set of points. . . . .. ... ... 253

27.2.  Range - Description of arange of integers. . . . . . . . . .. ... 254
27.3.  Unit-Unitsspecifications . . . . . . . . . . . o e e e e 255
27.3.1.  Unit_None - Represents the absence of units. . . . . .. ... .. .. ... . . . . 255
27.32. Unit_Single-Asimpleunit. . . . . . . . . . L e e 255
27.3.3.  Unit_Vector - A vector of units for a productof posets. . . . .. .. ... ... . .. ... 255
27.3.4. Unit_Wrapped - A special type of unit that is used to describe the units of composite types. . . . . . . ... ... 255

27.4.  UpperSet - UPPerSetS . . . . . . . o i i e e e e e e e e e e e e e e e e e e e 256
27.4.1. UpperSet_UpperClosure - An upper set defined as the up closure of a finite set of points. . . . . .. ... ... 256

27.5. Address - Specifies the origin of an object from arepoandalibrary. . . . . . . .. ... ... ... L L o L. 257

12



Part A.

Invitation to computational co-design

13



1. A tour of MCDPL
This chapter provides a tutorial on the language MCDPL and related tools.

1.1. What MCDPL is

MCDPL is a modeling language that can be used to formally describe monotone co-design problems. This means that MCDPL allows
describing variables and systems of constraints between variables. MCDPL is not a generic programming language. It is not possible to
write loops or conditional statements.

MCDPL is designed to represent all and only MCDPs (Monotone Co-Design Problems). This means that variables belong to partially
ordered sets, and all relations are monotone. For example, multiplying by a negative number is a syntax error.

MCDPs can be interconnected and composed hierarchically. Several features help organize the models in reusable “libraries”.

Once an MCDP model is described, then we can query it in various ways. Another way to see this is that an MCDP model is not a single
optimization problem, but rather a collection of optimization problems.

This chapter describes the MCDPL modeling language by way of a tutorial. A more formal description is given in Part B.

1.2. Graphical representations of design problems

Monotone design problems are graphically represented as in Fig. 1.
A design problem is represented by a box with curved corners. On the left, solid green arrows represent functionalities; on the right,
dashed red arrows represent requirements.

. N fi: SB(20) g Requirements
Functionalities 1;: SB(=0) lux (R, =p)

F,<: Model|
(F=p) £, SB(20)J . o

L 1,: SB(20) USD

f3: SB(>0) m

Figure 1.: Representation of a design problem with three functionalities (£_1, £_2, £ 3) and two requirements (r_1, r_2). In this case, the
functionality space Fis the product of three copies of R,y: F = R,4[g] X R5[J] X Ryo[m] and R = Re[lux] x R,,[USD].

The graphical representation of a co-design problem is as a set of design problems that are interconnected (Fig. 2). A functionality and a
requirement edge can be joined using a < sign. This is called a “co-design constraint”.

In the figure below, there are two subproblems called a and b, and the co-design constraints are r; < fyand r; < f,.

Figure 2.: Example of a co-design diagram with two design problems, a and b. The co-design constraints arer; < fyand r; < f,.

1.3. Your first model

An MCDP is described using the keyword mcdp. The simplest MCDP is shown in Listing 1. In this case, the body is empty, and that means
that there are no functionality and no requirements.

The representation of this MCDP is as in Fig. 3: a simple box with no signals in or out.
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Listing 1: empty.mcdp
Figure 3.

mcdp {

O

Adding functionality and requirements

The functionality and requirements of an MCDP are defined using the keywords provides and requires.

The code in Listing 2 defines an MCDP with one functionality, capacity, measured in joules, and one requirement, mass, measured in
grams.

The graphical representation is in Fig. 4.

Listing 2: model1.mcdp
Figure 4.
mcdp {
provides capacity [J]

i capacity oo mass
requires mass [g] :

That is, the functionality space is F = @20 [T] and the resource space is R = @Zo[g]. Here, let ﬁzo[g] refer to the nonnegative real numbers
with units of grams.

The MCDP defined above is, however, incomplete, because we have not specified how capacity and mass relate to one another. In the
graphical notation, the co-design diagram has unconnected arrows (Fig. 4).

1.3.1. Constraining functionality and requirements

In the body of the mcdp declaration one can refer to the values of the functionality and requirements using the expressions provided
functionality name and required requirement name. For example, Listing 3 shows the completion of the previous MCDP, with hard bounds
given to both capacity and mass.

The visualization of these constraints is as in Fig. 5.

Listing 3

Figure 5.

mcdp {
provides capacity [J]
requires mass [g]
provided capacity < 500 J
required mass > 100 g

capacity

It is possible to query this minimal example. For example, we can ask through the command-line interface to solve for the minimal
requirements given the functionality constraint of 400 J, using the command:

\ mcdp co-design solve minimal "400 J"

The answer is:

Minimal resources needed: mass = T {100 g}

If we ask for more than the MCDP can provide:

\ mcdp co-design minimal "600 J"

we obtain no solutions: this problem is unfeasible.
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1.3.2. Use of Unicode glyphs in the language

To describe the inequality constraints, MCDPL allows to use “<=”, “>=", as well as the Unicode versions “<”, “>”, “<”, “>”.

These two snippets are equivalent:

using ASCII characters using Unicode characters
provided capacity <= 500 J provided capacity < 500 J
required mass >= 100g required mass > 100g

MCDPL also allows to use some special letters in identifiers, such as Greek letters and subscripts.

These two snippets are equivalent:

using ASCII characters using Unicode characters

1pha 1 = 3 +9.81 ~2
alpha_1 = beta"3 + m/s a1 = g3 + 9.81 m/s?

1.3.3. Aside: a helpful compiler

The MCDPL compiler tries to be very helpful by being liberal in what it accepts and suggests fixes to common mistakes.

For example, if one forgets the keyword provided, the compiler will give the following warning:

Please use "provided capacity" rather than just "capacity".

line 2 | provides capacity [J]
line 3 | requires mass [g]
line 4 |

line 5 | capacity <= 500 J

______ | AAAAAAAA

The web IDE will automatically insert the keyword using the “beautify” function.

All inequalities are of the kind:
resources < functionality. (1)

If you mistakenly put functionality and requirements on the wrong side of the inequality, as in:

provided capacity > 500 J # incorrect expression

then the compiler will display an error like the following:

DPSemanticError: This constraint is invalid.
Both sides are requirements.
line 5 | provided capacity <= 500 J

______________________________ A

1.4. Describing relations between functionality and resources

In MCDPs, functionality and requirements can depend on each other using any monotone relations.
MCDPL implements some primitive relations, such as addition, multiplication, and exponentiation by a constant.
For example, we can describe a linear relation between mass and capacity, given by the specific energy p:

capacity = p X mass. 2
This relation can be described in MCDPL as either of the following:
provided capacity < p * required mass provided capacity / p < required mass

In the graphical representation (Fig. 6), there is now a connection between capacity and mass, with a DP that multiplies by the inverse of
the specific energy.
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Listing 4: model4.mcdp
Figure 6.

mcdp {
provides capacity [J]

requires mass [(——]
; 2 1317 ¢ [e] capacity f/a<r mass

required mass > provided capacity / p

}

For example, if we ask for 600 J:

\ mcdp co-design solve linear "600 J"

we obtain this answer:

Minimal resources needed: mass = T{150 g}

1.4.1. Units

Units are taken seriously. The compiler will complain if there is any dimensionality inconsistency in the expressions. However, as long as
the dimensionality is correct, it will automatically convert to and from equivalent units.

For example, in Listing 5 the specific energy is given in kWh/kg. PyYMCDP will take care of the needed conversions, and will introduce a
conversion from Jxkg/kWh to g (Fig. 7).

Listing 5: model5.mcdp
Figure 7.

mcdp {
""" Model of a battery "'’
provides capacity [J]
requires mass [g] capacity: SB(ZO)J—HHZOO Sr]@{fll*kg/kwhlsr[g]]} —————— mass: SB(20) g
p = 200 kWh / kg ’Specific energy (kWh/kg)’
required mass > provided capacity / p

}

Listing 5 also shows the syntax for comments. MCDPL allows adding a Python-style documentation string at the beginning of the model,
delimited by three quotes. It also allows giving a short description for each functionality, requirement, or constant declaration, by writing
a Python-style string at the end of the line.

1.5. Catalogs

The previous example used a linear relation between functionality and requirement. However, in general, MCDPs do not make any
assumption about continuity and differentiability of the functionality-requirement relation. The MCDPL language has a construct called
catalog that allows defining an arbitrary discrete relation.

Recall from the theory that a design problem is defined from a triplet of functionality space, , and requirement space.
According to the diagram in Fig. 8, one should define the two maps req and prov, which map an implementation to the functionality it
provides and the requirements it requires.

F R
prov req
° °
functionality requirements

Figure 8.: A design problem is defined from an implementation space I, a functionality space F, a requirement space R, and the maps req
and prov that relate the three spaces.

MCDPL allows defining arbitrary maps req and prov, and therefore arbitrary relations from functionality to requirements, using the
catalog construction.
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An example is shown in Listing 6. In this case, the implementation space contains the three elements model1,model2, mode13. Each model is
explicitly associated with a value in the functionality and the requirements space.

The icon for this construction is meant to remind us of a spreadsheet (Fig. 9).

Listing 6: catalogl.mcdp

Figure 9.
catalog {
provides capacity [kWnh]
requires mass [g]
500 kih « » 100 g SB({S[)().C;.(:E(;;,C;I[‘\)V()}) Wh - - mass : {400,100,200} g
600 kih « » 200 g E
700 kih « - 400 g
}

In Fig. 9 we can see how the type of the mass is not just grams, but rather given as {100, 200, 400 g}. The solver propagates the bounds
information about functionalities and requirements and uses this information to prune the search space during querying.

1.5.1. Multiple minimal solutions

The catalog construct is the first construct we encountered that allows defining MCDPs that have multiple minimal solutions. To see this,
let’s expand the model in Listing 6 to include a few more models and one more requirement, cost.

Listing 7: catalog2.mcdp

catalog {
provides capacity [kWnh]
requires mass [g]
requires cost [USD]

500 kWh « ~» 100 g, 10 USD
600 kWh « w 200 g, 209 USD
600 kWh « ~» 250 g, 150 USD
700 kWh « ~ 400 g, 409 USD

The numbers (not realistic) were chosen so that mode12 and mode13 do not dominate each other: they provide the same functionality (660 kih)
but one is cheaper but heavier, and the other is more expensive but lighter. This means that for the functionality value of 600 kih there are
two minimal solutions: either (200 g, 200 USD) Or (250 g, 150 USD).

The number of minimal solutions is not constant: for this example, we have four cases as a function of f (Table 1.1). As f increases, there
are 1, 2, 1, and 0 minimal solutions.

Table 1.1.: Solution cases for the model in Listing 7.

Functionality required ~ Optimal implementation(s) Minimal resources needed
0 kith < f <500 kith modell (100 g, 10 USD)
500 kih < f < 600 kWH model2 OY model3 (200 g, 200 USD) OT (250 g, 150 USD)
600 kith < f <700 kiH model4 (400 g, 400 USD)
700 kith < f < Top kith (unfeasible) 7}

We can verify these with mcdp co-design solve. We also use the switch --imp to ask the program to give the name of the implementations;
without the switch, it only prints the value of the minimal resources.

For example, for f = 50 kuH:

| mcdp co-design solve --imp catalog2 "50 kith"

we obtain one solution:

18



Minimal resources needed: mass, cost = T{(mass:100 g, cost:10 USD)}
r = (mass:100 g, cost:10 USD)
implementation 1 of 1: m = 'modell’

For f = 550 kum:

‘ mcdp co-design solve --imp catalog2 "550 kWh"

we obtain two solutions:

Minimal resources needed:
mass, cost = T{(mass:200 g, cost:200 USD), (mass:250 g, cost:150 USD)}

r = (mass:250 g, cost:150 USD)
implementation 1 of 1: m = 'model3’

r = (mass:200 g, cost:200 USD)
implementation 1 of 1: m = 'model2’

The solver displays first the set of minimal resources required; then, for each value of the resource, it displays the name of the implementa-
tions; in general, there could be multiple implementations that have the same resource consumption.

1.6. Union/choice of design problems

The “choice” construct allows describing the idea of "alternatives”.
As an example, let us consider how to model the choice between different battery technologies.

Consider the model of a battery, in which we take the functionality to be the capacity and the requirements to be the mass [g] and the
cost [USD].

Consider two different battery technologies, characterized by their specific energy (Wh/kg ) and specific cost (Wh/USD).

Specifically, consider Nickel-Hidrogen batteries (NiH2) and Lithium-Polymer (LiPo) batteries. One technology is cheaper but leads to
heavier batteries and vice versa. Because of this fact, there might be designs in which we prefer either.

First, we model the two battery technologies separately as two MCDPs that have the same interface (same requirements and same
functionalities).

Listing 8: Batteryl_LiPo.mcdp
Figure 10.

mcdp {
provides capacity [J]
requires mass [g]

requires cost [USD]
p = 150 Wh/kg capacity: SB(=0) J

a = 2.50 Wh/USD
required mass > provided capacity / p
required cost > provided capacity / «

mass: SB(>0) g

L cost: SB(>0) USD

Listing 9: Batteryl_NiH2.mcdp
Figure 11.

mcdp {

provides capacity [J]
requires mass [g]

requires cost [USD]
p = 45 Wh/kg capacity: SB(>0)J

a = 10.50 Wh/USD
required mass > provided capacity / p
required cost > provided capacity / a

mass: SB(>0) g

- cost: SB(>0) USD
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Listing 10: Batteries.mcdp
Figure 12.

choose(

NiH2: “Batteryi_LiPo,
LiPo: “Battery1_NiH2
)

: NiH2 LiPo
capacity — (Batteryl_LiPo Batteryl,Ninl

1.7. Composing design problems

The MCDPL language encourages composition and code reuse through composition of design problems.

1.7.1. Implicit composition of design problems from formulas

All the mathematical operations (addition, multiplication, power, etc.) are each represented by their own design problem, even though
they do not have explicit names.
For example, let’s define the MCDP Actuation1 to represent the actuation in a drone. We model it as a quadratic relation from 1ift to power,
as in Listing 11.
Listing 11: Actuationl.mcdp
Figure 13.

mcdp {
provides 1ift [N]
requires power [W]

1 = provided lift -
Actuationl
W im0 N — L0 povier: SB(=5) ¥

po =
p1 = 6 WN
pz = 7 W/N?

required power > pe + p1 * 1 + p2 * 1?

}

Note that the relation between 1ift and power is described by the polynomial relation

required power > pe + p1 * 1 + p2 * 1?

This relation can be written as the composition of several DPs, corresponding to sum, multiplication, and exponentiation (Fig. 13).

lift

lift

1.7.2. Explicit composition of design problems

The other way to compose design problems is for the user to define them separately and then connect them explicitly.

Suppose we define a model called Battery as in Fig. 14.
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Listing 12: Batteryl.mcdp
Figure 14.

mcdp {
provides capacity [J]
requires mass [g] . (
apacit £/100<r |- f[T*ke/kWh] <1 [g] |--emeeer
p = 100 kWh / kg # specific_energy capacty /100 <1 }-@-{ [1J'kg/kWhi <x g ]] s

required mass > provided capacity / p

}

We can now put the battery model and the actuation model using the following syntax.

Listing 13: combined1.mcdp
Figure 15.

actuation

= Actuationl
p lift POWeT |f---esseeeo-

sub actuation = instance “Actuationt

sub battery = instance ‘Battery1
battery

} Batteryl
capacity mass |-

The syntax to re-use previously defined MCDPs is instance [Name. The backtick means “load the MCDP from the library, from the file
called Name.mcdp”.

Simply instancing the models puts them side-to-side in the same box; we need to connect them explicitly. The model in Listing 13 is not
usable yet because some of the edges are unconnected (Fig. 15). We can create a complete model by adding co-design constraints.

1.7.3. Adding co-design constraints

For example, suppose that we know the desired endurance for the design. Then we know that the capacity provided by the battery must
exceed the energy required by actuation, which is the product of power and endurance. All of this can be expressed directly in MCDPL
using the syntax:

energy = provided endurance + (power required by actuation)
capacity provided by battery > energy

The visualization of the resulting model has a connection between the two design problems representing the co-design constraint
(Listing 14).

Listing 14: combined2.mcdp
Figure 16.

mcdp {
provides endurance [s]

sub actuation = instance “Actuationt endurance battery

sub battery = instance ‘Battery! Batteryl
actuation """""
# battery must provide power for actuation Actuationl
energy = provided endurance - power required by actuation

capacity provided by battery > energy
# still incomplete...

We can create a model with a loop by introducing another constraint.
Take payload to represent the user payload that we must carry.

Then the lift provided by the actuator must be at least the mass of the battery plus the mass of the payload times gravity:

constant gravity = 9.81 m/s?

total_mass = (mass required by battery + provided payload)
weight = total_mass * gravity

1ift provided by actuation > weight
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Now there is a loop in the co-design diagram (Fig. 17).

payload

endurance

Listing 15: Composition.mcdp

from library . import model Battery1, Actuationi
mcdp {

provides endurance [s]
provides payload [g]

sub actuation = instance Actuationl
sub battery = instance Batteryl

# battery must provide power for actuation
energy = provided endurance + (power required by actuation)

capacity provided by battery > energy

# actuation must carry payload + battery

constant gravity = 9.81 m/s?

total_mass = (mass required by battery + provided payload)
weight = total_mass ° gravity

lift provided by actuation > weight

# minimize total mass

requires mass [g]
required mass > total_mass

Figure 17.

actuation

Batteryl
X }-~@—(capacity mass}|---

battery

mass

1.8. Re-usable design patterns using templates

“Templates” are a way to describe reusable design patterns.

For example, the code in Listing 15 composes a particular battery model, called Battery1, and a particular actuator model, called Actuationl.

However, it is clear that the pattern interconnect battery and actuators is independent of the particular battery and actuator selected.
MCDPL allows describing this situation by using “templates”.

Templates are contained in files with extension .mcdp_template. The syntax is:

template [namel: interfacel, name2: interfaceZ2]
mcdp {
# usual definition here

In the brackets put pairs of names and NDPs that will be used to specify the interface. Interfaces are contained in files with extension
.mcdp_interface. For example, Fig. 18 defines an interface with a functionality and a requirement.

Then we can declare a template as in Listing 16. The template is visualized as a diagram with a hole (Fig. 19).
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Figure 18.

ExampleInterface.mcdp_interface

interface {
provides f [N]
requires r [N]

Listing 16

Figure 19.
ExampleTemplate.mcdp_template

template [T: “‘ExampleInterface]
mcdp {
sub x = instance T
f provided by x > r required by x + 1

Example

Here is the application to the previous example of battery and actuation. Suppose that we define their interfaces as in Listing 17
and Listing 18.

Listing 18: ActuationInterface.mcdp_interface
Listing 17: BatteryInterface.mcdp_interface

interface { interface {
provides capacity [J] provides 1ift [N]
requires mass [g] requires power [W]
} }

Then we can define a template that uses them. For example the code in Listing 19 specifies that the templates requires two parameters,
called generic_actuation and generic_battery, and they must have the interfaces defined by “ActuationInterface and ‘BatteryInterface.

Listing 19: CompositionTemplate.mcdp_template Listing 20: TemplateUse.mcdp

template [
a: “ActuationInterface,
b: “BatteryInterface

]
mcdp {
sub actuation = instance a specialize [
sub battery = instance b a: “Actuationt,
# battery must provide power for actuation b: “Battery1t
provides endurance [s] 1 “CompositionTemplate
energy = provided endurance < (power required by actuation)
capacity provided by battery > energy
# only partial code
# ...
}
Figure 20.
endurance battery endurance battery
b

Batteryl
---------------------------- actuation [ X }-@—{capacity mass}----
i Actuationl
il i lift power|-

The diagram in Fig. 20 has two “holes” in which we can plug any compatible design problem. To fill the holes with the models previously
defined, we can use the keyword “specialize” as in Listing 20.

actuation 5 ---@—icapacity mass;
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2. Introduction

2.1. Introduction

2.1.1. Kinds

MCDPL has 7 kinds of data:

1.

6.
7.

Posets;

2. Values that belong to a poset;
3.
4. Primitive DPs: corresponding to the morphisms in the category DP. These are the basic building blocks of the language but they are not

Intervals of values, also called uncertain values;

used directly by the user.

. Named DPs (NDPs): these are DPs with functionality and requirements begin tuples of posets with names associated to them. These

can be:

« atomic, often a simple wrapping of a primitive DP.

« composite, which are defined as the interconnection of other NDPs. These are also called Monotone Co-Design Problems (MCDPs).
Interfaces: these are the types of the ports of an NDP.

Templates: These are diagrams with holes that can be specialized to create NDPs.

Table 2.1 shows the various kinds and examples of expressions belonging to them. The extension column shows the file extension used for
files containing expressions of that kind.

Table 2.1.: Kinds in MCDPL

kind mathematical concept extension code snippet example
Posets (sub)posets .mcdp_poset product(mass: g, volume: m®)
Values elements of posets .mcdp_value (10 g, 20 1)
Uncertain values  intervals of values n/a between 10 g and 12 g
Primitive DPs morphisms of DP .mcdp_primitivedp yaml resource(’dpc1.dpc.yaml’)
mcdp {
MCDPs diagrams of DP with signal names  .mcdp requires r = 10 g
}

interface {
requires r [g]

Interfaces hom-sets of DP with signal names  .mcdp_interfaces provides £ [H]

template [] mcdp {
}

Templates operad of DP with signal names .mcdp_template
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3. Posets and values

3.1. poset: Defining finite posets

It is possible to define custom finite posets in files *.mcdp_poset using the keyword poset.

For example, to define the poset Q = (Q, <) with elements
Q={a,b,c,d,e,f,g} @®

and the order relations
a=yb, c=q4, e=<od=qf{, e=yb, 2

we create a file named Q.mcdp_poset with code as in Listing 21.

Listing 21: Q.mcdp_poset . . Lo
Figure 1.: Hasse diagram of the poset defined in List-

ing 21
poset { f g
a<h ‘
c<d
e<dcsf b d
e<hb
g \ /\
} a e c

After the poset has been defined, it can be used in the definition of an MCDP, by referring to it by name using the backtick notation, as
in “*Q”.
To refer to its elements, use the notation *Q: element (Listing 22).

Listing 22: onep.mcdp_poset

Figure 2.
mcdp {
prodees f [*Q] ¢ T=d
provided f < *Q: d
}
3.2. Extrema of posets
3.2.1. Top and Bottom
To indicate top and bottom of a poset, use this syntax:
Top poset T poset
Bottom poset 1 poset

For example, Top V indicates the top of the poset V.

3.2.2. Minimals and Maximals

The expressions Minimals poset and Maximals poset denote the set of minimal and maximal elements of a poset.

For example, assume that the poset is defined as in Fig. 1. Then the expression Maximals “MyPoset is equivalent to the set with two
elements b and d, and the expression Minimals ‘MyPoset is equivalent to a set with the elements a, e, c.

These assertions can be checked with the following code:
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assert_equal (Maximals ‘MyPoset, {‘MyPoset: b, ‘MyPoset: d})

assert_equal (Minimals ‘MyPoset, {‘MyPoset: a, ‘MyPoset: e, “MyPoset: c})

3.3. Numerical posets

MCDPL works with numerical posets that are models of the completion of R, with —co and +oo as bottom and top.
These subposets are parametrized by:

1. A lower bound;

2. An upper bound;

3. A discretization step (possibly 0, to mean no discretization).

4. A unit.

The keywords Nat, Int,and dimensionless refer to a model of N, Z, and R respectively (unitless).

poset lower bound upper bound discretization
Nat 0 +00 1
Int —00 +00 1
dimensionless O +00 0

The compiler will derive the step and lower and upper bounds of expressions using abstract interpretation of the mathematical operations.

Listing 23 shows an example in which some functionality/resource is defined as a natural number, and other derived quantities are
inferred to be in subposets.

Listing 23: simplenumerics.mcdp

Figure 3.
mcdp {

requires r [Nat] ts: SB(20::0.5)
provides f [Nat] BT

................ I SB(>0::5)
provides f_2 = required r + 2.5
provides f_3 = min(required r,7) Be SB(22.5:11)--3
requires r_2 = provided f * 5 _ r: SB(>0::1)

} requires r_3 = provided f / 2 £ SB([0,7]::1) ——{ T < min(r,7) }- i

3.3.1. Numerical precision

The details of how these posets are represented internally for computation is considered an implementation detail.
By default, numbers are represented as decimal values with 9 digits of precision.

Note that monotone co-design theory does not require that the operations are exact; in particular, it does not require that the operations
are associative or commutative. Therefore, some of the usual concerns of numerical analysis do not apply.

Itis not a problem if a + b # b + a. What matters is that the operations are correct in the sense that they are conservative. For example, the
operation a + b operating with finite precision needs to be rounded up if we are computing a feasible upper set, and rounded down if we
are computing a feasible lower set, as those are conservative choices.

3.4. Numbers with units

Numerical values can also have units associated to them. So we can distinguish Ezo[m] from @Zo[s] and even @Zo[m] from ﬁzo[km].
These posets and their values are indicated using the syntax in Table 3.1.

In general, units behave as one might expect. Units are implemented using the library Pint!; please see its documentation for more
information.

Thttp://pint.readthedocs.org/
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Table 3.1.: Numbers with units
syntax for posets | dimensionless g J m/s
syntax for values 23 1.2g 281 23 nm/s

The following is the formal definition of the operations involving units.
Units form a group with an equivalence relation.
Call this group of units U and its elements u, v, --- € U. By F[u], we mean a field F enriched with an annotation of units u € U.

Multiplication is defined for all pairs of units. Let | x| denote the absolute numerical value of x (stripping the unit away). Then, if x € F[u]
and y € F[v], their productis x - y € Fluv] and |x - y| = |x]| - |y].

Addition is defined only for compatible pairs of units (e.g., m and kn), but it is not possible to sum, say, n and s. If x € F[u] and y € F[v],
then x +y € Flu], and x + y = |x| + a|y|, where o} is a table of conversion factors, and | x| is the absolute numerical value of x.

In practice, this means that MCDPL thinks that 1 kg + 1 g isequal to 1.1 kg . Addition is not strictly commutative, because 1 g + 1 kg is
equal to 1691 g, which is equivalent, but not equal, to 1.1 kg.

3.5. Poset products

MCDPL allows the definition of finite Cartesian products, which can be anonymous or named.

3.5.1. x: Anonymous Poset Products

“_9

Use the Unicode symbol “X” or the simple letter “x” to create a poset product, using the syntax:

Pl x P2 x ... x Pn

For example, the expression J x A represents a product of Joules and Amperes.

« 9 @

The elements of a poset product are tuples. To define a tuple, use angular brackets “<” and “>”.

For example, the expression “<2 J, 1 A>” denotes a tuple with two elements, equal to 2 J and 2 A. An alternative syntax uses the fancy
Unicode brackets “(” and “)”,asin “ (2 J, 1 A)”.

Tuples can be nested. For example, you can describe a tuple like
((g 7, 1A), {1 m 1s,42)),
and its poset is denoted as

(JxA) x(mxsxN).

3.5.2. product: Named Poset Products
MCDPL also supports “named products”. These are semantically equivalent to products, however, there is also a name associated to each
entry. This allows to easily refer to the elements. For example, the following declares a product of the two spaces J and A with the two

entries named “energy” and “current”.

product (energy: J, current: A)

The names for the fields must be valid identifiers (starts with a letter, contains letters, underscore, and numbers).

The attribute can be referenced using the following syntax:

(requirement) .field

For example:
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mcdp {
provides out [product(energy: J, current: A)]

(provided out).energy < 10 J
(provided out).current < 2 A

3.6. Posets of subsets

3.6.1. powerset: Power sets

MCDPL allows to describe the set of subsets of a poset, i.e. its power set.

The syntax is either of these:

powerset (p)

»(P)

To describe the values in a powerset (subsets), use this set-building notation:

{value, value, ..., value}

For example, the value {1, 2, 3} is an element of the poset powerset(Nat) .

3.6.2. EmptySet: The empty set
To denote the empty set, use the keyword Emptyset or the equivalent unicode:

EmptySet P & P

Note that empty sets are typed. This is different from set theory: here, a set of apples without apples and a set of oranges without oranges
are two different sets, while in traditional set theory they are the same set.

@ J is an empty set of energies, and @ V is an empty set of voltages, and the two are not equivalent.

3.6.3. UpperSets and LowerSets: Upper and lower sets
The poset of upper sets of P can be described by the syntax

UpperSets(P)

For example, UpperSets(N) is the poset of upper sets for the natural numbers.

To describe an upper set (i.e. an element of the space of upper sets), use the keyword upperclosure or its abbreviation 1. The syntax is:

upperclosure set + set

For example: ~{(2 g, 1 m)} denotes the principal upper set of (2 g, 1 m) in the poset g x n.

Similarly you can define the poset of lowersets of P as:

LowerSets(P)

and you can obtain elements of this poset using the keyword lowerclosure or its abbreviation |.

lowerclosure set + set

29



3.7. Defining uncertain constants

MCDPL allows describing interval uncertainty for variables and expressions.

There are three syntaxes accepted:

1. The first is using explicit bounds:
x = between lower bound and upper bound
2. Median plus or minus absolute tolerance:
x = median +- tolerance x = median * tolerance

3. Median plus or minus percent:

x = median + percent tolerance % x = median * percent tolerance %

For example, Table 3.2 shows the different ways in which a constant can be declared to be between 9.95 kg and 10.05 kg:

Table 3.2.: Equivalent ways to declare an uncertain constant

constant ¢ = 10 kg
x = between 9.95 kg and 10.05 kg x =10 kg *+ 50 g 0 =05 ¢g
X = between c - 0 and c + 0

It is also possible to describe parametric uncertain relations by simply using uncertain constants in place of regular constants:

mcdp {
provides energy [J]
requires mass [kg]

specific_energy = between 108 kWh/kg and 120 kWh/kg
required mass ¢ specific_energy > provided energy
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4. Named DPs

4.1. Defining NDPs

An NDP (named design problem) is a design problem that has associated names for its functionality and requirements.

There are several ways of defining an NDP:

1.

by constructing one using the catalog syntax;

2. by constructing one using the mcdp syntax;
3. by constructing one using the dp syntax;

4.
5

by specializing a template, using the specialize keyword.

. by constructing one using operations such as compact, abstract, etc.

4.2. Constructing NDPs as catalogs

An NDP can be created using a “catalog” declaration, which enumerates the possible ways to provide functionalities and requirements
explcitly.

A catalog declaration is comprised of zero or more functionality/requirement declarations and zero or more catalog records:

catalog {
provides f1 [W]
requires r1 [s]

# records go here

There are two types of records that can be used (but cannot be mixed):

1.
2.

Records that specify the implementation names explicitly;

Records that do not specify the implementation names implicitly.

catalog { catalog {
provides f1 [W] provides f1 [W]
requires r1 [s] requires r1 [s]
10N e » 10 s 19 We 10 s
20W « » 20 s 20We 20 s

} }

For multiple functionalities and resources, partition the elements using commas:

catalog {
provides f1 [W]
provides f2 [m]
requires r1 [s]
requires r2 [s]

SW,5ma » 10s, 10s
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Note that in the catalog rows, you must use units, which might be different from the units used in the declaration of the functionalities
and requirements. For example, in the following we use standard units (meters and seconds) for the catalog rows, but we use different
units in the declaration of the functionalities and requirements (miles and hours):

catalog {
provides distance [m]
requires duration [s]
5 miles & 18 hours

In case there are no functionalities, use an empty tuple on the left; and if there are no requirements, use an empty tuple on the right.

catalog { catalog {
requires r1 [s] provides f1 [s]
() « w10 s 55 @ e ()
} }

4.2.1. True and false

The empty catalog is valid: it is the NDP with no functionality and no requirements and no implementations. That is:

catalog {
}

This is “false”: even though nothing is asked, there is no way to provide it.

Dually, the following catalogs definitions are equivalent to “true”. One has an anonymous implementation, the other has an explicit
implementation.

catalog { catalog {
() « s () ()= ()

Of course, we can create a catalog that is even more true, by adding more implementations:

catalog {
() « » ()
() « s ()
() « » ()
() « s ()
() « » ()
() « s ()

}

4.3. Constructing NDPs from YAML files

An NDP can be created using a “dp” declaration, which is used to import from external YAML data.

The syntax is as follows:

dp {
# usual provides/requires declaration

# only one line of this form
implemented-by yaml resource(’’data.yaml’)
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For example:

dp {
provides task [‘task]
requires sensor_requirements [“sensor_regs]
requires vehicle_properties [‘vehicle_properties]
requires computation [ops]
requires discomfort [dimensionless]

implemented-by yaml resource(’’planner_catalog-Mar-12-2024-8-24.dpc.yaml"")

An example YAML file is as follows:

" task"

[ - |

“sensor_reqs"

- "“vehicle_properties"

- "ops"

- "dimensionless"

implementations:

planning_4125:
f_max:
- "“task: task_urban_car_cr_AA_50_3"
r_min:
- "“sensor_reqs: sensor_reqs_4125"
- "“vehicle_properties: car_van_chrycler_pacifica"
- "6.00 ops"
- "13 dimensionless"
planning_4102:

f_max:
- "“task: task_urban_car_cr_AA_30_3"
r_min:
- "“sensor_reqs: sensor_reqs_4102"
- "“vehicle_properties: car_van_chrycler_pacifica"
- "6.00 ops"
- "11 dimensionless"

The files should contain three fields: F, R, and implementations.
The first two fields are lists of strings. These represent, in MCDPL, the names of the interfaces that the NDP requires and provides.

The the third field is a dictionary, where the keys are the names of the implementations, and the values are dictionaries with two keys:
f_max and r_min. These are lists of strings, representing the requirements and capabilities of the implementation in MCDPL.

4.4. Describing Monotone Co-Design Problems

An NDP can be created using a declaration enclosed in the mcdp construct. The declaration must be comprised of an optional comment
and zero or more statements; a statement can be either a declaration or a constraint, and these can be mixed.

4.4.1. Declaring functionality and requirements explicitly

A functionality declaration is of this form:
provides f [poset]
Symmetrically, a requirement declaration is of this form:

requires r [poset]
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4.4.2. Declaring functionality and requirements implicitly using expressions

There are shortcuts one can use to declare functionalities and requirements given a value:

provides f < expression

This is equivalent to:

provides f [poset]
provided f < expression

Symmetrically, there are the same constructs for defining requirements:

requires r > expression

This is equivalent to:

requires r [poset]
required r > expression

4.4.3. Forwarding functionalities and requirements from other subproblems

The second shortcut is used to declare one or more functionalities and specify which DP is responsible for providing them:

provides f1, f2, ... using dp

This is equivalent to

provides f1 < f1 provided by dp
provides f2 < f2 provided by dp

The symmetric construct is used to declare one or more requirements and specify which DP is responsible for providing them:

requires r1, r2, ... for dp

which is equivalent to:

requires r1 > r1 required by dp
requires r2 > r2 required by dp

Note that the syntax is “requires ...for ...” rather than “provides ...using...”.

4.4.4. Declaring functionality and requirements using interfaces

Another way to declare functionalities and requirements is to declare that one is implementing a certain interface.

For example, given the following interface defition:

interface {
provides f [W]
requires r [g]
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We can use the keyword implements to declare that the current MCDP is implementing the interface:

mcdp {
implements “MyInterface

provided f < 10 W
1 kg

A

[\

required r

4.4.5. Ignoring or propagating the functionality /requirements of subproblems

In general, the compiler will complain if there are unconnected ports: each functionality or requirement of subproblems must be connected
to something: either another subproblem, or to the global functionality or requirement of the parent problem.

Sometimes, it is useful to ignore some of the functionality or requirements of subproblems.

ignore: Ignoring specific functionality/requirements

The ignore keyword can be used to mark some of the functionality or requirements of an NDP as “ignored”. The compiler will then not
complain if they are unconnected.
The syntax is:

ignore f provided by dp

ignore r required by dp

Internally, the compiler will connect the ignored functionality or requirements to a special DP that is always true.

ignore unconnected: Ignoring all unconnected

There is a special declaration ignore unconnected that can be used to ignore all unconnected ports.

ignore unconnected

propagate unconnected: Propagating unconnected ports

Finally, there is a special declaration propagate unconnected that can be used to “propagate” unconnected ports:

propagate unconnected
Consider the following example, in which there is a subproblem called inside that provides and requires some ports, but these ports are
not connected to anything:

mcdp {
provides f < 5 W

inside

sub inside = instance mcdp {
provides f_sub < 10 W
requires r_sub > 20 s

# f_sub, r_sub are unconnected

35



In the web editor, there will be warnings about unconnected ports.

If we add the declaration ignore unconnected, then the unconnected ports will be ignored; they will be connected to a special DP that is
always true.

mcdp {

provides f < 5 W inside

<
sub inside = instance mcdp { ow<rl-
provides f_sub < 19 W i

: @
requires r_sub > 20 s > f<10W

ignore unconnected

If we add the declaration propagate unconnected, then the unconnected ports will be propagated to the parent DP.

mcdp {
provides f < 5 W inside
sub inside = instance mcdp { 7 sl
provides f_sub < 10 W B
requires r_sub > 20 s

propagate unconnected

4.4.6. Shortcuts for summing over functionalities and requirements

One common pattern is to sum over many requirements of the same name. For example, a design might consist of several components,
and the budgets must be summed together (Listing 24). In this case, it is possible to use the shortcut sum (or its equivalent symbol }}) that
allows to sum over requirements required with the same name (Listing 25) with the syntax

sum budget required by *

An error will be generated if there are no subproblems with a requirement of the given name.
The two MCDP in Listing 24 and Listing 25 are equivalent.

Listing 24: sumc-example.mcdp Listing 25: sumc2.mcdp

mcdp {

i total_budget [USD
requires total_budget [USD] o

. . requires total_budget [USD]
sub c1 = instance “Component1

sub c2 = instance “Component2

. . c¢1 = instance ‘Component1
sub c3 = instance ‘“Component3

c2 = instance ‘Component2

. c3 = instance ‘Component3
required total_budget > (

budget required by c1 +
budget required by c2 +
budget required by c3

# this sums over all components
required total_budget >= sum budget required by x

The dual syntax for functionality is also available (Listings 26 and 27).
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Listing 26: sumc3.mcdp Listing 27: sumf3.mcdp

mcdp {
provides total_power [W]
mcdp {
sub g1 = instance ‘Generator provides total_power [W]
sub g2 = instance ‘Generator2
sub g3 = instance ‘Generator3 sub g1 = instance ‘Generator1
sub g2 = instance ‘Generator2
provided total_power < ( sub g3 = instance ‘Generator3
power provided by g1 +
power provided by g2 + provided total_power < ) power provided by *
power provided by g3 }
)
}

4.5. Mathematical relations between functionalities and requirements

Once functionalities and resources are defined, it is possible to define relations between them by using various mathematical operations.

The available math relations are shown in Table 4.1.

Table 4.1.: Math relations available

algebra addition

multiplication

division (by a constant)

substraction (of a constant)
ceil/floor ceil

ceil®

floor

floor®
exponentiation a2

sqrt

pow
min/max max

min

approximation  approx

One thing to keep in mind is that these are not “functions”; rather, they are relations.

4.5.1. Abstract interpretation of mathematical relations

The following examples (Listings 28 and 29) show how the compiler is able to use abstract interpretation to infer the type of the result of
the operations.

In Listing 28 we start with one requirement defined to be a a natural number, and then we define several functionalities that are the result
of applying different operations to that requirement. The compiler is able to to infer the subposet of numbers that are possible feasible
values for each relation.

For example, for the line

provides fa =r + 2.5

the compiler is able to infer that the smallest set that contains the optimal feasible functionalities for the relation is the set of numbers of
the form r + 2.5 where r is a natural number. This is written compactly in the figure as >=2.5::1.

Likewise, for the line

provides fs = min(r, 7)
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the compiler is able to infer that the smallest set that contains the optimal feasible functionalities for the relation is the set of integers from
0 to 7, written compactly in the figure as [0,7]: : 1.

Listing 28: numerics2.mcdp
Figure 1.

e sB(Zo) ...........
£: SB(>1:1) ———{ f<r 41 |-

medp {
requires r [N] s SB(Zz;;U ..........

provides f1 = required r + @

provides f2 = required r + 1 fy: 53(22.5:1) ....... s

provides f3 = required r + 2.0

prodees fa = requTred r+2.5 e SB(ZO::S)—@ 1 SB(>0::1)
provides fs = required r * 5

provides fes = required r / 2 i

provides f7 = required r - 2 fe: SB(ZO”O'S) """" ’

provides fs = min(required r, 7)

provides fo = max(required r, 7) i SB(2-2::1)—@
fg: SB([0,7]::1) (£ < min(r,7) }--

b $B>7:1) ——(TEmane 7))}

The next example is symmetric, with the functionality being a natural number and the requirements being the result of applying different
operations to that functionality.

Listing 29: numerics.mcdp
Figure 2.

f/2<r I's: SB(>0::0.5)

f-2 <1 [remememeeeeens Ia: SB(Z'ZZJ)

mcdp {
provides f [N] true r;: {0}
requires r1 = provided f + @

requires r2 = provided f+1 |l FE o e rs: SB(>0::5)

requires rs = provided f + 2.0

requires ra = provided f + 2.5 o0
f: SB(>0::1 f+1<r 1y SB(>1::1
requires rs = provided f * 5 ( ) —=) 2 SB( )

requires re = provided f / 2
requires r7 = provided f-2 [ UdH=asrpe 131 SB(22::1)

min(provided f, 7)
max(provided f, 7) {4251 [ ry: SB(>2.5::1)
........... ro: SB(27::1)

........... rg: SB([0,7]::1)

requires rs
requires ro
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4.5.2. Min and max

In most cases, we can think of the nin and max symbols as the usual mathematical functions. (Corresponding to the “meet” and “join”
operations in lattice theory.)

However, in the context of MCDPs, the semantics is more subtle, and it holds even when the poset in question is not a lattice, so that the
meet and join are not necessarily defined.

The following table shows the semantics of the min and max operations in MCDPs.

MCDPL expression Equivalent semantics
r > min(a, b) (r>a)v(r=>=b)
r > max(a, b) (r>=a)A(r>=b)
f < min(c, d) (f<oA(f<d)
f < max(c, d) (f<ov(f<d

If the poset is a lattice, then the semantics of the min and max operations are the same as the meet and join operations.

Consider the following poset with two elements:

Listing 30: discrete.mcdp_poset

poset {
ab

Because it is a discrete poset, the meet and join of the two elements do not exist. So, min(a, b) and max(a, b) are not defined if we consider
them as mathematical functions. However, using the relation semantics we can write the following MCDP. We can see in the figure that
the relation is reduced to the false relation.

Listing 31: exampleminmax1.mcdp
Figure 3.

mcdp {
provides f [‘discrete] £ & discrete -
requires r [‘discrete]
provided f < min(‘discrete: a, ‘discrete: b)

required r > max(‘discrete: a, ‘discrete: b) L B G
}
4.5.3. Floor and ceil relations
The floor and ceil operations are used to round down and up, respectively.
The floore and ceil6 are variants, defined as follows:
0 forx =0
floorg(x) =4 1)
ceil(x —1) forx >0
0 forx =0
ceily(x) = 2)
floor(x +1) forx >0

The functions floor and floor, agree everywhere except at nonzero integers. For example, floor(2) = 2 and floor,(2) = 1. Likewise, ceil
and ceil; agree everywhere, except at nonzero integers: ceil(2) = 2 and ceil(2) = 3.

The reason we need these extra operations is that relations need to be upper-semicontinuous if acting on requirements, and lower-
semicontinuous if acting on functionalities.

In fact, we know that floor is upper semi-continuous:
lim+ floor(x) = 3 3)
x—3
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but that it is not lower semi-continuous:
lim floor(x) = does not exist

x—=3"

The variant floor, is lower semi-continuous:
lim floor(x) = 3
x=3- 0
but it is not upper semi-continuous:
lim floor(x) = does not exist

x=3t 0

The following example shows the use of these operations.

Listing 32: numerics3.mcdp

mcdp {

requires r1 [dimensionless] f,: SB(>0)

provides fi [dimensionless]
provides f2 = floor(required ri)
provides f3 = ceil@(required ri)
requires r2 = floor@(provided f1)
requires rs = ceil(provided f1)

4.5.4. Built-in approximations

“4)

%)

(6)

Figure 4.
.......... £y SB(20::1)
............ £y SB(20:1)

-11: SB(>0)

The approx keyword is used to “discretize” a signal to a certain resolution. In practice, this means rounding the quantity to the nearest
multiple of the resolution. The approximations must be conservative, so the functionalities are rounded down, and the requirements are
rounded up. The following examples shows the symmetry between the functionalities and the requirements.

Listing 33: approx1.mcdp

mcdp {
provides f [dimensionless]

Figure 5.

f: SB(>0) round_up(0.1,f) <1 |-eeees rl: SB(>0::0.1)

requires r1 = approx(provided f, 4.1)

Figure 6.

f1: SB(>0::0.1) —[ f < round_down(0.1,r) ] ---------- r: SB(>0)

}
Listing 34: approx2.mcdp
mcdp {
requires r [dimensionless]
provides f1 = approx(required r, 4.1)
}

4.6. Accessing the components of a product

We have seen in Section 3.5 how to define anononymous and named products.

4.6.1. Accessing the components of an anonymous product

The “take” operation allows us to access the elements of a product. The syntax is:

take(signal, index)

For example, writing
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mcdp {
provides out [J x Al

take(provided out, @) < 10 J
<

take(provided out, 1) < 2 A
}
is equivalent to writing
medp {
provides out [J x Al
provided out < (10 J, 2 A)
}

Accessing elements of a named product by name

If the product is a named product, it is possible to index those entries using one of these two syntaxes:

take(requirement, label) take(functionality, label)

There is also a syntax with the dot, reminiscent of the syntax used in object-oriented languages:

(requirement) .label (functionality) .label

For example:

mcdp {
provides out [product(energy: J, current: A)]

(provided out).energy < 10 J
(provided out).current < 2 A

4.7. Operations on NDPS

The language includes a set of operations to manipulate NDPs. These are rarely used directly, but they are useful to understand the
internal processing of NDPs.

Abstraction abstract NDP
Compactification  compact NDP
Flattening flatten NDP
Canonical form canonical NDP

4.7.1. compact: Compactification

The construct compact takes an NDP and produces another in which parallel edges are compacted into one edge. This is one of the steps
required for the solution of the MCDP.

The syntax is:

compact NDP

For every pair of NDPS that have more than one edge between them, those edges are being replaced.
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For example, consider this MCDP:

Listing 35: compact_example_1.mcdp

mcdp {
sub a = instance mcdp {
provides f [N]
requires r1 [N]
requires r2 [N]

provided f < (required r1 + required r2)
} a b

sub b = instance mcdp { = ]"__ < ] o
provides f1 [N] sn+n I 1+h<r

provides 2 [N]
requires r [N]

required r > (provided f1 + provided f2)
}
r1 required by a < f1 provided by b
r2 required by a < f2 provided by b

The compacted version has only one edge between the two NDPs, with the corresponding poset being the product of the two posets:

Listing 36: compact_example_2.mcdp

compact “compact_example_1 [ _[ f<r +1, ]@_[ f+6<r ] .......... ]

4.7.2. flatten: Flattening

It is easy to create recursive composition in MCDPL, in which we have NDPs that contain other NDPs.

Listing 37: Compositionl.mcdp

mcdp {
T = medp {
provides f [N]
requires r [N]
provided f + 1 < required r
}

sub a = instance T
sub b = instance mcdp {

b
. a
provides f [N] £ o r
requires r [N] =I f<r-2 1
sub ¢ = instance T

provided f < 2 « f provided by c
required r > r required by c

}

r required by a < f provided by b
requires r for b

provides f using a

The “flattening” operation erases the borders between subproblems.

Listing 38: Compositionl_flattened.mcdp

flatten “Compositiont f —P f+1<r ]@_[ f<r.2 ]@_[ fri<r ]] .......... r
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4.7.3. abstract: Abstraction

The command abstract takes an NDP and creates another NDP that forgets the internal structure.

The syntax is:

abstract NDP

The resulting NDP is guaranteed to be equivalent to the initial one, but the internal structure is “forgotten”.

Listing 39: m9.mcdp Listing 40: mo_abstracted.mcdp
mcdp {
provides f [m]
requires r [m] abstract ‘mg

required r > provided f + 10 m

.......... mO_abstracted
f ; fspzom — L o

4.7.4. canonical: Canonical form

This puts the MCDP in a canonical form:

canonical NDP

The canonical form is obtained by compacting all the loops into one single loop.

4.8. choose: Union of design problems

The choose construct allows describing the idea of "alternatives”.
The syntax is as follows:

Listing 41: Batteries2.mcdp
Figure 7.

choose(
NiH2: ‘Battery1_LiPo,
LiPo: “Battery1_NiH2

NiH2 LiPo
Batteryl_LiPo Batteryl_NiHZ‘

capacity —

For a full example, see Section 1.6.
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5. Higher-order modeling

5.1. Interfaces

A template has parameters that are constrained to have a certain interface.

In MCDPL, interfaces are first-class citizens. They reside in .mcdp_interface files, and can be imported and used in other libraries just like
the other top-level entities.

Interfaces are defined using the interface keyword.

5.1.1. interface: Declaring interfaces

The syntax for declaring an interface is a subset of the syntax for declaring a MCDP. Only the definitions of functionality and resources are
allowed.

For example, this interface declares one functionality and one resource:

Listing 42: Int1.mcdp_interface
Figure 1.

interface {

provides 1 [W] .
requires r1 [g] f1: SB(>0) W ——___Jweeeeens rl: SB(>0) g

5.1.2. extends: Extending interfaces

It is possible to extend an interface by adding more functionality or resources. This is done using the extends keyword.

Listing 43: Int2.mcdp_interface

Figure 2.
interface {
extends “Int1 f1: SB0) W — SB(20) g
provides f2 [Hz] s
requires r2 [CHF] £2: SB(>0) Hz - 12: SB(>0) CHF

5.1.3. implements: Using interfaces when defining models

When defining a model, you can specify that it implements an interface. This means that the model must provide the functionality and
resources required by the interface.

This is done using the implements keyword:

Listing 44: Impl1.mcdp

Figure 3.
mcdp {
implements ‘Int1 (100 kg < r }-@— true J---
provided f1 < 10 W f1: {10 W} —] “eens 112 {100000 g}

required r1 > 100 kg i f<10W

44



5.2. Templates

Templates are contained in files with extension .mcdp_template.

5.2.1. template: Declaring templates

The syntax uses the keyword “template”. It is followed by square brackets, which specify the names of the interfaces for the template
holes.

template [namel: interfacel, name2: interfaceZ2]

mcdp {
# usual definition here

For example, we can define the following simple interface:

Listing 45: Scalar.mcdp_interface

Figure 4.
interface {
provides f [dimensionless] .
requires r [dimensionless] £: SB(20) ———____Jweeeeees r: SB(>0)
}
And then we can define a template that uses this interface:
Listing 46: Loop1.mcdp_template
Figure 5.

template [T: “Scalar]
mcdp {
sub x = instance T
f provided by x > r required by x + 1

5.2.2. specialize: Instantiating templates

To instantiate a template, we need to specify which models to plug in it its holes. We use the keyword “specialize” as follows:

Listing 47: LooplInstance.mcdp

specialize [

T: medp { X
implements “Scalar f+r1<r @
= f<r-2 ||
provided f < 2 * required r
} e -
1 “Loop1
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6. Queries

6.1. Defining queries

Queries are specified in files with extension .mcdp_query. This file contains a YAML-document that specifies:
« the model that the query is about;

« the type of query;

« the parameters of the query;

There are two types of queries: FixFunMinRes and FixResMaxFun.

6.1.1. FixFunMinRes

This query type is used to find the minimum amount of requirements required to achieve a certain functionality.

Consider a model queryl_model that has 2 functionalities and 2 requirements:

mcdp {
provides f1 [m]
provides f2 [m]

requires r1 [m]
requires r2 [m]

provided f1 < floor(ri)
rt21m

r2>f2+1m

A query that uses this model could look like this:

title: Query 1

description: ’’
model: ""“query1_model”
query:
query_type: FixFunMinRes
min_f:
f_1: "tm’
f2: '2m
max_r:
r_1: '3 m’
r.2: "4m’

optimize_for: [r_1]

The fields title and description are just used for metadata.

The model field should be a string that evaluates to a model.

The query field specifies the details of the query:

« The field type should be set to FixFunMinRes.

 The field min_f is a dictionary that specifies the minimum values for the functionalities.

« The field max_r is a dictionary that specifies the upper bound for the requirements.
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« The field optimize_for is a list that specifies the resources to optimize for.

In this case, the query is equivalent to this optimization problem:

min ry (1)
such that queryl_model({1m, 2m), (r;,r,)) is feasible 2)
ry <3m »3)

r, <4m 4

We are minimizing the value of r_1, which is the only element in the optimize_for list. The value of r_2 is not relevant, although it is
still bounded.

6.1.2. FixResMaxFun

This query type is used to find the maximum amount of functionalities that can be achieved with a certain amount of resources.

The syntax is similar to the previous type of query:

title: Query 2

description: ’’
model: ""“query1_model”
query:
query_type: FixResMaxFun
min_f:
f_1: "tm’
f_2: '2m’
max_r:
r_1: '3m’
r.2: "4m’

optimize_for: [f_1]

The query is equivalent to this optimization problem:

max fi (5)
such that queryl_model({f;, f), (3m,4m)) is feasible (6)
f121m (7

f222m (8)
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7. Syntax

7.1. MCDPL syntax

7.1.1. Characters

A MCDP file is a sequence of Unicode code-points that belong to one of the classes described in Table 7.1. All files are assumed to be
encoded in UTF-8.

Table 7.1.: Character classes

class characters

Latin letters abcdefghi jklmnopgrstuvxwyz
ABCDEFGHI JKLMNOPQRSTUVXWYZ

Underscore _

Greek letters aBydelnbucduvémpotvd ypw
TAGAEIIZYDOYQ

Digits 0123456789

Superscripts xtox? X3 x* x x* x7 x* Xx°

Subscripts X1 Xy X3 X4 X5 Xg X; Xg Xg

Comment delimiter  #

String delimiters '

Backtick

Parentheses 043

Operators <= = <>, <>

Tuple-making <>()

Arrows glyphs o] = |-> O

Math = . 4o

Other glyphs XTLPNRZY +1]l00@$

7.1.2. Comments

Comments work as in Python. Anything between the symbol # and a newline is ignored. Comments can include any Unicode character.

7.1.3. Reserved keywords

The reserved keywords are shown in Table 7.2.

7.1.4. Syntactic equivalence

MCDPL allows a number of Unicode glyphs as abbreviations of a few operators.
For example, every occurrence of a superscript of the digit d is interpreted as a power »d. It is syntactically equivalent to write x+2 or x2.

Other syntactic equivalences are shown in Table 7.3.

7.1.5. Identifiers

An identifier is a string that is not a reserved keyword and follows these rules:

1. It starts with a Latin or Greek letter (except underscore).
2. It contains Latin letters, Greek letters, underscore, digit,

3. It ends with Latin letters, Greek letters, underscore, digit, or a subscript.
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Table 7.2.: Reserved keywords

abstract by implements required
add_bottom canonical instance requires
and catalog

approx_lower choose interface solve_f
approx_upper code lowerclosure solve_r
approx compact lowersets solve
approxu constant maximals specialize
assert_empty coproduct mcdp sum
assert_equal emptyset minimals take
assert_geq eversion namedproduct template
assert_gt extends top
assert_leq flatten poset uncertain
assert_lt for powerset upperclosure
assert_nonempty ignore_resources product uppersets
between ignore provided using
bottom implemented-by provides variable

Table 7.3.: Unicode glyphs and syntactically equivalent ASCII
Unicode ASCII
<or< <=
>or> >=

< >

~
(>

Top
Bottom
powerset
-

sum

|-->
<--1
<-->
Emptyset
Nat
Rcomp
Int
upperclosure

lowerclosure

Xe=>NBZ2S] 1 ITIMHE S+ -

X

A regular expression that captures these rules is:
identifier = [latin|greek][latin|greek|_|digit]*[latin|greek|_|digit|subscript]?

Here are some examples of good identifiers: a, a_4, a,, alpha, a.

7.1.6. Use of Greek letters as part of identifiers

MCDPL allows to use some Unicode characters, Greek letters and subscripts, also in identifiers and expressions. For example, it is
equivalent to write alpha_1 and a: .

For subscripts, every occurrence of a subscript of the digit d is converted to the fragment _d.
Subscripts can only occur at the end of an identifier: a_1 is valid, while a_1b is not a valid identifier.
Every Greek letter is converted to its name. It is syntactically equivalent to write alpha_material or a_material.

Greek letter names are only considered at the beginning of the identifier and only if they are followed by a non-word character. For
example, the identifer alphabet is not converted to abet.
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Part C.

Software manual

50



8. MCDP Command line interface

mcdp is a command-line interface (CLI) tool available for £ Linux, & macOS, and 58 Windows.

The binaries are available from the page
https://github.com/zupermind/releases/releases/latest

The table below summarizes the platform support.

Table 8.1.: Platform support matrix for MCDP CLI

Operating System | Architecture Status
| ® Ubuntu 22 x86_64, ARM64 Supported
| @® Ubuntu 24 x86_64, ARM64 Supported
{ Debian x86_64, ARM64 Supported
& macOS 15 Intel, Apple Silicon | Supported
%8 Windows 11 x86_64, ARM64 Experimental

8.1. Installation

8.1.1. Prerequisites
@ Docker

A working Docker installation is required
« Install Docker Desktop (@& Windows/& macOS)

« Install Docker Engine ({ Linux)

8.1.2. A Linux (Ubuntu/Debian)

Recent versions of Ubuntu and Debian are supported directly.

The executables are likely to work also on other Linux distributions, but they are not tested.
Installation is straightforward:

1. Download the binary for your architecture

2. Make it executable:

| chmod +x mcdp-cli-*

3. (Optional) Move to system path:

\ sudo mv mcdp-cli-* /usr/local/bin/mcdp

4. Verify installation:

| medp version

8.1.3. & macOS

The installation process is similar to Linux.

A About security notices: If you download the executables using a browser, the executable will be marked as untrusted and quarantined.
Use the command line to avoid security warnings.
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https://github.com/zupermind/releases/releases/latest
https://www.docker.com/products/docker-desktop/
https://docs.docker.com/engine/install/

Recommended Installation (via Terminal)

# For Apple Silicon Macs (M1/M2/M3)
curl -L -o mcdp https://github.com/zupermind/mcdp-binaries/releases/latest/download/mcdp-[VERSION]-macosl5-armé64

# For Intel Macs
curl -L -o mcdp https://github.com/zupermind/mcdp-binaries/releases/latest/download/mcdp-[VERSION]-macos15-amd64

# Make it executable
chmod +x mcdp

# Verify installation
./mcdp version

# (Optional) Move to system path
sudo mv mcdp /usr/local/bin/

Replace [VERSION] with the actual version number from the releases page.

8.1.4. 58 Windows (Experimental)

A Note: Windows support is currently experimental. Please report any issues you encounter.

Option 1: Windows Installer (Recommended)

Download and run the installer for your architecture:

* x64: mcdp- [VERSION] -windows-amd64-installer.exe

« ARMG64: mcdp- [VERSION]-windows-arm64-installer.exe
The installer will:

« Install the MCDP CLI to C: \Program Files\MCDP

« Optionally add it to your system PATH (recommended)

« Allow uninstallation through Windows Settings

© Important: After installation, you'll need to open a new PowerShell or Command Prompt window for the PATH changes to take effect.
Option 2: Manual Installation (PowerShell/Command Prompt)
1. Download the standalone . exe file for your architecture

2. If downloaded via browser: You may see security warnings - click “More info” — “Run anyway”

Manual Installation via PowerShell

# For x64
curl -L -o mcdp.exe https://github.com/zupermind/mcdp-binaries/releases/latest/download/mcdp-[VERSION]-windows-amd64.exe

# For ARM64
curl -L -o mcdp.exe https://github.com/zupermind/mcdp-binaries/releases/latest/download/mcdp- [VERSION]-windows-arm64.exe

# Verify installation
.\mcdp.exe version

Tip: This is a CLI tool. If you double-click the .exe file, you’ll see nothing; you have to use it from a terminal.

52



8.1.5. Getting Started

Once installed, you can:

# View help and available commands
mcdp help

# Check version
mcdp version

Note: On Windows, the executable is mcdp . exe, but you can simply type mcdp in your terminal.

8.1.6. Troubleshooting

“Command not found” error

« Ensure the binary is in your system PATH or use the full path to the executable

Permission denied ({ Linux/® macOS)

o Run chmod +x mcdp to make the file executable

Security warnings (58 Windows,/® macOS)
« Use the command-line installation method to avoid browser quarantine

« On Windows, you may need to add an exception in Windows Defender

Docker not found
» Ensure Docker is installed and running

« On Linux, you may need to add your user to the docker group: sudo usermod -aG docker $USER

8.2. Command mcdp update - Self updating support

The MCDP CLI includes a built-in self-update feature:

| mcdp update

This command will:
« Check for the latest version
« Download and install it automatically

» Preserve your current settings

=& Note for Windows users You may need to run PowerShell as Administrator when using the mcdp update command if MCDP was
installed with the installer to c:\textbackslash Program Files\textbackslash MCDP.

8.3. Command mcdp co-design plot

mcdp co-design plot is a command that can be used to draw produce various visualizations of MCDP models and posets. It can be
used to generate the various visualizations used in this book.

The basic calling syntax is:

\ mcdp co-design plot --plots PLOT_NAMES THING_NAME

where PLOT_NAMES are comma-separated plot names, and THING_NAME is the name of the MCDP problem to plot.

To see the complete set of plot names, look at the output of
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\ mcdp co-design plot --help

For example, consider the following model:

Listing 48: ExampleModel .mcdp

mcdp {
provides capacity [J]
requires mass [g]
p = 100 kWh / kg # specific_energy
required mass > provided capacity / p

Here are some examples of plots that can be generated by the command.

\ mcdp co-design plot --plots ndp_gojs_nowrap_noexpand ExampleModel

capacity—[ f/100<r ]@—[ f[J*kg/kWh] <r [g] ] ---------- mass

\ mcdp co-design plot --plots ndp_gojs_wrap_noexpand_units ExampleModel

capacity: SB(>0) J —P{ f/100<r ]@—[ f[I*kg/kWh] <r [g] ]] ---------- mass: SB(>0) g

\ mcdp co-design plot --plots ndp_gojs_interface ExampleModel

X ExampleModel
capacity: SB(=0) J

- mass: SB(>0) g

8.4. Command mcdp co-design solve - Solving MCDP problems (legacy)

The command mcdp co-design solve is used to solve FixFunMinReq queries. It is useful as a quick way to test the models. The command
mcdp co-design solve-query offers more functionality.

The basic calling syntax is:

\ mcdp co-design solve MODEL PARAMETERS

The parameter MopEL is the name of the model to solve.
The parameter PARAMETERS is the parameters to solve the query.

A typical invocation is:

\ mcdp co-design solve model_name "600 J"

The full usage is:
Usage: mcdp co-design solve [OPTIONS] MODEL PARAMETERS

Options:

-C <PATH> Run as if the command was started in the given directory
-d <DIRECTORY> Source directory [default: .]

-0 <OUTDIR> [default: out-mcdp-solve]

-v, --verbose...

Enable verbose output

--nocache Do not use cache

--imp Compute and show implementations

--show-model Show the resulting NDP

--show-dp Show the resulting DP

--pessimistic <PESSIMISTIC> Resolution for pessimistic solution
--optimistic <OPTIMISTIC> Resolution for optimistic solution
-h, --help Print help
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8.4.1. Resolution options

The options --optimistic and --pessimistic can be used to specify the resolution for the solution.

\ mcdp co-design solve model_name --optimistic 10 --pessimistic 10 "600 J"

8.4.2. Implementation options

The option --imp can be used to compute the implemnetations.

\ mcdp co-design solve model_name --imp "660 J"

8.5. Command mcdp co-design solve-query - Solving queries on MCDP problems

The command mcdp co-design solve-query is used to solve queries specified as query files.
The format for query files is documented in Section 6.1.
Usage: mcdp co-design solve-query [OPTIONS] <QUERY>

Arguments:
<QUERY> Query to solve

Options:
-C <PATH> Run as if the command was started in the given directory
-d <DIRECTORY> Source directory [default: .]

-0 <OUTDIR> Source directory [default: out-solve-query]

-v, --verbose... Enable verbose output

--nocache Do not use cache

--imp Compute and show implementations

--blueprints Compute and show blueprints

--pessimistic <PESSIMISTIC> Resolution for pessimistic solution

--optimistic <OPTIMISTIC> Resolution for optimistic solution

--imp-recheck Activates paranoid mode, rechecking implementation if --imp was provided
--blueprints-recheck Activates paranoid mode, rechecking blueprints if --blueprints was provided
-h, --help Print help

The basic calling syntax is:

| mcdp co-design solve-query QUERY_NAME

8.5.1. Resolution options

The options --optimistic and --pessimistic can be used to specify the resolution for the solution.

\ mcdp co-design solve-query --optimistic 10 --pessimistic 10 myquery

8.5.2. --imp - Computing implementations

The option --imp can be used to compute the implemnetations.

The option --imp-recheck can be used to recheck that the implementations are correct.

8.5.3. --blueprints - Computing blueprints

The option --blueprints can be used to compute the blueprints.

The option --blueprints-recheck can be used to recheck the blueprints.
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8.6. Command mcdp co-design export - Exporting MCDP problems

The command mcdp co-design export allows exporting compiled MCDP problems to a standard YAML/CBOR format, which is
described in Part F.

The calling syntax is:
Usage: mcdp co-design export [OPTIONS]

Options:

-C <PATH> Run as if the command was started in the given directory

-d <DIRECTORY> Source directory [default: .]

-0 <OUTPUT> Destination directory for the exported data

-v, --verbose...

Enable verbose output

-f, --format <FORMAT> Export format [default: yaml] [possible values: yaml, cbor]
-h, --help Print help

For example, suppose that the directory data contains the following libraries:
data/
1libl/
modell.mcdp
posetl.mcdp

Then the command will export the contents of the libraries to the directory out.

\ mcdp co-design export -d data -o out

The directory out will contain the following files:
out/
libl/
models/
modell.ndp.mcdp2.yaml
modell.dp.mcdp2.yaml
modell.dpc.mcdp2.yaml
posets/
posetl.poset.mcdp2.yaml

All files end in .mcdp2.yaml to signify that they are in the MCDP format 2 and represented as YAML.
For each model, the command will export 3 files:

* modell.ndp.mcdp2.yaml: This contains the parsed model as a Named DP, a graph. See Section 26.13.
* modell.dp.mcdp2.yaml: This contains the DP of the model. See Section 26.12.

* modell.dpc.mcdp2.yaml: This contains the compiled DP of the model. See Section 26.12.28.
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9. Libraries for parsing the exported data

This chapter describes the libraries that are available for parsing the data exported by the mcdp co-design export command (see
Section 8.6).

The OpenAPI specification for the MCDP format 2 is available at on GitHub.

9.1. @ Python library mcdp-format2-py

The Python library mcdp-format2-py is a Python library for parsing the exported data.
It is available on PyPI and can be installed with:

‘ pip install mcdp-format2-py

The source code is available on GitHub at €) zupermind/mcdp- format2-py.

Once installed, the library can be used to parse the exported data.

from mcdp_format2_py import load

data = load("modell.ndp.mcdp2.yaml")

print(data)

There is a command line tool mcdp-format2-py-1load that can be used to test the library.

\ mcdp-format2-py-load modell.ndp.mcdp2.yaml

9.2. ® Rust crate mcdp-format2-rs

The Rust crate mcdp-format2-rs is a Rust crate for parsing the exported data.

It is available on crates.io and can be installed with:

\ cargo add mcdp-format2-rs

The source code is available on GitHub at €) zupermind/mcdp-format2-rs.

There is a command line tool mcdp-format2-rs-load that can be used to test the crate.

cargo install mcdp-format2-rs
mcdp-format2-rs-load modell.ndp.mcdp2.yaml
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Part D.

Mathematical underpinnings for computational co-design
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10. Order theory

In this chapter we recall some basic notions of order theory and describe our notation.

10.1. Posets

Definition 10.1
A pre-order P is a set P equipped with a binary relation <, that is reflexive and transitive. A pre-order is a poset if the relation is also
antisymmetric.

10.2. Special subsets of posets

Definition 10.2
An antichain in a poset P is a subset A C P such that for all distinct elements x,y € A, x <, y does not hold.

Anti P is the set of all antichains in P.

Definition 10.3
A lower set in a poset P is a subset S C Psuch thatVx € S,YpeP : p<, x=> p €S.

Definition 10.4
An upper set in a poset Pisasubset S C Psuch thatVx € S,VpeP : x <, p=> p €S.

Definition 10.5
Given a poset P, Pow P is the poset of subsets of P, ordered by inclusion.

Definition 10.6
Given a poset P, UP is the poset of upper sets in P, ordered by inclusion.

Definition 10.7
Given a poset P, LP, is the poset of lower sets in P, ordered by inclusion.

These constructions will also be indicated as P_C_UpperSets(P) and P_C_LowerSets(P).

10.3. Monotone maps

Definition 10.8
A monotone map f : P—p,sQisamap [ : P — Qsuchthatx <, y = f(x) <o f().

10.4. Closure operators

10.4.1. Upper and lower closure of a point

Definition 10.9 (Lower closure | in a poset)
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For a poset P we define the lower closure I, as
Ip: P —p,s LP

p +—— {q €P such thatq =<; p}

Note that ! is monotone: if p <, gthen I p C 1 q.

Definition 10.10 (Upper closure | in a poset)
For a poset P we define the upper closure ], as

1p: P® -4, UP

p* +—— {q €P such that p* <p g}

Note that ] is antitone (its domain is P*): if p <, g then [ p D { q.

We also define the strict versions | and 9:

Definition 10.11 (Strict lower closure § in a poset)
For a poset P we define the strict lower closure {, as

{p: P —p,s LP

p +—— {g € P such thatqg <p p}

Definition 10.12 (Strict upper closure ] in a poset)
For a poset P we define the strict upper closure { as

gp : Pop —Pos UP

s

p —— {x € P such that p* < x}

10.4.2. Upper and lower closure of a subset

Similarly, for a subset S C P we have that | S is the upper closure of S and T S is the lower closure of S.

Definition 10.13 (Upper closure ] of a subset in a poset)
For a subset S C P we have that [ S is the upper closure of S:

l,: PowP -y, UP

S — UIq

gqes

Definition 10.14 (Lower closure T of a subset in a poset)
For a subset S C P we have that T S is the lower closure of S:

Tp: PoWP —p, LP
S — U 1q
qes

Note that both [ and 7 are monotone because the order is defined by inclusion.

10.4.3. Upper and lower closure of a function

For a function f : P — Q we define | f as the upper closure of the result of f/ and ] f as the lower closure of the result of f.

Definition 10.15 (Upper closure of a function)
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Given a monotone map f : P —p,s Q, we define the map | f as

1f: PP op UQ
pr — 1f()
Note that | f is antitone. We define the strict version ] f analogously.
Definition 10.16 (Lower closure of a function)
Given a monotone map g : Q —p,s P, we define the map [ g as
18:Q —ps LP
qg — 8@
Note that ! g is monotone. We define the strict version § g analogously.
Lemma 10.17 (Composition of closure operators).
(s =1r31g W(se)=1r38eg=1r51g=1/fs1¢g
Ws=1fs5tg Wsg)=1f57g=13rf51g=0f518
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11. Design problems (DPs)

11.1. Design problems

Definition 11.1
Given two posets Fand R, a design problem (DP)
d: F>ppR @

is a monotone map
d: F°? X R—p, Bool @)

Lemma 11.2. DP is a traced monoidal category [1].
Lemma 11.3. DP is a locally posetal category [1].

Lemma 11.4. Fixed two posets Fand R, the homset DP(F, R) is a complete lattice.

11.2. PosL and PosU

The two categories PosL and PosU are used to represent the query solutions for a DP.

Definition 11.5 (PosL)
Given two posets kdom, kcod a morphism of PosL

¢ : kdom —peer, kcod (3)
is a monotone map

¢ : kdom —pes Lkcod @)

This construction is described by the schema L1Map (Section 26.4).

Definition 11.6 (PosU)
Given two posets kdom, kcod a morphism of PosU

wu : kdom —peeu kcod (3)

is a monotone map
w : kdom® —p. Ukcod (6)
This construction is described by the schema UlMap (Section 26.5).
Note that the domain is kdom®P: as f increases, the solution set decreases w(f) decreases.

Lemma 11.7. PosU and PosL are traced monoidal categories that are locally posetal [1].

Remark 11.8. The book [1] uses a slightly different definition, by identifying a morphism of PosU as a monotone map
kdom —pos Ukcod @)

with the domain being kdom instead of kdom®P. All results are still valid with this other convention.

11.3. Queries for DPs
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Definition 11.9 (DP queries)
Given a DPd: F—pp R, we can define the following queries:

FR() : F  —peu R

(8)
f* +—— {r such thatd(f*,r)}

RF(d) : R —pe F

©)]
r +—— {f such thatd(f*,r)}

Lemma 11.10. FR and RF can be seen as functors from DP to PosU and PosL, respectively.
« FRisa functor DP — PosU

« RFis a contravariant functor DP’ — PosL

» FR and RF preserve the traced monoidal structure.

« FR and RF are monotone functors (they respect the posetal structure)

See [1] for proofs.
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12. DP computability and well foundedness

This chapter discusses some computability concerns for DPs. In particular, we are interested in understanding when the upper/lower sets
induced by the FR and RF operations can be described by (finite) antichains.

12.1. Well-foundedness

12.1.1. Well-foundedness of upper and lower sets

Definition 12.1 (Below well founded - BWF)
An upper set S € UP is below well founded (BWF) if there exists an antichain A € AntiP such thatS = [ A.

It is finitely below well founded (fBWF) if the supporting set is finite.

Definition 12.2 (Above well founded - AWF)
A lower set S € LP is above well founded (AWF) if there exists an antichain A € Anti P such thatS = T A.

We say that it is finitely above well founded (fAWF) if the supporting set is finite.

We call L,, P the set of all well-founded lower sets in P and L; P those that are finitely well-founded. Analogously we define U,, P and
U, P.

It is useful to interpret these sets as fixpoints of certain operators. For example, an antichain is a subset such that A = Min A, or,
equivalently, such that A = Max A. So we can define the set of antichains as a fixpoint of the Min and Max operators:

Anti P = Fix(Minp) ®
= Fix(Maxp) @)

Likewise, we can define the lower sets as the fixpoint of the T operator, and the upper sets as the fixpoint of the | operator:
LP = Fix(Tp) (3)
UP = Fix(],) ()]
The well-founded upper and lower sets can be defined as these fixpoints:

U, P = Fix(Min; [,) (5
L, P = Fix(Max 3 Tp) (6)

12.1.2. Well-foundedness of PosU and PosL morphisms

We can then propagate these properties to functions that map into upper and lower sets.

Definition 12.3 (Below well founded - BWF)
We call a morphism w : kdom —peg; kcod below well founded if there exists a function « : kdom — Antikcod such that « = [ .
We say that it is finitely below well founded (fBWF) if the supporting set is finite.

Definition 12.4 (Above well founded - AWF)
We call a morphism ¢ : kdom —p.;. kcod above well founded if there exists a function ¢ : kdom — Antikcod such that ¢ = 7 ¢. We
say that it is finitely above well founded (fAWF) if the supporting set is finite.

Well-foundedness is a compositional property.

Lemma 12.5 (Composition of well-founded maps in PosU and PosL). Well-foundedness is compositional:
o If w; and w, are BWF (fBWF) then «, § w, is BWF (fBWF).
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o If ¢, and ¢, are AWF (fAWF) then ¢, § ¢, is AWF (fAWF).

We call PosU,, and PosL,, the subcategories of well-founded morphisms in PosU and PosL. We call PosU; and PosL; the subcategories
of finitely well-founded morphisms in PosU and PosL.

12.1.3. Well-foundedness of DPs

We extend the notion of well-foundedness to DPs.

Definition 12.6 (Well-founded DP)
ForaDPd: F—-pp R, we say that it is:

« It is forward (finitely) well-founded if FR d is (finitely) well-founded.
« It is backward (finitely) well-founded if RF d is (finitely) well-founded.
« It is bidirectionally (finitely) well-founded if both FR d and RF d are (finitely) well-founded.

Also these properties are compositional.

Lemma 12.7. If d, and d, are (forward/backward/bidirectionally) (finitely) well-founded then d, § d, is as well.

We call DP,, (DP;) the subcategories of bidirectionally (finitely) well-founded morphisms in DP.

12.2. Lifting maps to DPs

A simple way to create a DP is to start with a monotone map g : P —py Q.

There are two ways to do this, which we call the upper and lower lift DP_LiftL. and DP_LiftU. In [1] these constructions are called
companion and conjoint, respectively.

Definition 12.8 (Upper lift DP_LiftU)
Given a monotone map g : P —p,, Q we define the upper lift DP_LiftU g as:

DP_LiftUg : P —pp Q
* @)
gy — g(p)=qq
Definition 12.9 (Lower lift DP_LiftL)
Given a monotone map g : P —p,s Q we define the lower lift DP_LiftL g as:
DP_LiftLg : Q —pp P
. . (8)
(q,p) +— g =8P
Lemma 12.10. For the lifted DP DP_LiftL g we have that
FR(DP_LiftLg) : Q —posy P
)
q* +—— {p €P such thatg* <4 g(p)}
and
RF(DP_LIftLg) : P —py. Q
(10)

p —— 1g(p)

Note how RF(DP_LIftL g) is easy to express because we can just apply g and take the lower closure. However the expression for
FR(DP_LIiftL g) is more complicated and it has the flavor of an “inverse” operation on g.

When we look at the lifted DP DP_LiftU g we have the opposite situation.
Lemma 12.11. For the lifted DP DP_LiftU g : Q —pp; P we have that
FR(DP_LiftUg) : Q —posy P
an
g — 1g@@)
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RF(DP_LiftUgZ) : P —per Q

p +—— {q€Q such thatg(q) <p p}

(12)

In this case we have that FR(DP_LiftU g) is easy to express because we can just apply g and take the upper closure. However the expression

for RF(DP_LIiftU g) is more complicated and it has the flavor of another “inverse” operation on g.

One of the computability questions we need to answer is under which condition on the map g we can represent the solutions of the FR

and RF operators to produce upper/lower sets that can be represented by antichains.

We call these notions above/below well founded.

12.3. Upper and lower preimage of a monotone map

We can give a name to the inverse-like operations that appear in (9) and (12).

We call these operations the upper and lower pre-image of a monotone map.

Definition 12.12 (Upper pre-image)
Given a monotone map g : Q —p,s P define the upper pre-image of g as:

Ulg 1P 7 PosU Q

5

p —— {q € Q such that p* <p g(q)}

Definition 12.13 (Lower pre-image)
Given a monotone map [ : P —p, Q define the lower pre-image of [ as:

Lif : Q 7 PosL 1P

g > {p € P such that f(p) 24 q}

Example 12.14 (Example with floor and ceil). We can compute the following:

Uiceil: g~ {p | p > floor(q)} = ] floor(q)
Liceil: g~ {p| p < floor(q)} = 1 floor(q)

Uifloor: g~ {p | p > ceil(q)} = ] ceil(q)
Lifloor: g+~ {p| p < ceil(q)} = § ceil(q)

(13)

(14

15)
(16)

an
(18)

Note that (17) and (16) given upper/lower sets that can be written as the upper/lower closure of a function, but (15) and (18) do not have

this property.
Lemma 12.15 (Contravariant functoriality).
Li(f5g)=LigsLif
Ui(f5g)=UigsUif
Proof. We prove the first equation. Let f : P> Qandg : Q - R. Foranyr € R:

[Li(f 3 @)I(r) = {p € P such that g(f(p)) < r}
= {p € P such that f(p) € [Lig](r)}
= qu[ug]m {p € P such that f(p) <4 q}
= Ugeruigo L1 /1@ = [Ligs Li f10r)

The second equation follows similarly for the upper pre-image.

66

19)
(20)

(€3]
(22)
(23)
24



12.4. Well-foundedness and Galois connections

If the map is invertible, then the upper and lower preimage are computed as the closure of the inverse of the function.

Lemma 12.16. If f : P -y, Q is invertible, then
Lif=1/"
Uif=1/"
Proof. For the lower pre-image:
[Lif](g) = {p € P such that f(p) <q ¢}
={p €P such that p <, f'(q)} (applying f~" to both sides)
=1/7(q)
For the upper pre-image:
[Uif1l(g) ={p € Q such thatq = f(p)}
={p € Q such that (g <o P} (applying 7" to both sides)
=1/ @

Therefore, if the map is invertible, the upper and lower preimage are fBWF and fAWF.

We can relax the condition of invertibility and consider adjoint maps in the sense of Galois connections.

Definition 12.17 (Galois connection)
A pairof maps f : P—pes Q, g : Q —pys P is a Galois connection if Vp € P,Vq € Q,

f(p) =q q

P =p g(q)

The map f is called “the lower® adjoint of g” and g is called “the upper adjoint of /™.

@ f is the “lower” because it appears in the left hand side of the condition (33).

Example 12.18. If f is invertible, the pair (f, f _1) is a Galois connection.

Lemma 12.19. Ifg : Q —p, P has a lower adjoint f, then Uig =] f.

Proof. We compute Ui g as:
Uig: p {q € Q such that p <, g(q@)}

And using the property (33) we obtain

{q € Q such that p <p g(q)} = {g € Q such that f(p) =q ¢} =1 f(p)

Lemma 12.20. If f : P —p,, Q has an upper adjoint g, then Li f = g.
Proof. This is the dual of Lemma 12.19.

(25)
(26)

@27
(28)
(29)

(30)

(3D
(32)

(33)

(34)

(35)

O

Having an adjoint is a sufficient condition for the upper and lower preimage to be AWF and BWF, but it is not necessary. We give the

following example.

Lemma 12.21. There are functions f such that Li f is AWF, but f does not have an upper adjoint.
Proof. Consider the addition function on the natural numbers add : N x N — N. We have

Liadd: n e {(a,b) such thata+ b < n}
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For example:

Liadd(0) = {{0, 0)} (37)
Liadd(1) = {0, 0), (0, 1), (1, 0)} = T{(0, 1), (1, 0)} (38)
Liadd(2) = 70, 2), (1, 1), (2, 0} (39)

Therefore, Liadd is AWF. However, there exists no upper adjoint of add. A upper adjoint of add would be a function § : N — N X N
such that

W(a,bVe add((a,b)) < ¢ < (a,b) < A(¢) (40)
This cannot work because the lowersets generated by Liadd are not principal. More formally, take ¢ = 1. We have that
¥(a,b) add({a,b)) <1 (a,b) < (1) (41)
The tuples that make the left hand side true are
‘KO’ 0>s <0’ 1>5 <1a 0>} (42)
but these cannot be written as { 5(1) for any value that S can take. O

Lemma 12.22. There are functions g such that Ui g is BWF, but g does not have a lower adjoint.

Proof. The function add from the previous lemma works as an example. O

12.5. Well-foundedness and Scott-continuity

In the case that domain and codomain are dcpos, we can give a necessary and sufficient condition for the lower pre-image to be AWF:
Scott continuity. In the other direction, the upper-pre-image is BWF if and only if the function is Scott-co-continuous.

12.5.1. Scott-continuity
Definition 12.23 (Directed set)

A subset D C A is directed if it is non-empty and every pair a,b € D has an upper boundc € D (a < cand b < ¢).

Definition 12.24 (dcpo)
A directed complete partial order (dcpo) is a partial order in which every directed subset has a least upper bound.

We use the notation \/T D to denote the supremum of a directed set D in a dcpo.

Definition 12.25 (Scott-continuity)
A monotone map f : P —p. Q between two dcpos is Scott-continuous if for every directed D C P the following equality holds:

(Vo) = V' siol

(Note that because f is monotone, f[D] is directed and because Q is a dcpo, the supremum on the right always exists.)

It is useful to have a slightly broader version of Scott-continuity that is applicable to maps between arbitrary posets which might not be
dcpos;

Definition 12.26 (Pre-Scott-continuity)
A monotone map f : P —p, Q between two posets is pre-Scott-continuous if for every directed D C P, whenever \/T D exists, then

\/T fID] exists and
(Vo) = V' sio1

12.5.2. Co-Scott-continuity

We can define the dual notion of Scott-continuity that uses infima instead of suprema.

68



Definition 12.27 (Filtered set)
A subset F C Q is filtered if it is non-empty and every pair a, b € F has a lower bound ¢ € F (¢ < a and ¢ < b).

Definition 12.28 (fcpo)
A filtered complete partial order (fcpo) is a partial order in which every filtered subset has a greatest lower bound.

We use the notation /\l F to denote the infimum of a filtered set F in a fcpo.

Definition 12.29 (Scott-co-continuity)
A monotone map g : Q — P is Scott-co-continuous if for every filtered F C Q the following equality holds:

dA'F) = A'am

Because P is a fcpo, the infimum on the right always exists.

12.5.3. Scott-continuity and well-foundedness

Theorem 12.30. If a monotone map [ : P — Q between two dcpos is Scott-continuous, then Li f : Q — LP is AWF. (Assumes the
axiom of choice.)

Proof. Fixed a g, we already know that Li f(q) is a lower set.

We can show that Li f(q) is closed under directed suprema. Let D C Li f(q) be directed. Because P is a dcpo, s = sup D exists. Scott
continuity gives f(s) = sup f(D) < g,so0s € Li f(q).

So, every chain in Li f(q) is directed and has an upper bound in Li f(q).
By Zorn’s lemma (Lemma 12.32), Li f(q) possesses maximal elements; let Max(Li f(q)) denote their set, obviously an antichain.

Because Li f(q) is a lower set, every p € Li f(q) lies below some maximal element in Max(Li f(q)), by applying Zorn’s lemma again
toL,, ={x € Lif(q)| p < x}. Hence
Li f(g) = TMax(Li f(q)), (43)

which witnesses the AWF property.
O

Theorem 12.31. For a monotone map f : P — Q between two dcpos, if Li f : Q — LP is finitely above well founded (fAWF) then f is
Scott-continuous. (Assumes the axiom of choice.)

Proof. Choose any directed D C P and call
- 1
d=\/ D (44)

its supremum, which exists because D is directed and P is a dcpo. Consider f[D], the image of D under f. Because f is monotone, f[D]
is directed. Because Q is a dcpo, the supremum of f[D] exists. Call it

g=\/ rIol. 43)

To prove that f is Scott-continuous, we need to show that f(E) =q.

Because of monotonicity we have that
J@d) 2q9. (46)

So our goal is to prove f (E) <o §; equality will follow from (46).
Proof by contradiction: assume that
f(d) £q0q (by contradiction) (47)
Define
L= (Lif)g) (48)

to be the lower pre-image of q. Because of (47) we have that

del. (49)
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At the same time, we have D C L, because for any x € D:

. LI
f® <o\ fIvl=1q (50)
Because Li f is fAWF there exists a finite antichain S such that L = 7 S.
To summarize so far, the assumption (47) allowed us to have that
DCL=1S (51)

yet, because of (49) we have that
dg71s. (52)

Because S is finite, D is directed, and D C ! S, by Lemma 12.33 we have that D has an upper bound in s;, € S. Because d is the least
upper bound of D we have that necessarily d <, s,. Then we have that

deTs, (53)

which contradicts (52). Therefore, our assumption (47) is impossible, and we conclude that f €)) <q g. Together with (46) we have
that f(d) = q.

Because the set D was arbitrary, we have shown that for any directed D C A we have that

1(V'o)= V' rol (54)

Therefore, [ is Scott-continuous.

Lemma 12.32 (Zorn’s lemma). Every non-empty poset in which every chain has an upper bound has a maximal element.

This is equivalent to the axiom of choice.

Lemma 12.33 (Single-pigeon-dropping principle for antichains). Let S be a finite antichain in a poset P. If a (finite or infinite) directed
set D is such that D C TS, then D has an upper bound in S. (The proof uses the axiom of choice.)

Proof. By contradiction. Assume that D has no upper bound in S. Then for each s € S we can choose (using the axiom of choice) an
element ¢; € D such that

¢, £s. (55)

Call C = {c, | s € S} the set of all these counter-examples. Since S is finite, C is also finite. Because D is directed, C C D, and C is finite,
C has an upper bound ¢ € D, which can be constructed by finitely iterating the directedness property. (This part would not work if
C was infinite.) Because D C TS, we have that ¢ € TS, which means that there exists so € S such that ¢ < s.. Therefore, for all s,

¢; < ¢ < 5c. In particular for s = s¢, we have that ¢;, < sc. But this contradicts (55). O

Finally, we state the dual of the previous results.
Theorem 12.34. If a monotone map f : Q — P between two fcpos is Scott co-continuous, then Ui f is BWF.

Theorem 12.35. If Uig : is fBWF, then g is Scott co-continuous.

12.6. Lifting as functors

We can see that DP_LiftL. and DP_LiftU are monotone functors.

Lemma 12.36 (Monotonicity of lifting). The contravariant functor DP_LiftL : Pos®® — DP is monotone.
The covariant functor DP_LiftU : Pos — DP is antitone.

Proof. Proof of antitonicity of DP_LiftU: let f,g: P —pos Q and f <p,s 2. We check when they are feasible:

DP_Liftu(f)(p,q) = f(p) Zq q o
DP_LiftU(g)(p, q) = g(p) =q ¢ (57)

Because f(p) <o g(p), we have that DP_LiftU(g)(p, q) = DP_LiftU(f)(p, q), which means that DP_LiftU(f) is more feasible than
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DP_LiftU(g). Thus we have that DP_LiftU is antitone:
j ‘ 5Pos 8
DP_LiftU(g) <pp DP_LIiftU(f) . (58)

The proof of monotonicity of DP_LiftL is similar.

12.6.1. Restriction to Scott-(co)continuous maps
We can now look at the restriction of DP_LiftL and DP_LiftU to Scott-(co)continuous maps.

Definition 12.37 (DCPO)
DCPO is the subcategory of Pos that has dcpos as objects and Scott-continuous maps as morphisms.

Definition 12.38 (FCPO)
FCPO is the subcategory of Pos that has fcpos as objects and Scott-co-continuous maps as morphisms.

Lemma 12.39. The restrictions of DP_LiftU and DP_LiftL to (co)Scott-continuous maps are functors into the subcategory of well-founded

DPs:
DP_LiftU : DCPO — DP,, (59)

and a functor
DP_LiftL : FCPO” — DP,, (60)
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13. Scalable computation for DPs

13.1. Scalable maps

We define two categories SPosL and SPosU that are generalizations of the categories PosL and PosU.

Each morphism in SPosL has associated a pair of “resolution” posets, and two maps into PosL, which are meant to be the “optimistic”
and “pessimistic” version of the map, thus representing an interval in PosL.

Definition 13.1
Given three posets kdom, kcod, and a pair of posets S = (s%, S®), referred to as the “optimistic” and “pessimistic
a morphism in SPosL

”

resolution” posets,

sl: {S} kdom —gpesr. kecod )
is defined by giving two maps
5191 SO 5o (kdom — pgy. kcod) (2)
sI9: 8% S pos(kdom —pogr. keod) (3)
that satisfy the following condition:
Voes®: VpesS®:  sIP(p) <pest sI9(0) 4)

Definition 13.2
Given three posets kdom, kcod, and a pair of posets S = (S©, S®), referred to as the “optimistic” and “pessimistic
a morphism in SPosU

9 <

resolution” posets,

su: {S}kdom —gpesu kcod 5)
is defined by giving two maps
su®: SO 4 (kdom — pgsu keod) (6)
su®: S® 5o (kdom —pegy keod) (7)
that satisfy the following condition:
Voes®: Vpes®:  su®(p) <peu su9(0) (8)

Lemma 13.3. SPosU and SPosL are traced monoidal categories.
The identities and series compositions for these categories are reported in Chapter 22.

Remark 13.4. If S° and S® were the same poset S, then a morphism of SPosU would be equivalent to a monotone function from R to the
poset of intervals
SU: S —pes P_C_Twisted(kdom —pye kcod). (©)]

We choose to consider explicitly the case where s” and S° are different posets, as it is useful in certain cases, such as when we have a
different number of optimistic and pessimistic approximations.

13.2. Approximation of DP queries

Definition 13.5 (Approximation of DP forward queries)
Givena DPd: F—pp R, we define the following admissible sets of query solutions:

« FRY d s the subset of SPosU;(F, R) containing all morphisms su such that
vpes®: Voes®: su®(p)=<(FRA) < su®(0o) (10)
These are the scalable computable solutions that are consistent with the actual solution. These are not guaranteed to get close to

the actual solution.
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. FR;9 d is the subset of SPosU(F, R) containing all morphisms su such that

inf su®(0) < (FRd)

0€S

These are the scalable computable solutions that tend to a pessimistic solution.

. FR%© d is the subset of SPosU;(F, R) containing all morphisms su such that

(FRA) < sup su®(p)

p€S®
These are the scalable computable solutions that tend to an optimistic solution.

« FR. dis the subset of SPosU;(F, R) containing all morphisms su such that

sup su®(p) ~ (FRd) ~ inf su®(o0)

pES® 0€S

These are the scalable computable solutions that tend to actual solution. It is the intersection of the two previous sets:

FR d = (FR®d) n (FRY d)

Note that the infimum/supremum are not necessarily attained as part of the set.

Lemma 13.6 (Compositionality of forward queries approximations). The following holds:

su; € (FRY d,) su, € (FRYd,)  su € (FR; dy) su, € (FR; dy)

sup §su, € FRY(d, 5d,) suy §su, € FRI(d; 5dy)

su € (FRPd,) su, € (FRPd,) sy, € (FRYd,) su, € (FRY dy)

su; $su, € FR?(d1 sd,) su; $su, € FR?(d1 ¢d,)
Another way to write the previous lemma is:
(FRY d,) 5 (FRY d,) C FRY(d, 5d,)
(FR; dy) 3 (FR. d,) CFR.(d; 5d,)
(FRYd,) 5 (FRP dy) C FRE(d; 5 dy)
(FRY d,) 5 (FRY d,) C FRO(d, 5 d,)
We repeat the construction for backward queries.

Definition 13.7 (Approximation of DP backward queries)
Given a DPd: F—pp R, we define the following admissible sets of query solutions:

« RFY dis the subset of SPosL;(R, F) containing all morphisms sl such that
vpes®: Voes®: s®(p)=<(RFA) < sl®0)

. RF;® d is the subset of SPosL(R, F) containing all morphisms s such that

inf sI90) < (RFd)

0€S

. RFf© d is the subset of SPosL(R, F) containing all morphisms sl such that

(RFd) < sup sI®(p)

peS®

« RF. dis the subset of SPos (R, F) containing all morphisms sl such that

sup sl®(p) =~ (RFd) ~ ingD sI®(0)

p65® 0€S
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These are the scalable computable solutions that tend to actual solution. It is the intersection of the two previous sets:
— (RE® )
RF d = (RFPd) n (RFY d) 24
Note that the infimum/supremum are not necessarily attained as part of the set.
Lemma 13.8 (Compositionality of backward queries approximations). The following holds:

sh € RFY d,) sl, e RFYdy)  sh € (RF dy) sl, € (RF dy)

sl, §sl, € RFY(d, 5d,) sly ssl, € RF/(d; 5d,)
(25)
sh € (RFPdy) sl € (RFPd,) sl € (RFYdy) sl, € (RFY dy)

sly3sl, € RFE(d, 3d,) sly3sl, € RFY(d, 5d,)
Note that because of contravariance, the order of the morphisms is reversed for the backward queries (sl, ¢ sl; instead of su; § su,).

Similar results hold for the other types of morphisms composition in DP: monoidal product, trace, union, and intersection.
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14. Design problems with implementations (DPls)

14.1. DPIs

Definition 14.1
A design problem with implementation and blueprints (“DPIB” or simply “DPI”)

d: Fopp R (€))

is defined by the following data:

+ A poset Fof “functionalities”

+ A poset Rof “requirements”

« A poset I of “implementations”

» A poset B of “blueprints”

« A monotone map prov: I —py F

« A monotone map req: I —p,s RP

« A monotone map avail : I°° -, Bool

« A monotone map feas : I —p,, Bool

« A monotone map IB : I/(avail A feas) : —pes

where I/(avail A feas) is the subset of I such that avail and feas are true.

This construction is described by the schema DP (Section 26.12).

Interpretation of the implementation space The implementation space I are the decision variables. An implementation i defines
univocally the functionality and requirements by the map prov and req.

The two maps avail and feas together denote the feasible subset of implementations. Because avail’s domain is I°P, it represents a lower
set; because feas’s domain is I, it represents an upper set. This ensures that, by construction, all DPIs have feasible implementations in the
intersection of an upper and a lower set. Moreover, because we construct these two functions explicitly for all constructions, we can say
that the problem of deciding whether an implementation is feasible is a decidable problem.

The order on I represents a preference structure on the implementations in addition to their external properties of functionality/requirements
given by prov and req. We adopt the convention that “smaller is better”. So avail tells us that higher implementations might not be available,
while feas tells us that lower implementations might not be feasible. We will see that feas constraints derive from the composition of DPIs.

Interpretation of the blueprint space The poset 5 represents the “actionable information” from the implementation. For example, in
the design of a robot, the blueprint space could be the bill of materials, while the implementation space contains more details including
the values of voltage and current on each wire. A blueprint is entirely determined by the implementation by the map IB.

We also think of the blueprint space as the “public result” from the design problem, while the implementation space is the “private data”.
We will consider a notion of congruence between DPIs if they give the same blueprint results, even if the internal implementation details
are different. This simple concept will allow us to reason about DPI “simplifications” and “optimizations”; the compiler tries to find the
DPI whose queries are simplest to compute among all the possible implementations.

For this reason, when we write the type of a DPI as
dp: Fopp R , 2

we specify the blueprint space 5, which, along with the functionality space F and the requirement space R, is the “public interface” of the
DPI, but we do not specify the implementation space 1.

Remark 14.2. The DPI construction here is a generalization of the definition of DPI [1] in which:

« The implementation space I here is a poset, not a set.

« We added the blueprint space
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« We made the availability and feasibility functions explicit.
These are the benefits:

« By construction the subset of valid implementations (those who are “available” and “feasible”) is decidable, as we construct the indicator
functions directly.

« By allowing a distinction between the implementation and blueprint spaces, we can distinguish about the “external interfaces”, which
contains only 5 and the “internal” implementation. In such a way we can study equivalence between DPIs and approaches for
“simplification” that change the internal implementation without affecting the external interface.

14.2. Optimization queries associated to a DPI

A DPI represent a model of a design problem. The “queries” are the “questions” that the user can ask about the design problem.
As for a DP, we are primarely interested in two quantitative questions for a DPI:

1. Given a minimum functionality, what are the minimal resources required?

2. Given a maximum budget, what is the best functionality that can be achieved?

These questions are duals to each other.

Because DPIs have additional structure in implementations and blueprints, we have for each query three variants:

1. Only ask about functionality/requirements.

2. Also derive the implementations

3. Also derive the blueprints

The following are the definitions of the forward and backward queries when we are interested in recovering the implementations.

Definition 14.3 (FixFunMinReq]l)
Given a DPI dp and a functionality f, we call FixFunMinReq dp( f3) the optimization problem

using i € 1, (3)
reR, 4

Ming, r, then lexicographically Min, i, 5)
such that avail(i) = T, (6)
feas(i) = T, @)

£3 < prov(d, ®

req(i) <g 7. )

Note that the objective function is multidimensional: because Ris a poset, the objective function uses Min rather than min: there could be
a pareto frontier of solutions. The objective is also lexicographically ordered: first we want to minimize the requirements, then we want to
choose the “simplest” implementations.

The following is the dual problem, where we fix the requirements and we want to maximize the functionality.

Definition 14.4 (FixRegMaxFunl)
Given a DPI dp and a requirement value r,, we call FixReqMaxFun dP(ro) the optimization problem

using i € 1, (10)

f €F, 1y

Maxy, f, then lexicographically Min, i, (12)
such that avail(i) = T, (13)
feas(i) =T, (14)

f <gprov(i), (15)

req(i) <g ro- (16)

The following are the variations of the queries when we are interested in recovering the blueprints.
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Definition 14.5 (FixFunMinRegB)
Given a DPI dp and a functionality /7, we call FixFunMinReq dp( f3) the optimization problem

using i €1, 17)

r €R, (18)

€5, 19)

Ming, r, then lexicographically Min b, (20)
such that avail(i) = T, (21)
feas(i) =T, (22)

£ <z prov(i), (23)

req(i) =g 1, 4

IB(i) <5 b. (25)

Definition 14.6 (FixReqMaxFunB)
Given a DPI dp and a requirement value r,, we call FixReqMaxFun dp(ro) the optimization problem

using i € I, (26)
fE€F, @7

€5 (28)

Maxy f, then lexicographically Min b, (29)
such that avail(i) = T, (30)
feas(i) =T, (31)

J =g prov(i), (32)

req(i) <g o (33)

IB(i) <5 b. (34)

As in the case of DP, these problems are not necessarily well-posed: there could feasible solutions but the feasible set could be not
well-founded.

14.3. Categories PosUIl and PosL|

We now define two categories, Pos LT and PosUI, which are generalizations of Pos L and PosU whose morphisms carry the implementation
information.

Definition 14.7 (Morphisms of PosUTI)
Given three posets kdom, kcod, and a morphism

w : kdom —pesur kcod (35)

is a monotone map
w . kdom® —p. P_C_UpperSets(P_C_Lexicographic([kcod, 1)) (36)

This construction is described by the schema UMap (Section 26.7).

Note the kdom® in the domain: as the required functionality increases, the feasible requirements decrease.

Definition 14.8 (Morphisms of PosLT)
Given three posets kdom, kcod, and a morphism

¢ : kdom —pger 1 kecod (37)

is a monotone map
¢ : kdom —pes P_C_LowerSets(P_C_Lexicographic([kcod, °PT)) (38)

This construction is described by the schema LMap (Section 26.6).
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Note that there is a °P in the codomain: we want to maximize functionality in kcod but still minimize the implementation in

The identity and series constructions are reported in Chapter 21.

14.3.1. Relating PosU| and PoslL | to PosU and PosL

Definition 14.9 (Projection)
Given a morphism w : kdom —pgeu; kcod , we define the projection

proj(w) : kdom —p.y kcod

fr —— {r for(r, i) € u(f*)}

Definition 14.10 (Projection)
Given a morphism ¢ : kdom —pge; ; kcod , we define the projection

proj(¢) : kdom —p. kcod
r —— {f for(f,i) e ¢(r)}

Lemma 14.11.
proj(ty § wy) = proj(uy) § proj(u,)
proj(¢y § ¢) = proj(¢y) § proj(¢)
Definition 14.12 (Embedding)
Given a morphism w : kdom —peeu kcod, we define the embedding
embed(w) : kdom —peur  kcod

I ——  {r, %) forr € u(f)}

Definition 14.13 (Embedding)
Given a morphism ¢ : kdom — e kcod, we define the embedding

embed(¢) : kdom —p,; kcod

r ——  {f,*) for f € £(r)}
Lemma 14.14.
embed(w; § w,) = embed(w,) § embed(w,)
embed(?; § ¢,) = embed(¢) § embed(¢,)
Lemma 14.15.

proj(embed w) = w
proj(embed¢) = ¢

14.3.2. Pre-order on PosL| and PosUI

Definition 14.16 (Pre-order on PosLI and PosUT)

(39)

(40)

(41)
(42)

(43)

(44)

(45)
(46)

(47)
(48)

Fixed two posets kdom and kcod and consider the hom-set PosL1(kdom, kcod). Two generic morphisms in the homset have the form

¢ kdom —pger 1 kcod {I;

¢, . kdom —pesp1 kcod {1,

and have in general different implementation posets I; and I,. We define an ordering by the projections of the morphisms:

€1 Zposr1 U2 < Proj(f1) <pesr. Proj(t,),
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thus ignoring the implementation poset I. Similarly, we can define an ordering on the hom-set PosUI(kdom, kcod), by setting

U1 Zposur Uz < Proj(tt1) <pesy Proj(w,).

(52)

This relation is reflexive and transitive, but it is not antisymmetric, because there are different morphisms that have the same

projection. Thus, the hom-sets Pos LI(F, R) and PosUI(F, R) are pre-orders.

14.4. DPI queries as PosUl/PosL| morphisms

Having defined the categories Pos LI and PosUI, we can now define the queries as PosLI and PosUI morphisms.

Definition 14.17 (DPI queries)
Given a DPId: F—pp; R, we can define the following queries:

FRd: F—py R
RF d: R—pysy F
FRI d: F —poeur R
RFI d: R —pos F
FRB d: F —posur R
RFB d: R —pgsr; F

First, we define FRI and RFI as follows:
FRId: F —psur R
f* +—— {r,i) such that (f* <g prov(i)) A (req(i) <g r) A avail(i) A feas(i)}
RFId: R —pgs F
r  +—— {f,i) such that (f* <g prov(i)) A (req(i) <g r) A avail(i) A feas(i)}
From those, we define the others as projections:
FRd: F —pu R
fr = {r for(r,i) € [FRIA](f")}
RFAd:R —pg. F
r +—— {f for(f,i) € [RFIA](r)}
FRBd : F  —peui R
fr o 1, IB(®) for(r, i) € [FRIA](f")}
RFBd : R —per F

r  ——— T{r, IB(i)) for{r, iy € [RFId](r)}

Lemma 14.18. By construction, FR and RF can be recovered as projections of the other queries:

proj(FRId) = FRd
proj(RFId) = RFd
proj(FRBd) = FRd
proj(RFBd) = RFd

Definition 14.19 (FR-congruence of DPIs)
Given two DPIsd,,d,: F—pp R we say that they are FR-congruent, written d; ~pg d,, if

FRd, =FRd, and RFd, =RFd,
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Lemma 14.20. FR-congruence is compositional. For all compatible d,,d,, d;, d,, we have:

d, Zpp d, d, =2 d,

d;$d, ¥ d; 5 d, d sd, = d;5d,

Definition 14.21 (B-congruence of DPIs)
Given two DPIs d,,d, : F—pp R , we say that they are B-congruent, written d, ~3 d,, if

FRBd, = FRBd, and RFBd, = RFBd,

Lemma 14.22. B-congruence is compositional. For all compatible d,, d,, d;, d,, we have:

d, =5 d, d, =z d,

d;5d, =pd;5d, d,sd,=gd;5d,

Lemma 14.23. B-congruence implies FR-congruence:
d, =pd,

d; 2 d,

14.5. Free-forgetful adjunction between DP and DPI

Definition 14.24 (Projection of a DPI to a DP)
Given a DPId: F—pp; R, we define the projected DP

projd : F —pp R

(f*,ry +—— Fiel: (f* <prov(i)) A (req(i) <r) A (avail(i)) A (feas(i))

Definition 14.25 (Embedding of a DP to a DPI)
Given a DPd: F—pp R, we define the embedded DPI

embedd: F—pp R

by the data
= P_C_ProductSmash([F, R°’])
prov: [f|r*]| - f
req: [f|r] — r*
avail: [f*|r] » d(f*,1)
feas: [f|r*|—>T
IB: [f|r*] —
Lemma 14.26.
proj(embedd) = d
Lemma 14.27.
embed(d, ¢ d,) =z embed(d,) ¢ embed(d,)
Lemma 14.28.

proj(dp, $ dp,) = proj(dp,) $ proj(dp,)
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15. Scalable computation for DPI

15.1. SPosUIl and SPosL|

Just like we generalized PosU and PosL to SPosU and SPosL, we can generalize PosUI and PosL1I to SPosUI and SPosL1I.

Definition 15.1

Given three posets kdom, kcod, and ,and a pair of posets S = (SQ, S®>, referred to as the “optimistic” and “pessimistic

posets, a morphism in SPosUI
su: {S} kdom —gpesur kcod
is defined by giving two maps
su®: SOP 4 (kdom — pesus keod

su®: S® 5 (kdom —pogur keod

that satisfy the following condition:
Voes®: vpes®: su®(p) < su®0)

Definition 15.2

Given three posets kdom, kcod, and ,and a pair of posets S = (S©, S®), referred to as the “optimistic” and “pessimistic

posets, a morphism in SPosLI
sl: {S} kdom —gpesr1 kcod
is defined by giving two maps
5191 S9% 5 (kdom — pogry kcod

5191 S® o poe(kdom —pggrs keod

that satisfy the following condition:
Voes®: vpes®: s®(p) < sl®0)

15.2. Approximation of DPI queries

Definition 15.3 (Approximation classes for DPI queries)

Given a DPId: F—pp; R, in analogy with Def. 13.5 and Def. 13.7, we can define the following sets:

. (FR;’ d), (FR; d), (FR? d), (FR? d) as the approximation classes of FR d,

. (RF;’ d), RF. d), (R F? d), (R F? d) as the approximation classes of RF d,

. (FRI;’ d), (FRI;" d), (FRI?D d), (FRI&D d) as the approximation classes of FRId,

« (R FI;’ d), (RFI;" d), (RFIED d), (RFIED d) as the approximation classes of RFId,

. (FRB;’ d), (FRB; d), (FRB?D d), (FR B? d) as the approximation classes of FRBd,

. (RFB;’ d), (RFB; d), (R FB?D d), (RFB? d) as the approximation classes of RFBd,
where

» “v” indicates the consistent approximations;

« “o” indicates the optimistic approximations;

+ “©” indicates the pessimistic approximations;

@

. indicates the exact approximations;
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Lemma 15.4 (Compositionality of queries approximations). For ? € {v, o, @, «}, the following holds:

su; € (FR7d,) su, € (FRdy) sl, € (RF1d,) sl, € (RF]d,)
sup ssu, € FRX(d, 5d,) s, 5sl, € RF!(d, 5d,)
su; € (FRI’d,) su, € (FRI’dy) sl, € (RFI’d,) sl, € (RFI’d,)
sup §su, € FRINd, 5d,) sly $sl; € RFI'(d, 5d,)
su; € (FRB’d,) su, € (FRB’d,) sl, € (RFB!d,) sl, € (RFB! d,)
su; §su, € FRB!(d, 5d,) sl, §sl, € RFBX(d, 5d,)

Note that the order of the morphisms is reversed for the backward queries (sl, ¢ sl; instead of su; ¢ su,).
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16. Numerical approximation

In this chapter we will discuss how to do “consistent” numerical computations that approximates computation on real numbers.

16.1. Approximation of DPs

Suppose have an ambient poset A and a subset M C A that is used to “represent” the values of A.
We have then an n-ary operation defined on A, say ©, : A" —p,s A, and we need to approximate the results with computations only
available on M.

Example 16.1. The ambient poset A could be the set of real numbers [2 and the subset M could be the set of TEEE 754 floating point
numbers (excluding NaN). The generic operation ©®, could be the addition or multiplication of two real numbers.

There is no way to decide what is a “good” approximation of an operation without some context. In this case, the context is given by the
way the operation is used to create a DP.

Consider the case when we use ©, to create a DP by lifting:
DP_LiftU®, : A" —>pp A

{fise Sty = OAlS 1500 [u)) Za T

)

(Or the symmetric case DP_LiftL. ©,).

The question we pose is: is there a way to approximate the operation ©p on A with another operation on M
©M : Mn —Pos M (2)

such that the approximated DP DP_LiftU (®,, approximates the original DP DP_LiftU ©,?

16.2. Approximation of operations in complete lattices

‘We show an answer to the question in the case when M is a complete lattice.

16.2.1. Upper and lower approximations of the original operation

For a complete lattice M, we can define two maps that map elements of A to the “next up” and “previous down” elements of M:

A .
nexty : A —p,s M

3)

a — /\{m € M such thatm <y a}

and
previy i A —Spee M
“4)
a +— \/{m € M such thata <, m}
Note that the meet and join exist because M is a complete lattice.
Using these one can define an upper and lower approximation of ©, as
Om = O § nexty (5)
L
M

= Oa § Prevy (6)
By construction, we have that, for ally € M",

@if[()’) <2 Oa(Y) Za GII\J/I(J’) @)
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Example 16.2 (Rounding modes of floating point numbers). When A = [2 and M is the finite set of TEEE754 floating-point numbers
(excluding NaN), the maps nexts; and prev’l\‘,I coincide with directed rounding to the nearest representable value below and above, respectively.
These are not available as explicit operations usable by a programmer; rather, a programmer can specify the rounding mode of the operation.

The following table shows the different rounding modes:

roundTiesToEven round-to-nearest, ties-to-even (default)
roundTiesToAway round-to-nearest, ties-to-away
roundTowardPositive round-toward +oco (upward)
roundTowardNegative round-toward —oco (downward)
roundTowardZero round-toward O (truncate)

The default rounding mode is “round-to-nearest, ties-to-even” (roundTiesToEven). If a number is not representable, the hardware rounds
to the nearest representable value.

The rounding modes that are useful for us in this context are roundTowardPositive and roundTowardNegative. Using these, we obtain
directly the upper and lower approximations of the original operation:

roundTowardPositive

. R
float - +?9 nexrfloat (8)

roundTowardNegative
float

=453 prev”i‘ 9

float

16.2.2. Comparing the DPs

We now want to compare the generated DPs with the original DP, restricted to the subset M.

Definition 16.3
Forad: F—pp Rand subposets P C Fand Q C R, we define the restricted d as:

restrict(P,d,Q) : P —pp Q
(10)
(f5ry o d(f*r)
Lemma 16.4. In the case of DP_LiftU(®), substituting (7)1[\],[ we obtain a pessimistic approximation, in the sense that
DP_LiftU ®Y < restrict(M", DP_LiftU ©, M) 11)

Proof. Let’s test the feasibility of the DPs at the test point f*, r. First, we note that the restriction is just a formal operation and does not
change the feasibility of the DP:

[restrict(M", DP_LiftU ©, M)|(f*,r) = [DP_LIiftU O](f*,7) = O,(f*) <a ¥ (12)
For the other we see that
[DP_LiftU Oyl(f*, 1) = On(f*) Za r (13)
Because of O, (f*) < Oy (f*) we have that
CHMENE JoNW =N (14)
Therefore, we have that
DP_LiftU ®Y <pp DP_LiftU®, (15)
O

Therefore, we have that a solution of DP_LiftU Y, is a pessimistic solution of the original DP:
FR(DP_LiftU ®Y) <pesu FR(restrict(M", DP_LiftU ©, M)) (16)
RF(DP_LiftU ®OY) <pos. RF(restrict(M”, DP_LiftU ©, M)) 17)
This is the symmetric result.
Lemma 16.5. In the case of DP_LiftL(©®), substituting @ﬁ,[ we obtain a pessimistic approximation:

DP_LiftL &%, < restrict(M, DP_LiftL ©, M") (18)

Using the pessimistic approximation, we can make sure that any result we compute on the approximated poset is feasible in the original
poset.
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17. Sets and posets catalog

17.1. Sets constructions

Definition 17.1 (Power set)
Given a poset A, the power set is the poset S_C_Power(A) whose elements are subsets of A.

17.1.1. Cartesian products
Definition 17.2 (Cartesian product)

Given a list of n sets [A;], the Cartesian product is the set S_C_Product([A,]) with elements being tuples of elements of the sets.

Definition 17.3 (Smash product)
Given a list of n sets [A], the smash product is the set S_C_ProductSmash([A;]) where the elements are heterogeneous lists of
elements from the sets.

The need for this construction arises from the fact that the Cartesian product of posets is not associative on the nose: Px(QxR) # (PxQ)xR,
but only up to isomorphism. In some cases, we want to have to have a product that is strictly associative.

We then work in a category where the objects are posets whose carrier sets are heterogenous tuples.

17.1.2. Sum

Definition 17.4 (Sum)
Given a list of n sets [A;], the sum is the set S C_Sum([A;]]) whose elements are pairs of an index k and an element x € A.

17.2. Constructions for single posets

17.2.1. Opposite of a poset

Definition 17.5
The opposite of a poset P is the poset P_C_Opposite(P) with the same elements and the opposite order.

This construction is described by the schema P_C_Opposite (Section 26.2.11).

17.2.2. Arrow constructions

Definition 17.6 (Twisted arrow construction)
Given a poset P, the twisted arrow construction is the poset P_C_Twisted(P) with elements in S_C_Product([P, P]) representing
intervals ordered by inclusion:

(X1, %) Zpwp (Y1, Y2) < X Zp yyand y, <p X,.

This construction is described by the schema P_C_Twisted (Section 26.2.13).

Definition 17.7 (Arrow construction)
Given a poset P, the arrow construction of P is the poset P_C_Arrow(P) with elementsin S_C_Product([P, P]) and the order given by

(X1, %) V1, ¥2) < X <p yand x; <p p,.

This construction is described by the schema P_C_Arrow (Section 26.2.8).
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17.2.3. Discretized version of a poset
Definition 17.8 (Discretized version of a poset)

Given a poset P, the discretized version of P is the poset P_C_Discretized(P) with elements in P and the order given by equality.

This construction is described by the schema P_C_Discretized (Section 26.2.9).

17.2.4. Posets of subsets

Definition 17.9
Given a poset P, we define the poset P_C_Power(P) whose carrier is S_C_Power(P) and order is given by set inclusion.

This construction is described by the schema P_C_Power (Section 26.2.12).

Definition 17.10
Given a poset P, we define the poset P_C_LowerSets(P), also indicated as LP, whose carrier is the subset of S_C_Power(P) of lower
sets, and order is given by set inclusion.

This construction is described by the schema P_C_LowerSets (Section 26.2.10).

Definition 17.11
Given a poset P, we define the poset P_C_UpperSets(P), also indicated as UP, whose carrier is the subset of S C_Power(P) of upper
sets, and order is given by set inclusion.

This construction is described by the schema P_C_UpperSets (Section 26.2.15).

17.3. Constructions with multiple posets

17.3.1. Cartesian product of posets

Definition 17.12
Given a list of n posets [P], the Cartesian product is the poset P_C_Product([P,]) with elements in S C_Product ([P;]) and the
order given by

(D1 s Pn) (P} s Ph) < Di <p, P} foralli €1, .., nl.

This construction is described by the schema P_C_Product (Section 26.2.17).

Lemma 17.13. If the posets [P, ] are dcpo (fcpo), then P_C_Product([P]) is depo (fepo).

Smash product of posets The smash product P_C_ProductSmash([P,]) of a list of posets is a poset isomorphic to the Cartesian product
of the posets, but where elements are represented as “exploded” tuples, using the S C_ProductSmash constructor.

This construction is described by the schema P_C_ProductSmash (Section 26.2.18).

17.3.2. Direct sum of posets

Definition 17.14
Given a list of n posets [P, ], the direct sum is the poset P_C_Sum([P;]) with elementsin S C_Sum ([P,]) and the order given by

(kx) < (j,y) <= k=jandx <p, y.

This construction is described by the schema P_C_Sum (Section 26.2.19).
Lemma 17.15. If the posets [P, ] are dcpo (fcpo), then P_C_Sum([[P,]) is depo (fepo).
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Direct (smash) sum of posets The smash sum of a list of posets P_C_SumSmash([P,]) is a poset isomorphic to the direct sum of the
posets. It is mathematically equivalent to the direct sum, but the carrier set is a heterogenous tuple.

This construction is described by the schema P_C_SumSmash (Section 26.2.20).

17.3.3. Lexicographic product of posets

Definition 17.16
Given a list of n posets [P, ], the lexicographic product is the poset P_C_Lexicographic([P,]) with elementsin S_C_Product ([P,])

and the order given by
(P1s s Pu) < (P}, Ph) < Tk €{1,..,n} : p;=p|foralli < kand p, <p, p;.

This construction is described by the schema P_C_Lexicographic (Section 26.2.16).
17.4. Poset Filters

These constructions are “filters”: they describe a subposet of a poset.

17.4.1. Finite subposet of an ambient poset

This is the most basic filter. Given a finite subset A C P of a poset P, we call P_F_Subposet(P, A) the subposet generated by that subset.

This construction is described by the schema P_F_Subposet (Section 26.2.26).

17.4.2. Interval in a poset

Definition 17.17
Given a poset P and elements x,y € P, the interval between x and y is the subposet P_F_Interval(P, x, y) of P which contains the

elements p € P such that x <, p <p y.

This construction is described by the schema P_F_Interval (Section 26.2.24).

17.4.3. Lower and upper closure in a poset

Definition 17.18
Given a poset P and a subset A C P, the upper closure of A in P is the subposet P_F_UpperClosure(P, A) whose elements are in [ A .

This construction is described by the schema P_F_UpperClosure (Section 26.2.27).

Definition 17.19
Given a poset P and a subset A C P, the lower closure of A in P is the subposet P_F_LowerClosure(P, A) whose elements are in T A .

This construction is described by the schema P_F_LowerClosure (Section 26.2.25).

As arule, the set A is taken to be an antichain (A = Min A).
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17.4.4. Union and Intersection of sub posets

Consider an ambient poset P and a list of subposets [Q, ] such that each is a subposet of P: Q, C P.
Because they are all subposets of P, they have the same type of elements, and they have the same order; they just differ in the carrier set.

We can then consider the union P_F_Union([Q,])) and intersection P_F_Intersection([Q,]) of these carrier sets.

This construction is described by the schema P_F_C_Intersection (Section 26.2.22).

This construction is described by the schema P_F_C_Union (Section 26.2.23).

17.4.5. Sampling a poset

If the poset P is numeric, contains a copy of the integers, and has defined the operations of sum +, and multiplication -, we can identify
a subposet by “sampling” the poset.

Given an "offset” O and a "step” S we can define the subset
A={0O+pi-pS fori € Z} (1)
For example, given the poset P = X, we can define the poset of odd integers by setting O = 1 and S = 2.
More in general, it is useful to generalize the construction and require 5 values that satisfy:
B<pL=pO0=pH=T 2

and the subposet is defined by
A={B,T} U ([L,LH] n {O+i-S fori € Z}) 3)
We call this construction P_F_Bounded(P, B,L, O, H, T).

Having this way of parametrizing a subposet is useful because it allows to do abstract interpretation of numerical operations.
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18. Monotone maps catalog

In the previous chapter we have explained why it is important to characterize whether a map f is Scott co-continuous or Scott continuous
and the role that the upper preimage Ui f and the lower preimage Li f play in computing the solution of DPs.

In this chapter we present a catalog of monotone maps that can be used as building blocks for constructing DPs.

18.1. Identity map

We collect here some properties of common functions that are useful to know.

Definition 18.1 (Identity map)
Given a poset P, the identity map is the map
M_Id(P): P —p, P
@

X — X
This construction is described by the schema M_Id (Section 26.3.4).

Lemma 18.2 (Identity). If Pis a dcpo (resp. fcpo), the identity map id, : P — P is Scott continuous (resp. Scott co-continuous).

Proof. Both properties are immediate: the identity preserves all (co)limits. O

18.2. Constant maps

Definition 18.3 (Constant map)
Given two posets P and Q and an element ¢ € Q, the constant map is the map

M_Constant(P,c): P —p,s Q
@)

X — ¢
This construction is described by the schema M_Constant (Section 26.3.1).

Lemma 18.4 (Constant maps). Let P be a dcpo and Q any poset. Every constant map from P to Q is Scott continuous. Dually, if P is an
fcpo, every constant map from P to Q is Scott co-continuous.

18.3. Ceiling and floor

Lemma 18.5. The function ceil is Scott continuous and we have that

Ui ceil = { floor 3)
Liceil = { floor 4)

Lemma 18.6. The function floor is Scott co-continuous and we have that

Ui floor = ] ceil 5)
Li floor =  ceil (6)

18.3.1. Generalized rounding

Based on ceil we define a family of maps parameterized by a step S and an offset O.
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Definition 18.7
Given a step S > 0 and an offset O, we define the map

M_RoundUp(S,0): x — ceil((x —0)/S)-S+ O @)

This construction is described by the schema ¥_RoundUp (Section 26.3.47).

Definition 18.8
Given a step S > 0 and an offset O, we define the map

M_RoundDown(S, O) : x — floor((x —0)/S)-S+ 0O ®)

This construction is described by the schema M_RoundDown (Section 26.3.46).

We recover the ceiling and floor functions as special cases:

M_RoundUp(1,0) = ceil ©
M_RoundDown(1, 0) = floor (10)
Lemma 18.9.
Ui(M_RoundUp(S, 0)) = } M_RoundDown(S, O) (11)
Li(M_RoundUp(S, 0)) = § M_RoundDown(S, O) (12)
Ui(M_RoundDown(S, 0)) = | M_RoundUp(S, O) 13)
Li(M_RoundDown(S, 0)) = $ M_RoundUp(S, O) (14)

Proof.

Let mulg be the map mulg : x + x - S. Then (mulg)™" = mul, /5, Ui(mulg) = ] mul, 5 and Li(mulg) = { mul, /5.
Let add, be the map add, : x — x + O. Then (addy)™! = add_,, Ui(addy) = [ add_, and Li(add,) = §add_,.

Now write M_RoundUp(S, O) as a composition of mulg and add,, as follows:
M_RoundUp(S, 0) = add_ § mul, /5 § ceil smulg § addy (15)
And likewise for M_RoundDown(S, O) we have that

M_RoundDown(S, O) = add_g § muly /5 § floor smulg § add, (16)

And now just compute the upper and lower inverses for M_RoundUp(S, O):

Ui(M_RoundUp(S, 0)) = Ui(add_g § muly /¢ § ceil smulg § addy) a7
= Ui(addy) § Ui(muly) § Ui(ceil) § Ui(mul, /5) § Ui(add_p) (18)
= ladd_g $ { mul,/s § T floor 3 mulg § 7 add, (19)
= [(add_g $ muly g § floor smulg § addy) (20)
= ]} M_RoundDown(S, O) (21)
Li(M_RoundUp(S, 0)) = Li(add_g § mul, ;5 3 ceil jmulg 3 add,) (22)
= Li(addy) § Li(mulg) 3 Li(ceil) § Li(mul, /5) § Li(add_g) (23)
= ladd_g 3 I muly/s § 3 floors § mulg § § add, (24)
= {(add_g 3 muly g § floor smulg § add,) (25)
= } M_RoundDown(S, O) (26)

Similarly for M_RoundDown(S, O):

Ui(M_RoundDown(S, 0)) = Ui(add_q § mul, 5 § floor smulg § add,) 27
= Ui(addy) § Ui(muly) § Ui(floor) § Ui(mul, /5) § Ui(add_p) (28)
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= ladd_g 3 I muly/s § ] ceil ${ mulg § 7 add,
= [(add_g § muly g § ceil smulg § addy)
= | M_RoundUp(S, O)

Li(M_RoundDown(S, 0)) = Li(add_g § muly /¢ § floor smuly § add,)
= Li(addy) § Li(mulg) 3 Li(floor) § Li(mul, /5) § Li(add_o)
= ladd_p § I muly g5 §ceil§ 3 mulg § $add,
= {(add_g § muly g § ceil smulg § addy)
= ¢ M_RoundUp(S, O)

18.4. Sum, multiplication, and division

(29)
(30)
(31

(32)
(33)
(34)
(35)
(36)

In this section we consider the sum (add), multiplication (mul), and division (div) of real numbers, and we study their extensions to the
poset completions (e.g. adding a +co0 and a —co element to R). We find that for each of those there are two distinct extensions: one that is

Scott continuous and one that is Scott co-continuous, and the two agree everywhere except at singularity.

For example, for addition, add(+00, -00) is undefined, but add{(+c0, -00) = -00 and add | (+00, -00) = +00.

For division we find that while div(0,0) is undefined on the reals, we have that div{(0,0) = div](+00,+0) = 0 and div](0,0) =

div] (+00, +00) = +00.

18.4.1. Sum

‘We consider addition on real numbers
add : R X R —pes R

and we ask about its Scott-continuity properties.

First of all, we need to make R a dcpo and fcpo by adding the elements +0o and —-o00. We call this completion R.

Definition 18.10 (Completion of real numbers)
The completion of real numbers R is the set R = R U {+00, —0o} with the order < extended in the obvious way.

We now need to extend the addition operation to RxR.

(37)

Some choices are obvious. For a finite real number x, we define add(x, +00) = +0o and add(x, -c0) = —c0. And we set add(+o00, +00) = +00

and add(-c0, -00) = —c0.

What about the case add(-co, +00)? Should it be +c0 or —-c0?

It turns out that depending on the choice of add(-o0, +00) we obtain a Scott-continuous or a co-Scott-continuous function.

Lemma 18.11. The Scott continuous extension add : 12 x [ = pos 2 to the addition operation is given by the following rules (where

x,y € R):

add?(x,y) = add(x, y)
add?(-c0,y) = -0
addT(+00,y) = +0

add (o0, +0) = -0
Proof. If we want that add? is Scott continuous, we need to have that for every directed D C [ x [ we have that

1 1
addt (\/'0) = \/' acdi ) | v 3) € D)
We now carefully choose a directed set D to obtain the value of add ({(-c0, +0)). Take

D = {(-00,i) |1 €N}
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This set is directed and \/T D = (-0, +0). Then (42) becomes

add1(-o0,+00) = \/ fadd1(o0,1) [ € 1} = \/' {00} = <0 (44)

Lemma 18.12 (Lower pre-image of add1). Forgq € % we have

T{(-00, +00), (400, 00)}, if g = o,
Liaddl: g~ { T{(-c0, +00), (+00, 00} UT{(x,y) € R*: x +y =¢q}, ifqgeR,
1(+00, +00), if g = +00.

Lemma 18.13 (Upper pre-image of add?). For p € [

I(—OO,—OO), lfp = -0,
Uiadd!: p = { ({400} X (} -00)) U ((J -00) X {+c0) U L{(x, yy € R*: x+y=p}, ifpeR,
({400} X (1 -00)) U ((T —00) X {+00}), if p = +00.

Note that in the cases p = +00 and p € R the upset cannot be written as the up closure of an antichain. We expect this because add is not
Scott co-continuous.

Lemma 18.14. The Scott co-continuous extension add| : 12 x [ = pos I to the addition operation is given by the following rules (where
x,y € R):

add|(x,y) = add(x, y) (45)
add|(-c0,y) = -0 (46)
add | (+00,y) = +0 47)

add|(-c0, +00) = +00 (48)

Proof. For the Scott co-continuous extension add |, we choose the set
F={(—i,+0) | i €N} (49)

This set is filtered and /\l F = (-0, +00). Then (42) becomes

add | (o0, +00) = /\l {add](—i, +00) | i € N} = /\l {+00} = +00 (50)

Lemma 18.15 (Upper pre-image of add|). For p € R:

I(m’ m>’ lfp = -0,
Uiadd| : p = {1{(-0, +00), (+00, o)} UL {(x,y) € R*: x +y =p}, ifpeR,
I{(—OO, +00>, <+o°’ _°°>}’ lfp = +00.

Lemma 18.16 (Lower pre-image of add|). Forq € R:

(f-o0} X (1 +00)) U ((§ +00) X {-00}), if g = -0,
Liadd| : g = { ({00} X (§400)) U (7 +00) X {0 U T{(x,y) € R*: x +y =g}, ifqeR,
1(+00, +00), if g = +o0.

Note that in the cases ¢ = o0 and g € R the downset cannot be written as the down closure of an antichain. We expect this because add |
is not Scott co-continuous.

18.4.2. Multiplication

We consider multiplication on the non-negative real numbers
mul : Rsg X Ry —pes Rsg (51)
and we ask about its Scott-(co)continuity properties.

First of all, we need to make R, a dcpo and an fcpo by adding the element +co. We call this completion EZO.
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Definition 18.17 (Completion of non-negative real numbers)
The completion of the non-negative real numbers R, is the set

Ryy = Ryg U {400},

ordered in the obvious way, with +oco the top element.

‘We now need to extend the multiplication operation to @zo X @20.

Some choices are obvious. For a finite real number x > 0, we define mul(x, +00) = +00 when x > 0, and mul(0,y) = 0 for y € R,,. We
also set mul(+o00, +00) = +00.

What about the case mul(0, +00), and symmetrically mul(+oc0, 0)? Should it be +co or 0?
It turns out that depending on the choice of mul(0, +0c0) we obtain a Scott continuous or a Scott continuous function.

Lemma 18.18. The Scott continuous extension mulf : EZO X @zo — Pos EZO to the multiplication operation is given by the following
rules (where x,y € R,):

mulf(x,y) = mul(x,y) (52)
mul(0,y) =0, (53)
mulf(+00,y) = +o0, (54)
mul?(0,+0) = 0. (55)

This construction is described by the schema M_MultiplyU (Section 26.3.42).
Proof. The proof parallels the one for addition. For the Scott continuous extension, take the directed set
D ={0,n)|nel

whose supremum is (0, +00). The Scott-continuity requirement (analogous to (42)) gives

mul1(0, +00) = \/Ze mul1(0, n) = \/T {0} =0.

Lemma 18.19 (Upper pre-image of mult). Forr € @20:

I(O’ 0>5 ifr = 0,
Uimull: r = §({+0} X (10)) U (1 0) x {+c0H U L {{x,¥) € Rio :mul(x,y)=r}, if0<r< +o0,
({400} X (£0)) U ((T0) X {+00}), ifr = +o0.

Note that in the case r = +o00 the upset cannot be written as the up closure of an antichain. We expect this because mul? is not Scott
co-continuous.

Lemma 18.20 (Lower pre-image of mull). Fors € EZO:

710, +00), (+00, 0}, ifs =0,
LimulT: s - {7{0, +00), (+00, 0)} U T {{x, y) € R;O such thatmul(x,y) = s}, if0<s < +00,
(400, +00), if s = +o0.

Lemma 18.21. The Scott co-continuous extension mul| : EZO X EZO = Pos EZO to the multiplication operation is given by the following
rules (where x,y € R,):

mull(x,y) = mul(x,y) (56)
mull(0,y) = 0, (57)
mul|(+00,y) = +00, (58)
mul (0, +00) = +00. (59)
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Proof. For the Scott co-continuous extension consider the filtered set
— L N\
F = l<n+1, +oo> forn € N},
whose infimum is again (0, +00). Enforcing Scott-co-continuity yields
! 1 iy
= —_— = } =
mul (0, +00) /\nE mull(l1+1 , +oo) /\ {+00} = +00.

Because multiplication is commutative the same value is assigned to the symmetric case (+c0, 0). O

Lemma 18.22 (Upper pre-image of mul|). Forr € @ZO:

I(O’ 0>s ifr = 0,
Uimull : r - {1 {{+00,0), (0, +00)} U L {{x,y) € Pio cmul(x,y) =r}, if0<r < 00,
L {(+00,0), (0, +00)}, if r = +o0.

Lemma 18.23 (Lower pre-image of mul|). Fors € EZO:

({0} X (§ +00)) U ((§ +00) X {0}), ifs =0,
Limull : s+ {({0} X (§+0)) U ((§ +00) X {0H U T {x,y) € P&;O : mul(x,y) =s}, if0<s< +o00,
I<+00, +°°>’ if s = 400.

Note that in the case s = 0 the downset cannot be written as the down closure of an antichain. We expect this because mul| is not Scott
continuous.

18.4.3. Division
We consider division on the non-negative real numbers

div: Ry X RP —pgs Ryg (60)
As for addition and multiplication, we wish to extend div to a map @20 x@‘:; — Pos EZO that is either Scott continuous or Scott co-continuous.

Lemma 18.24 (Scott continuous extension of division). There exists a Scott continuous map

— — —
divl : Ryp X Ryg = pos Ro

extending ordinary division on R, X Ri% It is uniquely determined by continuity and given case-wise by

divl(x,y) = div(x,y) (x €Ryp, ¥y >0), (61)
div1(0,0) = 0, (62)
div1(x,0) = +c0 (x > 0), (63)
div1(+00,y) = +00 (y > 0), (64)
divt(x,+0) =0 (x < +0), (65)
div1(+c0, +00) = 0. (66)

This construction is described by the schema M_DivideUConstant (Section 26.3.38).
Proof. First, we establish the values at the boundary points by continuity arguments:

op
Case 1: div1(0,0). Consider the directed set D = {(0,y) : y > 0}. In the product order @20 X @20, this set has supremum (0, 0) (since
in the opposite order on the second coordinate, smaller y values are larger). For all (0,y) € D, we have div1(0,y) = 0/y = 0. By
Scott-continuity,
div1(0,0) = sup div1(0,y) =sup0 = 0.
0,y)eD y>0

_ _op
Case 2: div((x, 0) for x > 0. Consider the directed set D = {(x,y) : 0 <y < 1}. In R, X R, this set has supremum (x, 0) (since
in the opposite order, 0 is the largest element). For any (x,y) € D, we have divi(x,y) = x/y. Asy — 0%, we have x/y — +0. By

95



Scott-continuity in the second coordinate,

div1(x,0) = sup divl(x,y) = sup X = 10,

0<y<1 o<y<1

Case 3: div1(+00,y) for y > 0. Consider the directed set D = {(x,y) : x > 0} with supremum (+c0, y). For any (x,y) € D, we have
divT(x,y) = x/y. By Scott-continuity in the first coordinate,

divl(+00,y) = supdivl(x,y) = sup g +00.

x>0 x>0

_ _op
Case 4: div((x, +0) for x < +00. We need to find a directed set whose supremum is (x, +00). Since we’re working with R, X R,
recall that in the opposite order, +oo is the bottom element. Consider the increasing sequence y,, — oo in the usual order. Then (x, y,)
forms a directed set in the product topology, with supremum (x, +c0).

For each element, we have div{(x,y,) = x/y,. Taking the supremum as n — oco:

X

div1(x, +00) = sup divl(x,y,) = sup 3 =0.

n

Case 5: div1(+00,+0). Take the directed chain D = {(x,+x) : 0 < x < +00}, ordered by the first coordinate (the second is fixed to
the bottom element +00). It is directed and sup D = (+00, +00). For every (x, +00) € D we have div{(x, +00) = 0 from Case 4, hence by
Scott-continuity

divl(+00,+00) = sup divi(x,+0) = 0.
(x,+0)ED
O
Lemma 18.25 (Scott co-continuous extension of division). There exists a Scott co-continuous map
_ _op _
div] @ Ryg X Ryg =pes Rxo

extending ordinary division on R, X [F@i%. It is uniquely determined by continuity and given case-wise by
div)(x,y) = div(x,y) (x €Ryp, ¥y >0), (67)
div(0,0) = 40, (68)
div](x,0) = +o0 (x > 0), (69)
divl(+00,y) = +00 (y>0), (70)
div](x,+00) =0 (x < +00), (71)
div](+00, +00) = +00. (72)

This construction is described by the schema M_DivideLConstant (Section 26.3.37).

Proof. We need to verify that the given extension div| is Scott co-continuous. Since we are working with the opposite order on the
— o
second coordinate (as indicated by R, X ), we need to check that div| preserves infima of filtered sets.

First, we establish the values at the boundary points by co-continuity arguments:

_ _o
Case 1: div](0,0). Consider any filtered set F with inf F = (0,0) in R, X R,. For the infimum of the first coordinates to be 0, we
need elements (x;,y;) € F with x; — 0. For the second coordinate in the opposite order, info{y;} = 0 means sup{y;} = 0 in the usual
order. Since y; > 0, having sup{y;} = 0 implies y; = 0 for all i. Thus, any such filtered set consists of elements of the form (x, 0) where
x > 0and x — 0. For all such elements, div|(x,0) = +0o0. By Scott-co-continuity,

div](0,0) = inf{div|(x,0) : (x,0) € F} = inf{+o0} = +c0.

Case 2: div|(x,0) for x > 0. This is already defined as +oo by the natural extension, since division by zero yields infinity.

Case 3: div](+00,y) for y > 0. This follows directly from the fact that dividing infinity by any positive number yields infinity.

— _op
Case 4: div](x, +00) for x < +00. Consider a filtered set F with inf F = (x, +00) in R,y X R,. In the opposite order on the second
coordinate, +oo is the bottom element. For any filtered set converging to (x, +00), we can consider F = {(x,y) : y > M} for large M. For
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(x,y) € F,we have div](x,y) = x/y — 0 asy — oo. By Scott-co-continuity,

div](x, +00) = inf div(x,y) = inf = = 0.
y>M »>MYy

_ _op
Case 5: div|(+00, +00). Consider any filtered set F with inf F = (400, +00) in R, X R,. For the infimum of the first coordinates to be
+00, all elements must have first coordinate equal to +00. Thus F consists of elements of the form (+00, y) where y > 0. For all such
elements, div|(+00,y) = +00 from Case 3. By Scott-co-continuity,

div| (+00, +00) = inf{div](+00,y) : (+00,y) € F} = inf{+c0} = +c0.

The verification that div| preserves infima of all filtered sets follows from these boundary cases and the continuity of ordinary division
on the interior of the domain. O

18.5. Unary join and meet operations

In this section we look at the unary meet and join, compute their Scott-continuity properties and their upper and lower inverses.

Definition 18.26 (Unary meet)
Given a poset P, the unary meet A, is defined whenever c is such that x A c exists for all x € P.

M_MeetConstant(P,c): P —p,s P

(73)
X — XAC

This construction is described by the schema 1_NMeetConstant (Section 26.3.13).
Definition 18.27 (Unary join)
The unary join V. is defined whenever c is such that x Vv c exists for all x € P.
M_JoinConstant(P,c): P —p,s P

(74)
X —> XxVc

This construction is described by the schema M_JoinConstant (Section 26.3.11).

We can prove that the unary join is Scott continuous in a dcpo directly.

Lemma 18.28 (Join with a constant in dcpo). If P isa dcpo, ¢ € P is such that x V c exists for all x € P, the map
Vei Po—=pys P
X — XVc¢
is Scott continuous.

Proof. Let D C P be directed. Then we have that

vc(\/T D> = (\/T D) ve \/ZGD (dve)= \/T v, [D].

where (a) follows from Lemma 18.29 and Lemma 18.31. O

Lemma 18.29. Let P = (P, <) be a poset. Fixa € P and B C P. If these joins exist:

\/ b, (75)

beB
(avb) VbeB (76)
\/(@vb) 77
beB
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av \/ b, (78)

beB

then the following equality holds:

av\/b:\/(avb) (79)

beB beB
Proof. Call
ti\/b sia\/\/b=avt ui\/(a\/b).
beB beB beB

We need to prove that s = u. From b <t,wegetavb <aVvt,andsou <s.

First note two elementary inequalities that follow from the definition of u:
a < u (sincea<avb<uforeveryb € B),

t = \/b < \/(avb) = u (because b < aV b < uforeachb € B).

beB beB

Hence both a and t are below u, making u an upper bound of the pair {a, t}. But s = a V t is, by definition, the least such upper bound,
so necessarily s < u.

O

Lemma 18.30. If all meets exist, then the following equality holds:

a/\/\b:/\(a/\b) (80)

beB beB

Proof. Dual of Lemma 18.29. O

Lemma 18.31. Assume f : P — Q is monotone. If D C P is directed, f[D] is directed. If F C P is filtered, f[F] is filtered.

Lemma 18.32.
Liv,: P —pe P

tr ife<py (81)
() otherwise

Proof. We compute

Liv,(y)={xeP: xvc<y!} (82)
In the case ¢ < y, we have that x Ve < yiff x < y. If ¢ £ y, there is no x such that x v ¢ < y, because otherwise ¢ < x V¢ < y. Therefore,
Liv,(y) = lyifc < yand 0 otherwise. O
Once we have the lower inverse, we can also recover the Scott-continuity property from Theorem 12.30.

Corollary 18.33. V. is Scott continuous.
Proof. From Theorem 12.31 and Lemma 18.32. Note that () = T (/. O
Lemma 18.34.

UiV, ! P —peu P

ffo— .
’ 1 f* otherwise
Proof. We compute
Uiv.(f)={xeP: xvc>f} (84)

(a) In the case f < ¢, we have that x v ¢ > f is always true.
(b) In the case f £ c, we note that because f < x V ¢, f must be below either ¢ or x. But it is not below c, so it must be below x. So we
have x > f. Conversely,if x > f,thenxvc > f. O

Corollary 18.35. If P is fBWF then V, is Scott co-continuous.
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Proof. From Theorem 12.35 and Lemma 18.34. O

Lemma 18.36 (Meet with a constant in fcpo). If P is a fcpo and ¢ € P is such that x A c exists for all x € P, the map
Aet P —=pes P
X +— XAcC

is Scott co-continuous.

Proof. Dual of Lemma 18.28. O
Lemma 18.37.
UiA, i P —py P
= If iff"<pc (85)
@ otherwise
Proof. Dual of Lemma 18.32. O
Corollary 18.38. A, is Scott co-continuous.
Proof. From Theorem 12.35 and Lemma 18.37. O
Lemma 18.39.
LiA, : P —pest P
P ifc=<pr (86)
r
1 r otherwise
Proof. Dual of Lemma 18.34. O

Corollary 18.40. If P is fAWF then A, is Scott continuous.

Proof. From Theorem 12.31 and Lemma 18.39. O

18.6. n-ary joins and meets

In this section we look at the n-ary joins and meets.

18.6.1. n-ary Join

Definition 18.41
Given n posets [P, ] all subposets of a join semilattice P, we define the map

M_Join(P, [P;]) : P_C_Product([Pc]) —pes P

(87)
(X1s wees Xpp) — X VX5 VX,

This construction is described by the schema _Join (Section 26.3.10).

We now analyze the case of binary joins, with n-ary joins an immediate generalization.

Lemma 18.42 (Lower pre-image of binary join). The lower pre-image of the binary join operation Vv : P X P -y P is given by

LivV:P —p,. PXP
(88)
qg —— g

Therefore, LiV is fAWF with (LiV)(q) = 1(q, Q).
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Proof. We have (LiV)(q) = {{(x,y)€PXxP|xVvy<ql. IfxVvy<gq,thensincex <xVvyandy <xVy,wehavex <gandy <gq.
Conversely, if x < g and y < g, then q is an upper bound of {x, y},sox Vy < gq. O
Lemma 18.43 (Upper pre-image of binary join). The upper pre-image of the binary join operation vV : P X P —p P is given by
Uiv: P —py PXP
(89)
p —— (pxP)u®x]p)

Proof. We have (UiV)(p) = {{(x,y) € PXP | p<xVvylL Ifp <xVy,then we must have either p < x or p < y (or both). If p < x,
thenp <x <xVvy.Ifp<y,thenp <y < xVy. Conversely, if p £ x and p £ y, then p cannot be below their join. O

18.6.2. n-ary Meet

Definition 18.44
Given n posets [P, ] all subposets of a meet semilattice P, we define the map

M_Meet(P, [P;]): P_C_Product([Pi]) —pos P

(90)
(X1s ves Xpp) — X AX; A AX,

This construction is described by the schema _Neet (Section 26.3.12).

Lemma 18.45 (Upper pre-image of binary meet). The upper pre-image of the binary meet operation A : P X P —p. P is given by

Uin: p— Kp,p) (C2Y)
Therefore, Ui A is fBWF.

Proof. We compute (UiA)(p) = {{(x,y)€PXP|p<xAy.Ifp<xAy thensincex Ay <xandxAy <y,wehave p < xand

p <y. Conversely, if p < x and p <y, then p is a lower bound of {x, y},so p < x A y. O

Lemma 18.46 (Lower pre-image of binary meet). The lower pre-image of the binary meet operation A : P X P —p. P is given by
Lin:ig— (1gxP)u®Px1q) (92)

Proof. We compute (LiA)(q) ={({x,y) € PXP|x Ay <q}. Ifx Ay < g, then we must have either x < g or y < q (or both). If x < g,
thenx Ay <x <q.Ify <gq,then x Ay <y < q. The converse clearly holds.

O
18.7. Lifts to subsets
Definition 18.47
Given amap f : P —p, Q, we define
M_C_LiftToSubsets(f) : P_C_Power (P) —p, P_C_Power(Q)
A — Jr/® 3)

x€EA

This construction is described by the schema M_C_LiftToSubsets (Section 26.3.52).

Definition 18.48
Given amap f : P —p, Q, we define

M_LiftToLowerSets(f) : P_C_LowerSets (P) —po,s P_C_LowerSets(Q)
A — Jr® %)

XEA
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This construction is described by the schema M_LiftToLowerSets (Section 26.3.53).

Definition 18.49
Given amap f : P —p, Q, we define

M_LiftToUpperSets(f) : P_C_UpperSets (P) —p,s P_C_UpperSets(Q)
A — Jrw

XEA

(95)

This construction is described by the schema M_LiftToUpperSets (Section 26.3.54).

18.8. Plumbing

Definition 18.50
Given a poset P we define
M_Lift: P —p, P_C_ProductSmash ([P])
(96)
p — |[p]

This construction is described by the schema M_Lift (Section 26.3.60).

Definition 18.51
Given a poset P we define
M_Unlift : P_C_ProductSmash ([P]) —p,s P
97
P — P

This construction is described by the schema M_Unlift (Section 26.3.63).

18.8.1. Slicing

Definition 18.52
Given a list of n posets [P, ] and an index j € [1, ..., n], we define

M_TakeIndex([Py], j) : P_C_Product([Pc]) —pos P;
(98)

(X5 eeer Xpp) — X

This construction is described by the schema _TakeIndex (Section 26.3.61).

Analogously, M_TakeRange is a slicing operation from a smash product.

This construction is described by the schema M_TakeRange (Section 26.3.62).

18.8.2. Injections

Definition 18.53
Given a list of n posets [P, ] and an index j € [1, ..., n], we define

M_Injection([Pc], j): P; —pos P_C_Sum ([P;])

(99)
x — {j,x)
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This construction is described by the schema M_Injection (Section 26.3.9).
Analogously, M_SmashInjection is the injection into P_C_Sum ([P]).

This construction is described by the schema M_SmashInjection (Section 26.3.16).

18.9. Catalog

Definition 18.54
Given two posets P and Q and a set of input-output pairs [(py, qi )], we define

MfEXpliCit(P? Q, [[<pk’ qk)]]) Y {pk } —Pos Q

Pk — gk

(100)

This construction is described by the schema M_Explicit (Section 26.3.3).

18.10. Threshold maps

Definition 18.55
Given two posets P and Q with top and bottom, we define

M_BottomIfNotTop(P,Q): P —p,s Q
To ifTp=<x (101)
1o if otherwise

X

This construction is described by the schema M_BottomIfNotTop (Section 26.3.55).

Definition 18.56
Given two posets P and Q with top and bottom, we define

M_ToplfNotBottom(P,Q): P —p,s Q

1y ifx=<1p (102)
To otherwise

X =

This construction is described by the schema M_TopIfNotBottom (Section 26.3.59).

Definition 18.57
Given a poset P and two values T <, V, we define

M_IdentityBelowThreshold(P,T,V): P —p, Q

VvV ifT<x (103)
x otherwise

X +——

This construction is described by the schema M_IdentityBelowThreshold (Section 26.3.56).

Definition 18.58
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Given a poset P and a value V, we define
M_Threshold1(P,V): P —p,s P
x ifx<V (104)

v otherwise

X >

This construction is described by the schema M_Threshold1 (Section 26.3.57).

Note that if P was a complete total order, this would be simplified to x = min(x, V). This map appears as the solution of the RF query for
DP_FuncNotMoreThan.

Definition 18.59
Given a poset P and a value V, we define

M_Threshold2(P,V): P —p,s P

x ifV<x (105)
V  otherwise

X

This construction is described by the schema M_Threshold2 (Section 26.3.58).

Note that if P was a complete total order, this would be simplified to x — min(x, V). This map appears as the solution of the FR query for
DP_ResNotLessThan.

18.11. Tests

18.11.1. constant < x

Definition 18.60
Given a poset P and a constant ¢* € P”, we define

M_C_Leq X(P,c*): P —p,s Bool

(106)
p — " =pp

This construction is described by the schema M_C_Leq_X (Section 26.3.64).

Lemma 18.61. M_C_Leq_X (P, c*) is Scott co-continuous.
It is not Scott continuous in general.

Proof. The Ui of this map is fBWF. O

‘We now give the upper and lower images of M_C_Leq_X.

First note that for all maps g : Q —p,s Bool, we have [Uig](L) = [Lig](T) = Q. Moreover, we have [Uig](T) = Q \ [Lig](L). With
this observation, we only need to compute [Ui g|(T) or, equivalently, [ Li g](L), and the rest follows.

Lemma 18.62 (Upper / lower image of M_C_Leq_X).
UiM_C_Leq X(P,c*) : Bool —p,y P
1 — P (107)
T — lpc*
LiM_C_Leq X(P,c*) : Bool —p,; P

1 — P\ (lpc) (108)

T — P
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Proof. Let f(p) = (c¢* <p p). By definition,
[UifI(M) ={peP|c" <p pi=1pc" (109)

18.11.2. constant < x

Definition 18.63
Given a poset P and a constant ¢* € P”, we define

M_C Lt X(P,c*): P —p,s Bool

(110)
p — c*<pp

This construction is described by the schema M_C_Lt_X (Section 26.3.65).

Lemma 18.64. M_C_Lt X (P,c*)is not Scott continuous or Scott co-continuous in general.
It is Scott continuous if P is a dcpo and a total order.

Lemma 18.65 (Upper / lower image of M_C_Lt_X).
UiM_C_Lt_X(P,c¢*) : Bool —pyy P
1 —> P (111)
T —  l,c

LiM_C_Lt X(P,c*) : Bool —py, P

1 — P\l,c (112)
T — P
Proof. Let f(p) = (c* < p). By definition,
[UifI(M) =ipeP|c <ppi=1,c (113)
O

18.11.3. x < constant

Definition 18.66
Given a poset P and a constant ¢ € P, we define

M_X_Leq C(P,c): P? —4,s Bool
(114)

5 5
— p =pC

p

This construction is described by the schema M_X_Leq_C (Section 26.3.66).

Lemma 18.67. M_X Leq_C(P,c) is Scott co-continuous.
It is not Scott continuous in general.

Lemma 18.68 (Upper / lower image of M_X_Leq_C).
UiM_X Leq C(P,c) : Bool —p,y PP
1 —> P (115)
T — lmwe
LiM X Leq C(P,c) : Bool —ps PP
1 —— P\ (lpwo) (116)

T —_—
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Proof. Let f(p) = (p <p ¢). We compute

[UifI(M={peP|p=pci=lpc= IPOPC (117)

18.11.4. x < constant

Definition 18.69
Given a poset P and a constant ¢ € P, we define

M_X_Lt_C(P,c): P® -4, Bool
(118)
~ —> p*<pc

p

This construction is described by the schema M_X_Lt_C (Section 26.3.67).

It is Scott continuous if P is a fcpo and a total order.

Lemma 18.70. M_X It C(P,c) is not Scott continuous or Scott co-continuous in general.

Lemma 18.71 (Upper / lower image of M_X_It_C).
UiM_X 1t C(P,c) : Bool —p,y PP
1 —> P (119)
T — I

LiM_X_It_C(P,c) : Bool —po; PP

1 — P\ (Jpo ) (120)
T — P
Proof. Let f(p) = (p < c¢). We compute
[Uif[(M) ={peP|p=<ci=Tpc=lpmec (121)
O

18.12. Lower/upper set containment tests

18.12.1. Lower set containment tests

Definition 18.72
Given a poset P and a lower set A € LP, we define

M_ContainedInLowerSet(P,A) : P —,. Bool
(122)

s«

p* +—— p'€EA

This construction is described by the schema 1_ContainedInLowerSet (Section 26.3.7).

Note that the function M_ContainedInLowerSet is antitone.

Lemma 18.73. M_ContainedInLowerSet (P, A) is Scott co-continuous iff A is closed under directed suprema. A sufficient condition is
that A is fAWF.

Lemma 18.74 (Upper / lower image of M_ContainedInLowerSet).
UiM_ContainedInLowerSet (P,A) : Bool —p,u P
1 — P (123)
T — A
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LiM_ContainedInLowerSet (P,A) : Bool —p, PP
L —— P\A (124)

T —_—

18.12.2. Upper set containment tests

Definition 18.75
Given a poset P and an upper set A € UP, we define

M_ContainedInUpperSet(P,A): P —p,s Bool

R (125)
p — p e

This construction is described by the schema M_ContainedInUpperSet (Section 26.3.8).

Lemma 18.76. M_ContainedInUpperSet (P, A) is Scott co-continuous iff A is closed under filtered infima. A sufficient condition is that
A is fBWF.

Lemma 18.77 (Upper / lower image of M_ContainedInUpperSet).
UiM_ContainedInUpperSet (P,A) : Bool —p,y P
1 —s P (126)
T — A
LiM_ContainedInUpperSet (P,A) : Bool —py P

1 —— P\A (127)

T —_

18.13. Order as a function

Definition 18.78
Given a poset P we define

M_Leq(P) : P_C_Product ([P®,P]) —p,s Bool

(128)
(x*,y) — X*=<py

This construction is described by the schema M_Leq (Section 26.3.68).

Lemma 18.79. M_Leq (P) is neither Scott co-continuous nor Scott continuous in general, not even on total orders.
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19. Monotone map compositions catalog

19.1. Constructions for single maps

19.1.1. Opposite of a map

Definition 19.1
Given amap f : P —pys Q, the opposite of f is the map M_C_Op(f) : P® —p,s Q” such that:

M_C_Op(f) : x > f(x) (€))

This construction is described by the schema M_C_Op (Section 26.3.17).

Lemma 19.2. If f is Scott continuous, then M_C_Op (/) is Scott co-continuous, and viceversa.

19.2. Constructions for multiple maps

19.2.1. Parallel composition

Definition 19.3 (Parallel composition)
Given a list ofn maps [f, : Py —pos Q] the parallel composition of f, is the map

M_C_Parallel([f,]) : P_C_Product([P,]) —pes P_C_Product([Q,])

@)
(X15 wer X)) — (X1, s [ (X))

This construction is described by the schema M_C_Parallel (Section 26.3.25).

Lemma 19.4. M_C_Parallel inherits the Scott flavor of the constituent maps: if all f, are Scott continuous (Scott co-continuous), then
M_C_Parallel is Scott continuous (Scott co-continuous).

Lemma 19.5.
Ui M_C_Parallel ([f,]) = U1_C_Parallel ([Ui f,]) 3)
LiM_C_Parallel ([f,]) = L1_C_Parallel ([Li f,]) 4)

There is a variant of the parallel composition that is associative.

Definition 19.6 (Smash parallel composition)
Given a list of n maps [f, : Py —=pos Q,] the smash parallel composition is

M_C_ParallelSmash([f,]) : P_C_ProductSmash ([P,]) —p,s P_C_ProductSmash ([Q,])
(5)

[xl""|xn] = |f1(x1)‘|fn(xn)|

This construction is described by the schema M_C_ParallelSmash (Section 26.3.26).

Finally, we can define hybrid versions of the product and smash product of maps that go from the product of domains to the smash product
of codomains

M_C_DomProdCodSmash([f,]) : P_C_Product ([P;]) —pes P_C_ProductSmash ([Q,]) (6)
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This construction is described by the schema M_C_DomProdCodSmash (Section 26.3.22).

Or, viceversa:
M_C_DomSmashCodProd([f,]) : P_C_ProductSmash ([P, ]) —pes P_C_Product ([Q,]) 7

This construction is described by the schema 1_C_DomSmashCodProd (Section 26.3.23).
These are based on the isomorphism
P_C_ProductSmash ([P]) < pes P_C_Product ([P]) (8)
19.2.2. Series composition

Definition 19.7
The series composition of a list of n maps [f, : Py =ps Q] is defined whenever for k = 1,...,n — 1, Q, C Py,. Itis given by:

M_C_Series([f,]): Pi —pes Q,

9
x > f(f G (fi(x)..))

Lemma 19.8.
If all f, are Scott continuous, then M_C_Series([f,]) is Scott continuous.
If all f, are Scott co-continuous, then M_C_Series([f,]) is Scott co-continuous.
Lemma 19.9.

UiM_C_Series ([f,]) = Ul_C_Series(reversed ([Ui f,])) (10)

LiM_C_Series ([f,]) = L1_C_Series(reversed ([Li f,])) (11)

12

This construction is described by the schema M_C_Series (Section 26.3.29).

19.2.3. Product of maps

Definition 19.10
Given a list of n maps [f, : P —p,s Q,] their product is the map

M_C_Product([f,]): P —pes P_C_Product ([Q,])

(13)
x ([0, e [,(0)

This construction is described by the schema M_C_Product (Section 26.3.27).

Lemma 19.11. M_C_Product inherits the Scott flavor of the constituent maps:

Lemma 19.12.
UiM_C_Product ([f,]) = UL_C_ProdIntersection ([Ui f,]) 14)
LiM_C_Product ([f,]) = L1_C_ProdIntersection ([Li f,]) 15)
(16)

Definition 19.13
Given a list of n maps [f, : P —pys Q,] their smash product is the map

M_C_ProductSmash([f,]): P —pe P_C_ProductSmash ([Q,])

17)
x s [f,G0) ]| £,(0)]

This construction is described by the schema M_C_ProductSmash (Section 26.3.28).
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19.2.4. Sum of maps

Definition 19.14
Given a list of n maps [/, : Py —pes Q,] the sum of f, is the map

M_C_Sum([f,]): P_C_Sum([P,]) — P_C_Sum ([Q,]),

(18)
<i’xi> = <l’fl(xl)>

This construction is described by the schema M_C_Sum (Section 26.3.30).

By isomorphism we also construct the map

M_C_SumSmash([f,]) : P_C_SumSmash ([P;]) —pes P_C_SumSmash ([Q,]) (19)

This construction is described by the schema M_C_SumSmash (Section 26.3.31).
Lemma 19.15. M_C_Sum inherits the Scott flavor of the constituent maps:

Lemma 19.16.
UiM_C_Sum ([f,]) = U1_C_Sum ([Ui f,]) (20)
LiM_C_Sum ([f,]) = L1_C_Sum ([Li f,]) (21)

Proof. Letg =M_C_Sum ([[ fk]])] and evaluate it at a point (j, y) fory € Q ;- We see that the points in the domain must be as well in
the j-th component:

[Uig]((j, y)) = {x such that (j, y) < g(x)} (22)
= {{J, ¥} such that (j, ¥) = g((J, ¥ (23)

= {(J, ¥) such thaty < g,(¥); (24)

=, ) forp € Uig,(y); (25)

(26)

O

19.2.5. Coproduct of maps

Definition 19.17
Given a list of n maps [f, : P, —pos Q] the coproduct of f, is the map

M_C_Coproduct([f,]): P_C_Sum ([Pr]) —pos Q
(27)
(i, x;) —  fi(x)
This construction is described by the schema M_C_Coproduct (Section 26.3.20).

Lemma 19.18. M_C_Coproduct inherits the Scott flavor of the constituent maps.

Lemma 19.19.
Ui M_C_Coproduct ([f,]) = Ul_CoproductCod ([Ui f,]) (28)
LiM_C_Coproduct ([f,]) = L1_CoproductCod ([Li f,]) (29)
(30)

By isomorphism we define the smash coproduct of maps:

M_C_CoproductSmash([f,]) : P_C_SumSmash ([P,]) =pes Q 31)

This construction is described by the schema M_C_CoproductSmash (Section 26.3.21).
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19.2.6. Domain union

Definition 19.20 (Domain union of maps) _
Given a list of n maps [f, : Py —pos Q] such that all P, are subposets of P, and whenever x € P; N P; we have that f,(x) = f j(x),
then the domain union of the maps is defined as

M_C_DomUnion([f,]) : P_C_Union ([Pc]) —ps Q

(32)
x —— f,.(x), where k is the smallest k such that x € P,

This construction is described by the schema M_C_DomUnion (Section 26.3.24).

This is a definition that does not make much sense mathematically - if the maps are equal on the intersection, then they are the same map.

However, when the maps are considered as “algorithms”, the domain union is the formalway to combine the algorithms for special cases
into a single algorithm.

Lemma 19.21.
UiM_C_DomUnion ([f,]) = U1_C_Union ([Ui f,]) (33)
LiM_C_DomUnion ([f,]) = L1_C_Union ([Li f,]) (34)
(35)
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20. PosL and PosU catalog

20.1. Identity morphisms

The identity morphisms are equal to { idp and ] idp, maps on the posets.

Definition 20.1

Given a poset P, we define
L1 Identity(P) : P —pe P
@

r +— Ir

This construction is described by the schema L.1_Identity (Section 26.4.4).

Definition 20.2

Given a poset P, we define
Ul_Identity(P) : P —pey P

o 1

©)

This construction is described by the schema Ul_Identity (Section 26.5.4).

20.2. Lifting maps
Definition 20.3 (Lifting map to PosL)
Given a map g : kdom —p,s kcod we can lift it to
L1_Lift(g) : kdom —pe kcod
3

r —  1g()

This construction is described by the schema L1_Lift (Section 26.4.28).

Definition 20.4 (Lifting map to PosU)
Given amap g : kdom® —p s kcod we can lift it to

Ul_Lift(g) : kdom —peu kcod
fr —  18(f)

4

This construction is described by the schema Ul_Lift (Section 26.5.28).

20.3. Catalog maps

Definition 20.5 (L1 Catalog map)
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Given two posets Fand R, a catalog of options [{f, r;)], we define the map
L1_Catalog([{fi,7;)]) : R —posr F
. $U {fiy ifr; <r, 5)

= (4 otherwise

This construction is described by the schema L.1_Catalog (Section 26.4.6).

Definition 20.6 (U1 Catalog map)
Given two posets Fand R, a catalog of options [{f, 7;)], we define the map

Ul_Catalog([(f, ")) : F —posu R

L otherwise

This construction is described by the schema Ul_Catalog (Section 26.5.6).

20.4. Union and intersection of principal lower sets

Definition 20.7 (Intersection of principal lower sets)
Given n posets [P, ] that are subposets of P, we define the map

L1_IntersectionOfPrinLowerSets([P,]) : P_C_Product([P;]) —pes. P

<rl’"-srn> e mlrk (7)
k

This construction is described by the schema L.1_IntersectionOfPrinLowerSets (Section 26.4.7).

Definition 20.8 (Intersection of principal upper sets)
Given n posets [P, ] that are subposets of P, we define the map

U1_IntersectionOfPrinUpperSets([P]) : P_C_Product([Py]) —pesu P
s« s s 8
(0o 2 — i (8)

k

This construction is described by the schema Ul_IntersectionOfPrinUpperSets (Section 26.5.7).

Definition 20.9 (Union of principal lower sets)
Given n posets [P, ] that are subposets of P, we define the map

L1_UnionOfPrinLowerSets([P;]) : P_C_Product([P]) —pes. P
9
(ris e T — Ulrk ©)

k

This construction is described by the schema L1_UnionOfPrinLowerSets (Section 26.4.9).

Definition 20.10 (Union of principal upper sets)
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Given n posets [P, ] that are subposets of P, we define the map
U1_UnionOfPrinUpperSets([P,]) : P_C_Product ([P;]) —pesu P
* * * 10
<f 5---’fn> L UIfk ( )
k

This construction is described by the schema Ul_UnionOfPrinUpperSets (Section 26.5.9).

20.5. Representing principal lower and upper sets

Definition 20.11
Given two posets kdom and kcod that are both subposets of a common ambient poset P, we can define the map

L1_RepresentPrincipalLowerSet(P, kdom, kcod) : kdom —p kecod

(11

r —— (Ipr)Nkcod

This construction is described by the schema L1_RepresentPrincipallowerSet (Section 26.4.8).

The idea is that we want to “represent” the principal lower set !, r in terms of the codomain kcod.
For example, consider the case

« kdom = 2Z, the even integers

» kcod = 3Z, the multiples of 3

They are both subposets of the ambient poset Z. The map would associate each even integer x with the down closure of the largest
multiple of 3 less than or equal to x:

10—~ 19
816
616
413
210
0~ 10

In general, the posets are not total orders, so the result is not necessarily a principal lower set.

Definition 20.12
Given two posets kdom and kcod that are both subposets of a common ambient poset P, we can define the map

U1_RepresentPrincipalUpperSet(P, kdom, kcod) : kdom —p,; kcod
(12)
f* —— (I f*) nkcod

This construction is described by the schema Ul_RepresentPrincipalUpperSet (Section 26.5.8).

20.6. Generic inverses for mathematical operations

In this section we discuss the schemas used to indicate the approximations of the upper/lower inverse of addition and multiplication.

Let P be a poset in which there is defined an addition operation add” : P" x P — P. In Section 18.4 we have discussed at length the cases
of P = [R.

Consider the upper inverse of addition:
Uiadd" : P —ppy P"
13)

f* —— {xy, ., x,) such that f* < add"(x,, ..., X,)}

The schemas Ul_InvSum_Pes and Ul_InvSum_Opt are not fully specified as function, but rather they are defined by the following
properties.
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Definition 20.13

Given a poset P, a dimensionality n > 2 and a resolution r € N, we define U1_InvSum_Pes(P, n, r) as indicating any family of maps
that satisfy the following properties any map that satisfies:

« Itis a pessimistic approximation of Ui add" for any fixed r:

Ul_InvSum_Pes(P,n,r) < Uiadd” (14)
« Itisincreasing in n:
Ul_InvSum_Pes(P, n,r) < Ul_InvSum_Pes(P,n,r + 1) (15)
« It approximates Uiadd" in the limit:
sup Ul_InvSum_Pes(P, n,r) = Ui add" (16)
r

This construction is described by the schema Ul_InvSum_Pes (Section 26.5.25).

The definition for Ul_InvSum_Opt is analogous.

Definition 20.14

Given a poset P, a dimensionality n > 2, and a resolution r € N, we define Ul_InvSum_Opt(P, n, r) as indicating any family of maps
that satisfy the following properties any map that satisfies:

« Itis an optimistic approximation of Ui add” for any fixed n:

Uiadd” < Ul_InvSum_Opt(P, n,r) 17)
» Itis decreasinginr:
Ul_InvSum_Opt(P, n,r + 1) < Ul_InvSum_Opt(P, n,r) (18)
« It approximates Uiadd" in the limit:
inf U1_InvSum_Opt(P, n,r) = Uiadd" (19)
r

This construction is described by the schema Ul_InvSum_Opt (Section 26.5.24).

The definition for L1_InvSum_Pes and L1_InvSum_Opt is analogous, replacing Ui with Li.

As for the maps L1_InvMul_Opt, Ul_InvMul_Opt, L1_InvMul Pes, Ul_InvMul_Pes the definition is analogous, replacing add with
mul.

20.7. Filtering
Definition 20.15
Given a poset P and a monotone map g : P —p,s Bool, we define

L1 _FromFilter(g) : P —pesr. P

{ry ifg(r) (20)

-
! () otherwise

This construction is described by the schema L1_FromFilter (Section 26.4.26).
Definition 20.16
Given a poset P and a monotone map g : P*® —;, Bool, we define
Ul_FromFilter(g) : P —pou P
i ifg(f*) 2y

L —
! l 0 otherwise
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This construction is described by the schema Ul_FromFilter (Section 26.5.26).

20.8. Parallel composition
Definition 20.17 (Parallel composition for PosL)
For a family of maps [ : kdom; —pes;, kcod,], the monoidal product is defined as:
L1 _C_Parallel([¢,]) : P_C_Product([kdom,]) —pesi. P_C_Product([kcod,])
(22)

Pro ooon T > ® Ck(ry)

where ® is set product.

This construction is described by the schema L1_C_Parallel (Section 26.4.13).

Definition 20.18 (Parallel composition for PosU)
For a family of maps [w; : kdom; —pesy kcod; ]|, the monoidal product is defined as:
U1_C_Parallel([w,]) : P_C_Product ([kdom]) —pesuy P_C_Product([kcod,])
(23)
(F1 o f2) — @ wi(f)

where ® is set product.

This construction is described by the schema U1_C_Parallel (Section 26.5.13).

20.9. Sum

Definition 20.19 (Sum for PosL.)
For a list of maps [¢ : kdom; —pgsr kcod,] we define the sum as

L1_C_Sum([¢,]) : P_C_Sum ([kdom;]) —pest P_C_Sum ([kcod,])

(24)
(k,7) ——  (r)s Tinj,
where inj, is the injection from kcody to P_C_Sum ([kcod,]).
Definition 20.20 (Sum for PosU)
For a list of maps [w, : kdom; —pesy kcod,] we define the sum as
Ul_C_Sum(fug]) : P_C_Sum ([kdom;]) —pesy P_C_Sum ([kcod])
(25)

(k, ) — w(f*) § L inj,

where inj, is the injection from kcody to P_C_Sum ([kcod]).

20.10. Codomain Sum

Definition 20.21 (Codomain sum for PosL)
For a list of maps [¢ : kdom —pes;. kcod; ]| with the same domain, the codomain sum of these maps is a map that combines the
codomains of all maps:

L1_C_CodSum([[¢,]) : kdom —pgr P_C_Sum ([kcod,])

ro— Jamsting, o
k
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where inj, is the injection from kcody to P_C_Sum ([kcod]).

This construction is described by the schema L1_C_CodSum (Section 26.4.10).

Definition 20.22 (Codomain sum for PosU)

For a list of maps [ : kdom —pgey kcod, ] with the same domain, the codomain sum of these maps is a map that combines the
codomains of all maps:

Ul_C_CodSum([Jug]) : kdom —pesy  P_C_Sum ([kcod,])
o U ting, e
I3

where inj, is the injection from kcody to P_C_Sum ([kcod,]).

This construction is described by the schema U1_C_CodSum (Section 26.5.10).

20.11. Product of maps

Definition 20.23 (Product for PosL)
For a list of maps [¢ : kdom —pag; kcod, ], we define:

L1_C_Product([¢,]) : kdom —per P_C_Product ([kcod,])
(28)
r —  ® k(1)

where ® is set product.

This construction is described by the schema 1.1_C_Product (Section 26.4.15).

Definition 20.24 (Product for PosU)
For a list of maps [y : kdom —peguy kcod, ], we define:

U1l_C_Product([wg]) : kdom —pey  P_C_Product ([kcod,])
(29)
I — Q wik(f)

where ® is set product.

This construction is described by the schema Ul_C_Product (Section 26.5.15).

20.12. Series composition

Definition 20.25 (Binary series composition for PosL)
Given two maps ¢ : kdom; —pes; kcod; and ¢, : kdom, —pe;. kcod, where kcod; C kdom,, the series composition is:
(C15¢,) @ kdom;  —peg  keod,
o o— e (30)

Y€l1(r)

This operation is associative and so the n-ary series composition L1_C_Series([¢]) is defined for a family of maps ¢ : kdom; — pgs;, kcod
whenever for k = 1,...,n — 1, kcod;, C kdomy;.

This construction is described by the schema L1_C_Series (Section 26.4.16).
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Definition 20.26 (Binary series composition for PosU)
Given two maps w, : kdom; —pesu kcod; and w, : kdom, —peeu kcod, where kcod; C kdom,, the series composition is:

(uq 3w,) @ kdom;  —peu  kcod,
roo— U wwm (31)

yEu1(f*)

This operation is associative and so the n-ary series composition Ul_C_Series([w,]) is defined for a family of maps w, : kdom; —pegy kcody
whenever for k = 1,...,n — 1, kcod;, C kdomy,,.

This construction is described by the schema U1_C_Series (Section 26.5.16).

20.13. Union and Intersection of maps

Definition 20.27 (Union for PosL)
For a family of maps [¢; : kdom —pa; kcod], we define:

L1_C _Union([¢;]) : kdom —ps kcod

r — U () (32)
k

This construction is described by the schema 1.1_C_Union (Section 26.4.18).
Definition 20.28 (Union for PosU)
For a list of maps [u : kdom —pesy kcod, ], we define:
U1l_C_Union([ug]) : kdom —peuy kcod
o 5 33
o= Jwo 33)
3

This construction is described by the schema U1_C_Union (Section 26.5.18).

Definition 20.29 (Intersection for PosL)
For a list of maps [¢ : kdom —peg; kcod, ], we define:

L1_C_Intersection([¢;]) : kdom —pg kcod

r —— ﬂ ¢ (r) (34)
k

This construction is described by the schema 1.1_C_Intersection (Section 26.4.17).

Definition 20.30 (Intersection for PosU)
For a list of maps [ : kdom —pesy kcod, ], we define:

U1_C_Intersection(fw,]) : kdom —peu kecod

o U &
k

This construction is described by the schema U1_C_Intersection (Section 26.5.17).

20.14. Trace
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Definition 20.31 (I.1_C_Trace)
Given a morphism
¢ : P_C_Product([kdomy, kdom,]) —pest. P_C_Product([kcod,, kcod,]) (36)

such that kcod, C kdom, we define the morphism
L1 _C Trace(?,) : kdom; —per kcod;

(37)
73 —— T{f; € kcod, such that3f, € kcod, : {f1, f2) € Co(r1, f2)}

This construction is described by the schema L.1_C_Trace (Section 26.4.20).

Definition 20.32 (U1_C_Trace)
Given a morphism
wq : P_C_Product([kdom;, kdom,]) —pesy P_C_Product([kcod,, kcod,]) (38)

such that kcod, C kdom, we define the morphism

Ul_C_Trace(ug) : kdom; —pey kcod;
(39)
i —— 1{r; €kcod, such that3r, € kcod, : (ry, ;) € wo(f],72)}

This construction is described by the schema U1_C_Trace (Section 26.5.20).
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21. PosL| and PosUI! catalog

21.1. ldentity

Definition 21.1
Given a poset P, we define
L_Identity(P) : P —pesrr P
@

roo— U, )

This construction is described by the schema L._Identity (Section 26.6.2).

Here, 1 is the smash product of 0 posets, : is the unique element of 1.

Definition 21.2
Given a poset P, we define
U_Identity(P) : P —pesur P

fro—— U

)

This construction is described by the schema U_Identity (Section 26.7.2).

21.2. Constant maps

Definition 21.3

Given a poset kdom, a poset kcod, a poset and an antichain A of P_C_Lexicographic ([kcod, °P]), we define the constant
map
L_Constant(kdom, kcod, ,A) : kdom —per;  kecod
3
r —— TA

This construction is described by the schema L._Constant (Section 26.6.1).

Definition 21.4

Given a poset kdom, a poset kcod, a poset and an antichain B of P_C_Lexicographic ([kcod, ), we define the constant map
U_Constant(kdom, kcod, ,B) : kdkom —peur kcod
(C)
f* —— IB

This construction is described by the schema U_Constant (Section 26.7.1).

21.3. Catalog maps

Definition 21.5
Given three posets F, R, I and a list of options

[{fks 75 k)] € P_C_Product([F, R, 1)) (5)
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we define the catalog map
L_Catalog([[(fk, VZ, k>ﬂ) 'R 7 PosLI F

; IU ;(fk’ Wi ifrg <, (6)

otherwise

This construction is described by the schema 1._Catalog (Section 26.6.4).

Definition 21.6
Given three posets F, R, I and a list of options

[{fks 75> )] € P_C_Product([F, R, I])) 7
we define the catalog map

U_Catalog([{fr, 7> ik)]) - F —postr R

f* IU ;(r}t’ k>ll lff* ka’ (8)

otherwise

This construction is described by the schema U_Catalog (Section 26.7.4).

21.4. Lifting maps

Definition 21.7
Given a morphism
¢ : kdom —p.er kcod )

and a monotone map
tr: kcod X kdom® —pg (10)

we construct a new morphism
L_L_Liftl_Transform(?,tr) : kdom —pe; kecod

(1
r = Ufe//(r) «fs ue(f, )

This construction is described by the schema L._L_Lift1_Transform (Section 26.6.14).

Definition 21.8
Given a morphism
w : kdom —pgsyy kcod (12)
and a monotone map
tr: P_C_Product ([kcod, kdom®]) = pes 13)

we construct a new morphism

U_L_Liftl_Transform(w, tr) : kdom —peur  kcod

(14)
f* — I Ureu,(f*) 'Kra tI'(V, f*»ll

This construction is described by the schema U_L_Lift1_Transform (Section 26.7.14).

Definition 21.9
Given a morphism
¢ : kdom —pgey. kcod, (15)

aposet andavaluei, € we constructanew morphism L_I,_Liftl Constant(?, ,ip)asaparticularcaseof ._[_Liftl Transform
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where g is the constant map g(y, x) = i,.

This construction is described by the schema L_L_Lift1_Constant (Section 26.6.13).

Definition 21.10
Given a morphism
w : kdom —peu kcod, (16)

aposet andavaluei, € we construct a new morphism U_L_Lift1_Constant(w, ,ip)asaparticular case of U_L_Liftl_Transform
where g is the constant map g(y, x) = i,.

This construction is described by the schema U_L_Lift1_Constant (Section 26.7.13).

21.5. Series composition

Definition 21.11 (Binary series composition)
Given two morphisms

€1 kdom; —pger1 kcod; 1 and ¢, : kdom, —pespr kcod, 2 17)

such that kcod; C kdom,, the series composition is the morphism

L_C_Series([¢1, ¢5]) : kdom; —pesr;  kcod, {P_C_ProductSmash([ n D
(18)

v — IUm, e () {20 [1 [ 1]} [ €2, 12) € Co(x1)}

This composition is associative, therefore we can define L._C_Series([¢;]) whenever we have a list of morphisms [¢;] such that kcod; C
kdom;,, foralli =1,..,n—1.

This construction is described by the schema L._C_Series (Section 26.6.6).

We repeat the same construction for the series composition in PosUI.

Definition 21.12 (Binary series composition)
Given two morphisms

wq = kdom; —pesur kcod; 1t and  w,: kdom, —peeur kcod, » (19)

such that kcod; C kdom,, the series composition is the morphism
U_C_Series([wq, w,]) : kdom;  —pesur  kcod, {P_C_ProductSmash([ 1o D

(20)
I — IU(XI, Deur(F*) {002, [i1 [ 15]) | (%2, I5) € wy(x1)}

This composition is associative, therefore we can define U_C_Series([«,]) whenever we have a list of morphisms [«;] such that kcod; C
kdom;,, foralli =1,..,n—1.

This construction is described by the schema U_C_Series (Section 26.7.6).

21.6. Parallel composition
Definition 21.13 (Parallel composition in PosLI)
Given a list of n morphisms [ : kdom; —pger; kcody «; | we define the parallel composition as the morphism
L_C_Parallel([¢,]) : P_C_Product([kdom;]) —peur P_C_Product([kdom,]) {P_C_ProductSmash ([kimp,])

(Fis s T — 1 U U L b [ ) 21)
Ok 11YEC K (rk)
—
k=1:n times

This construction is described by the schema L_C_Parallel (Section 26.6.5).
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Definition 21.14 (Parallel composition in PosUT)
Given a list of n morphisms [, : kdomy —pgeur kcod, ) | we define the parallel composition as the morphism

U_C_Parallel([w;]) : P_C_Product([kdom;]) —peur P_C_Product([kdom,]) {P_C_ProductSmash ([kimp,])
{f1s o F3) == & W o0 e Tl 1 oo 22)

(e, iy Ewi(f)
—
k=1:n times

This construction is described by the schema U_C_Parallel (Section 26.7.5).

21.7. Intersection of maps

Definition 21.15 (Intersection of maps)
Given a poset kdom, a meet semilattice kcod, and a list of n morphisms [¢ : kdom —pes;; kcod «} | we define the intersection
as the morphism

L_C_Intersection([¢,]) : kdom —posL1  kcod {P_C_ProductSmash ([kimp,])
<r1""7rn> > $ U U Y {<Atcod(y1:'"’yn)7| 1|| nl>} (23)
ks 1) ECK ()
—_—
k=1:n times

where A" . is the meet of n elements in kcod.

kcod

This construction is described by the schema L._C_Intersection (Section 26.6.7).

Definition 21.16 (Intersection of maps)
Given a poset kdom, a join semilattice kcod, and a list of n morphisms [ : kdom —peu; kcod «} ] we define the intersection
as the morphism

U_C_Intersection([w,]) : kdom —posur kcod {P_C_ProductSmash ([kimp,])
(fromn £y —— 1 U U UV ) [ ] L)) (24)
(ks iYEwi (f)
—_—
k=1:n times

where V!

b-od 18 the join of n elements in kcod.

This construction is described by the schema U_C_Intersection (Section 26.7.7).

21.8. Union of maps

Definition 21.17 (Union of maps)

Given a poset kdom, a meet semilattice kcod, and a list of n morphisms [ : kdom —peg ; kcod « ] we define the union as the
morphism
L_C_Union([¢,]) : kdom —posL1 kcod {P_C_SumSmash ([kimp,])
oty — U U i) @5)

k (v, eti(ri)

where inj, is the injection from x to P_C_SumSmash ([kimp,]).

This construction is described by the schema L._C_Union (Section 26.6.8).
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Definition 21.18 (Union of maps)

Given a poset kdom, a join semilattice kcod, and a list of n morphisms [t : kdom —peeu; kcod «; ] we define the morphism
U_C_Union([wy]) : kdom —posur kcod {P_C_SumSmash ([kimp,])
ity — U U (im0 &
k(r,Deuwr(f*)
where inj, is the injection from kimp, to P_C_SumSmash ([kimp,]).

This construction is described by the schema U_C_Union (Section 26.7.8).

21.9. Transforming maps

Definition 21.19
Given a morphism
€+ kdom —pger 1 kecod 27

and a monotone map
g: —Pos i (28)
we construct a new morphism

/

L_C_ITransform(¢,g) : kdom —per kecod
ro— v |J W) (29)

(f>)eto(r)

This construction is described by the schema ._C_ITransform (Section 26.6.9).

Definition 21.20
Given a morphism

g - kdom —peeur kcod (30)
and a monotone map
g : — Pos d (31)
we construct a new morphism
U_C_ITransform(wg, g) : kdom —peur  kcod i
ro— 1t U ey (32)
(r, ewo(f*)

This construction is described by the schema U_C_ITransform (Section 26.7.9).

21.10. Trace

Definition 21.21
Given a morphism
o : P_C_Product([kdom;, kdom,]) —pesr.i P_C_Product([kcod,, kcod,]) (33)

such that kcod, C kdom, we define the morphism
L_C_Trace(?,) : kdom; —per kcod;

T ——  T{(f1, ) such that3f, € kcod, : ({f1, f2), i) € Colry, f2)}

(34)

This construction is described by the schema 1._C_Trace (Section 26.6.11).
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Definition 21.22
Given a morphism
wq ¢ P_C_Product([kdom;, kdom,]}) = pesur P_C_Product([kcod;, kcod,]) {kimp} (35)

such that kcod, C kdom, we define the morphism
U_C_Trace(wg) : kdom; —peur  kcod; {kimp}

(36)

i ——  1{(ry, 1) such that3r, € kcod, : ((ry,1,), 1) € wuo(f7], 1)}

This construction is described by the schema U_C_Trace (Section 26.7.11).
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22. SPosL and SPosU catalog

22.1. ldentities

The identity morphism for SPosL can be defined as

SL1_Identity(P) = SL1_Exact (L1_Identity(P)) (1)

This construction is described by the schema SL1_Identity (Section 26.8.3).

Likewise the identity morphism for SPosU can be defined as

SU1_Identity(P) = SU1_Exact (U1_Identity(P)) 2)

This construction is described by the schema SU1_Identity (Section 26.9.3).

22.2. Lifting

Definition 22.1 (Lift of a PosL to a SPosL)
Given a PosL morphism

¢ . kdom —peer; keod, 3)
we can lift it as a morphism of SPosL
SL1_Exact(¢): {S}kdom —gper. kcod )
by setting
9 =g =1 (5
and
S©: x> ¢ (6)
Sl®: x5 ¢ )

This construction is described by the schema SL1_Exact (Section 26.8.14).

Definition 22.2 (Lift of a PosU to a SPosU)
Given a PosU morphism

w : kdom —pyeur kecod, ®)
we can lift it as a morphism of SPosU
SU1_Exact(w): {S}kdom —gpesuy kcod )
by setting
©_-s®_1 (10)
and
su®: x> w (11)
su®: x> w (12)

This construction is described by the schema SU1_Exact (Section 26.9.14).
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22.3. Parallel composition

Definition 22.3
Given a list of n morphisms

[sle : {Si} kdomy —gpest. kcody] (13)
the parallel composition is
SL1_C_Parallel([sl,]) : {S} P_C_Product ([kdom;]) —gpesr, P_C_Product ([kcod,]) (14)
with
s® = P_C_ProductSmash ([[Sgk]]) s® = P_C_ProductSmash ([[S®k]]> (15)
given by
sI9: [0y |- ]0,] — LLC?Parallel([[sI,;@(ok)}]) (16)
si®: [py || pal ~ L1_C_Parallel([[slf(pk)]]) 17)

This construction is described by the schema SL1_C_Parallel (Section 26.8.1).

Definition 22.4
Given a list of n morphisms

[sug : {Si} kdomy —gpesuy kcod,] (18)
the parallel composition is
SU1_C_Parallel([su,]) : {S} P_C_Product ([kdom,]) —spesu P_C_Product ([kcod,]) (19)
with
s® = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([S®kﬂ> (20)
given by
su®: [0y |-+ |0,] ~ UL_C_Parallel([su?(0,)]) (21)
su®: [py || pal U1_C_Parallel([suf(pk)ﬂ) (22)

This construction is described by the schema SU1_C_Parallel (Section 26.9.1).

22.4. Series compaosition

Definition 22.5
Given a list of n morphisms
[sl © {Si}kdom; —gpest. kcod,] (23)

such that for all k = 1, ...,n — 1, we have kcod; C kdomy,,, the series composition is

SL1_C_Series([sl ]) : {S} kdom; —gpesr, keod,, (24)
with
s® = P_C_ProductSmash ([[Sgk]]) S® = P_C_ProductSmash ([[S®k]]> (25)
given by
sl9: [0y |- ]0,] — LlfoSeries([[sII;@(ok)]]) (26)
sI®: [py || pl = L1_C_Series([si(P]) 27)

This construction is described by the schema SL1_C_Series (Section 26.8.2).
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Definition 22.6
Given a list of n morphisms

[sui : {Si} kdom, —gposy keody] (28)
the series composition is
SU1_C_Series([sug]) : {S} kdom —gpeey kcod (29)
with
s = P_C_Productsmash ([s°,]) s = P_C_Productsmash ([s°]) (30)
given by
su®: [0y |-+ 0,] ~ U1_C_Series([suf(ok)]) (31)
su®: [py || pal = U1_C_Series([[su§?(pk)]]) (32)
This construction is described by the schema SU1_C_Series (Section 26.9.2).
22.5. Union

Definition 22.7

Given two posets kdom and kcod and a list of maps

[sle © {Si} kdom —gpeer. keod] (33)
the union composition is
SL1_C_Union([[slc]) : {S} kdom —gpesr. kcod (34)
with
s® = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([[S®k]]) (35)
given by
sl [0y ] -] 0,] > L1_C_Union([sI®(0;)]) (36)
s [py]+++| Pal & L1_C_Union([sig(p)]) (37)
This construction is described by the schema SL1_C_Union (Section 26.8.10).
Definition 22.8
Given two posets kdom and kcod and a list of maps
[sug : {Si} kdom —gpesu kcod] (38)
the union composition is the morphism
SU1_C_Union([su,]) : {S} kdom —gpesy kcod (39)
with
s° = P_C_Productsmash ([s°,]) s = P_C_Productsmash ([s°]) (40)
given by
su®: [0y |-+ 0,] ~ U1_C_Union([[suf(ok)]) (41)
sU€: [py || pyl > UL1_C_Union([sug(p)]) (42)

This construction is described by the schema SU1_C_Union (Section 26.9.10).
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22.6. Intersection

Definition 22.9
Given two posets kdom and kcod and a list of n morphisms

[sle : {Si} kdom —gpeer kcod] (43)
the intersection composition is
SL1_C_Intersection([[sl;]) : {S} kdom —gpeer kcod (44)
with
s® — P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([S®kﬂ> (45)
given by
sl®: [0y ]+ |0,] » Ll_C_Intersection([[sl%(ak)]]) (46)
s®: [py |- | pnl — LlfoIntersection([[sl(,?(pk)]]) 47)

This construction is described by the schema SL1_C_Intersection (Section 26.8.9).

Definition 22.10
Given two posets kdom and kcod and a list of # morphisms

[sug : {Si} kdom —gpesu kcod] (48)
the intersection composition is
SU1_C_Intersection([su,])) : {S} kdom —gpesu kcod (49)
with
¥ = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([[S®kﬂ> (50)
given by
su®: [0y |-+ |0,] = Ul_C_Intersection([[suf(ok)]]) (51)
su®: [py || pul = U1_C_Intersection([[suf(pk)]]) (52)
This construction is described by the schema SU1_C_Intersection (Section 26.9.9).
22.7. Trace

Definition 22.11
Given a morphism
sly : {S} P_C_Product([kdom;, kdom,]) —gpest. P_C_Product([[kcod,, kcod,]) (53)

such that kcod, C kdom, we define the morphism

SL1_C_Trace(sl) : {S}kdom; —gpest. kcod; (54)

given by
sl 0 = L1_C_Trace(sI$(0)) (55)
si®: p LlfoTrace(sI?(p)) (56)

This construction is described by the schema SL1_C_Trace (Section 26.8.12).

Definition 22.12
Given a morphism
sug : {S} P_C_Product([kdom,, kdom,]) —gpesy P_C_Product([kcod;, kcod,]) (57)
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such that kcod, C kdom, we define the morphism

SU1_C_Trace(su) : {S} kdom; —gpesu kcod; (58)

given by
su®: o b U1_C_Trace(su (0)) (59)
su®: p = Ul_C_Trace(sud(p)) (60)

This construction is described by the schema SU1_C_Trace (Section 26.9.12).

22.8. Product

Definition 22.13
Given a list of n morphisms

[sl = {Si} kdom —gpgsr, keod, ] (61)
the parallel composition is
SL1_C_Product([sl]) : {S} kdom —gpesr, P_C_Product ([kcod,]) (62)
with
s® = P_C_ProductSmash ([[SQk]]) s® = P_C_ProductSmash ([S®kﬂ> (63)
given by
sl®: [0y ]+ |0,] = L1_C_Product([[slf(ok)]]) (64)
sI®: [py |-+ | pa] = L1_C_Product([si2(p)]) (65)

This construction is described by the schema SL1_C_Product (Section 26.8.8).

Definition 22.14
Given a list of n morphisms

[sug : {Si} kdom —gpesuy kcod] (66)
the parallel composition is
SU1_C_Product([sug]) : {S} kdom —gpesy P_C_Product ([kcod,]) (67)
with
s® = P_C_ProductSmash ([[SOk]]) s® = P_C_ProductSmash ([[S®k]> (63)
given by
su®: [0y ]+ ]0,] = Ul_C_Product([[suf(ok)]]) (69)
su®: [py |+ | pn] > U1_C_Product([su®(p,)]) (70)
This construction is described by the schema SU1_C_Product (Section 26.9.8).
22.9. Sum

Definition 22.15
Given a list of n morphisms

[sl = {Si} kdom —gpesr, keod, ] (71)
the parallel composition is
SL1_C_CodSum([slc]): {S} kdom —gpesr. P_C_Sum ([kcod,]) (72)
with
s = P_C_Productsmash ([s°,]) s = P_C_Productsmash ([s°]) (73)
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given by
sl®: [0y ] |0,] = Ll_C_CodSum([[sIf(ok)]]) (74)
SI: [py |-+ | Pl + L1_C_CodSum([sig(p,)]) (75)

This construction is described by the schema SL1_C_CodSum (Section 26.8.5).

Definition 22.16
Given a list of n morphisms

[sur : {Si} kdom —gpesuy kcodi] (76)
the parallel composition is
SU1_C_CodSum([[su,]): {S} kdom —gpesy P_C_Sum ([kcod,]) (77)
with
s® — P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([S®kﬂ> (78)
given by
su®: [0y ]+ |0,] = U1_C_CodSum([[su§?(ok)]]) (79)
su®: [py |-+ | pa] > U1_C_CodSum([sug(p)]) (80)

This construction is described by the schema SU1_C_CodSum (Section 26.9.5).

Definition 22.17
Given a list of n morphisms

[sle : {Si} kdom —gpesr kcody] (81)
the parallel composition is
SL1_C_CodSumSmash([sl,]): {S}kdom —gpesr, P_C_Sum ([kcod,]) (82)
with
s® = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([[S®kﬂ> (83)
given by
sl®: [0,]+|0,] ~ L1_C_C0dSumSmash([[slf(ok)]]) (84)
si®: [py || pal ~ L17C7C0dSumSmash([[slf(pk)]]) (85)

This construction is described by the schema SL1_C_CodSumSmash (Section 26.8.6).

Definition 22.18
Given a list of n morphisms

[sug : {Si} kdom —gpesu kcodi] (86)
the parallel composition is
SU1_C_CodSumSmash([su;])) : {S} kdom —gpesy P_C_Sum ([kcod,]) (87)
with
s® = P_C_ProductSmash ([[SOk]]) s® = P_C_ProductSmash ([[S®k]) (88)
given by
su®: [0y ]+ ]0,] = U1_C_C0dSumSmash([[su,?(oﬁ]]) (89)
su®: [py || pal = U1_C_C0dSumSmash([[suf(pk)]]) (90)
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This construction is described by the schema SU1_C_CodSumSmash (Section 26.9.6).

22.10. Product intersection

Definition 22.19
Given a list of n morphisms

[sle : {Si} kdom —gpeer kcod] (91)
the parallel composition is
SL1_C_ProdIntersection([sl]) : {S} kdom —gpgsr kcod (92)
with
s© = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([[S®k]]> (93)
given by
sl®: [0y ]+ |0,] » Ll_C_lntersection([[slf(ok)]]) (94)
si®: [py |- | pal & LlfoIntersection([[slf?(pk)]]) (95)

This construction is described by the schema SL1_C_ProdIntersection (Section 26.8.7).

Definition 22.20
Given a list of n morphisms

[sug : {Si} kdom —gpesuy kcod] (96)
the parallel composition is
SU1_C_ProdIntersection([sui]) : {S} kdom —gpeeu kcod 97)
with
s® = P_C_ProductSmash ([[Sgk]]) s® = P_C_ProductSmash ([[S®k]> (98)
given by
su®: [0y ]+ ]0,] = Ul_C_Intersection([[su(,?(ok)]]) (99)
su®: [py || pul = U1_C_Intersection([[suf(pk)]]) (100)

This construction is described by the schema SU1_C_ProdIntersection (Section 26.9.7).

22.11. Scalable inverse of sum and multiplication operations

These maps are wrappers around the maps defined in Section 20.6.

Definition 22.21
The map
SU1_InvSum(P,n) : {N} P —gposy P” (101)
is given by the two maps
su®: r = Ul_InvSum_Opt(P, n,1) (102)
su®: r - Ul_InvSum_Pes(P, n,r) (103)

This construction is described by the schema SU1_InvSum (Section 26.9.16).
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Definition 22.22

The map
SL1_InvSum(P,n): {N} P —gpoer. P” (104)
is given by the two maps
sl®: r ~ SL1_InvSum_Opt(P, n,7) (105)
sl®: r — SL1_InvSum_Pes(P, n,r) (106)

This construction is described by the schema SL1_InvSum (Section 26.8.16).

Lemma 22.23. We have constructed these maps so that they can be used to approximate in a resolution-complete way the queries induced
by the lifted versions of add.

SU1_InvSum(P, n) € FR}"(DP_LiftL add") (107)
SL1_InvSum(P, n) € RF} (DP_LiftU add") (108)
Definition 22.24
The map
SU1_InvMultiply(P,n) : {N} P —gpesy P" (109)
is given by the two maps
su®: r — Ul_InvMul_Opt(P, n, r) (110)
su®: r — Ul_InvMul_Pes(P, n, r) (111)

This construction is described by the schema SU1_InvMultiply (Section 26.9.15).

Definition 22.25

The map
SL1_InvMultiply(P, 1) : {N} P —gpesr. P” (112)
is given by the two maps
si®: r » L1_InvMul_Opt(P, n,r) (113)
sl®: r = L1_InvMul_Pes(P, n,r) (114)
This construction is described by the schema SL1_InvMultiply (Section 26.8.15).
Lemma 22.26.
SU1_InvMultiply(P, n) € FR}"(DP_LiftL mul") (115)
SL1_InvMultiply(P, n) € RF;"(DP_LiftU mul") (116)

22.12. Explicit approximation

Definition 22.27 (Constructing multi-resolution SPosL)
Fixed a poset kdom and a poset kcod, and given

+ A chain of m morphisms [[slf]] in PosLI(kdom, kcod)
+ A chain of n morphisms [[sl,?]] in PosLI(kdom, kcod)°P

we define the morphism

SLLC?EXplicitApprox([[slf]], [[slf]]): kdom —gpesr.1 kcod (117)

by
s¥=1[1,2,..,m| (118)
$€ =[1,2,...n] (119)
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o. ; ®

sl i sl (120)
®. ; ©
sl j slj (121)

This construction is described by the schema SL1_C_ExplicitApprox (Section 26.8.17).

Definition 22.28 (Constructing multi-resolution SPosU)
Fixed a poset kdom and a poset kcod, and given

+ A chain of m morphisms [[suf}] in PosUI(kdom, kcod)
+ A chain of n morphisms [[suf}] in PosUI(kdom, kcod)°P

we define the morphism

SUl_C_EXplicitApprox([[suf]], [[suf?}]): kdom —gpesur kcod (122)
by
s =[1,2,..,m] (123)
$€ =[1,2,...n] (124)
su®: i sug9 (125)
su®: j - su? (126)

This construction is described by the schema SU1_C_ExplicitApprox (Section 26.9.17).
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23. SPosL| and SPosUI catalog

23.1. Lifts

Definition 23.1 (Lift of a PosLI to a SPosLI)
Given a PosLI morphism

¢ : kdom —pger1 kecod 1)
we can lift it as a morphism of SPosLI
SL_L_Exact(f): {1} kdom —gpesr1 kcod )
by setting
9 x> ¢ 3)
Sl®: x> ¢ €y

This construction is described by the schema SL_L_Exact (Section 26.10.11).

Definition 23.2 (Lift of a PosUI to a SPosUI)
Given a PosUI morphism

w : kdom —pgeur kcod, )
we can lift it as a morphism of SPosUI
SU_L_Exact(w): {1} kdom —gpesur kcod (6)
by setting
su9: % w 7)
su®: % w ®)

This construction is described by the schema SU_L_Exact (Section 26.11.11).

23.2. Explicit approximations

Definition 23.3 (Constructing multi-resolution SPosLI)
Fixed a poset kdom and a poset kcod, and given

« A chain of m morphisms [[slf]} in PosLI(kdom, kcod)
+ A chain of n morphisms [[sl,?]] in PosLI(kdom, kcod)°?

we define the morphism

SLiLfEXplicithpprox([[slg]], [[slg]]): kdom —gpesr1 kcod )
by
s°=[1,2,..,m] (10)
s =1[1,2,..,n] (11)
SO0 i sl© (12)
SI9: jsl? (13)

This construction is described by the schema SL_L_Explicit_Approx (Section 26.10.12).
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Definition 23.4 (Constructing multi-resolution SPosUT)
Fixed a poset kdom and a poset kcod, and given

+ A chain of m morphisms [[suf]] in PosUI(kdom, kcod)
+ A chain of n morphisms [[suf}] in PosUI(kdom, kcod)°P

we define the morphism

SU_L_EXplicit_Approx([[su(,?]], [[suf]]) : kdom —gpesur kcod (14)
by
s°=[1,2,..,m| (15)
$€ =[1,2,...n] (16)
su®: i su® 17)
su®: j o su® (18)

J

This construction is described by the schema SU_L_Explicit_Approx (Section 26.11.12).

23.3. Parallel composition

Definition 23.5
Given a list of n morphisms
[sl = {Sk} kdomy —sposrr keod, {kimpy} | (19)
the parallel composition is
SL_C_Parallel([sl,]) : {S} P_C_Product ([kdom,]) —spes.s P_C_Product ([kcod,]) {P_C_ProductSmash ([kimp,])} (20)
with
s® = P_C_ProductSmash ([[s©k]]) $® = P_C_ProductSmash ([[s@k}]) 21)
given by
sI® {04, .., 04) = L_C_Parallel([sI®(0,)]) (22)
SI®: (py, wur Pu) = L_C_Parallel([sI2(p,)]) (23)
This construction is described by the schema SL_C_Parallel (Section 26.10.4).
Definition 23.6
Given a list of n morphisms
[sui : {Si} kdom, —gposur kcody tkimpy} | (24)
the parallel composition is
SU_C_Parallel([su;]) : {S} P_C_Product ([kdom,]) —spesur P_C_Product ([kcod,]) {P_C_ProductSmash ([kimp,])} (25)
with
s® = P_C_ProductSmash ([[SOk]]) s® = P_C_ProductSmash ([[S®k]> (26)
given by
SU®: [0 |-+ 0y,] — U_C_Parallel([[su(,?(ok)]]) (27)
su®: [py || pa] &> U_C_Parallel([sug(pe)]) (28)

This construction is described by the schema SU_C_Parallel (Section 26.11.4).
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23.4. Series composition

Definition 23.7
Given a list of n morphisms
[sl = {Si} kdomy —spesrr keody {kimpy} | (29)

such that for all k = 1, ...,n — 1, we have kcod, C kdomy,,, the series composition is

SL_C_Series([sl]) : {S}kdom; —gpqsr1 kcod, {P_C_ProductSmash ([kimp,])} (30)
with
s© = P_C_ProductSmash ([[SQk]]) s® = P_C_ProductSmash ([[S®k1]> (31)
given by
sI®: [0, ]0,] ~ L_C_Series([[slf(ok)]]) (32)
sl®: [py|---| pul = LfoSeries([[sI(l?(pk)]]) (33)
This construction is described by the schema SL_C_Series (Section 26.10.5).
Definition 23.8
Given a list of n morphisms
[sug : {Si} kdomy —gpesur kcody {kimpy} ] (34)
the series composition is
SU_C_Series([su;]) : {S} kdom —gpeeur kcod {P_C_ProductSmash ([kimp,]) } (35)
with
s® = P_C_ProductSmash ([[Sgk]]) s® = P_C_ProductSmash ([[S®k]]> (36)
given by
su®: o]0, UﬁCfSeries([[suf(ok)]]) 37)
su®: [py |+« | pp] > U_C_Series([su®(p,)]) (38)

This construction is described by the schema SU_C_Series (Section 26.11.5).

23.5. Intersection

Definition 23.9
Given two posets kdom and kcod and a list of n morphisms
[sle i {Si} kdom —gpesr 1 keod {kimpy} | (39)
the intersection composition is
SL_C_Intersection([sl,]) : {S} kdom —gpqer; kcod {P_C_ProductSmash ([kimp,]) } (40)
with
s® = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([[S®k]]> (41)
given by
sl®: [0y ]|+ |0,] ~ L_C_Intersection([[slf(o@]]) (42)
si®: [py || pal > LfoIntersection([slf(pk)]]) (43)

This construction is described by the schema SL_C_Intersection (Section 26.10.3).
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Definition 23.10
Given two posets kdom and kcod and a list of n morphisms

[sug : {Si} kdom —gpesur keod {kimpy} ] (44)
the intersection composition is
SU_C_Intersection([su;]) : {S} kdom —gpeeuy kcod {P_C_ProductSmash ([kimp,]) } (45)
with
s® = P_C_ProductSmash ([[Sgk]]) s® = P_C_ProductSmash ([[S®kﬂ) (46)
given by
su®: [0y |-+ 0,] = UfoIntersection([[suf(ok)]]) 47)
su®: [py |-+ | pnl ~ U_C_Intersection([[su,?(p@]]) (48)
This construction is described by the schema SU_C_Intersection (Section 26.11.3).
23.6. Union

Definition 23.11
Given two posets kdom and kcod and a list of maps

[sle : {Sk} kdom —gpagry kcod {kimpy} | (49)
the union composition is
SL_C_Union([sl;]) : {S} kdom —gpqsr; kcod {P_C_ProductSmash ([kimp,]) } (50)
with
s® = P_C_ProductSmash ([[SOk]]) s® = P_C_ProductSmash ([[S®k]) (51)
given by
sl®: [oy]---|0,] = L_C_Union([[slf)(ok)]]) (52)
SI: [py |-+ | pu] = L_C_Union([siP(pe)]) (53)

This construction is described by the schema SL_C_Union (Section 26.10.6).

Definition 23.12
Given two posets kdom and kcod and a list of maps

[sug : {Si} kdom —gpesur keod {kimpy} | (54)
the union composition is the morphism
SU_C_Union([su;]) : {S} kdom —gpesus keod {P_C_ProductSmash ([kimp,]) } (55)
with
s® = P_C_ProductSmash ([[S©k]]) s® = P_C_ProductSmash ([[S®kﬂ) (56)
given by
su®: [0y ] |0, m UfoUnion([[suf(ok)]]) (57)
su®: [py]+++| pa) &> U_C_Union([sug (Pl (58)

This construction is described by the schema SU_C_Union (Section 26.11.6).
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23.7. Trace

Definition 23.13
Given a morphism

sly : {S} P_C_Product([kdom;, kdom,]) —spesr.r P_C_Product([kcod;, kcod,]) {kimp}
such that kcod, C kdom, we define the morphism
SL_C_Trace(sl) : {S} kdom; —gpesrr kcod; {kimp}
given by

sI9: 0 L_C_Trace(sI2(0))

s®: p L_C_Trace(sl?(p))

(59)

(60)

(61)
(62)

This construction is described by the schema SL_C_Trace (Section 26.10.9).

Definition 23.14
Given a morphism

sup : {S} P_C_Product([kdom;, kdom,]) —gpesur P_C_Product([kcod,, kcod,]) {kimp}
such that kcod, C kdom, we define the morphism
SU_C_Trace(su) : {S} kdom; —gpesur kcod; {kimp}
given by

su®: o UfoTrace(su()@(o))

su®: p U_C_Trace(su(?(p))

(63)

(64)

(65)
(66)

This construction is described by the schema SU_C_Trace (Section 26.11.9).
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24. DP catalog

24.1. ldentity

Definition 24.1 (Identity)
Given a poset P, the identity DP is defined as

DP_Identity(P) : P —pp P

(frry — fr=pr

@

This construction is described by the schema DP_Identity (Section 26.12.2).

Lemma 24.2 (Query solutions for the identity).

FR DP_Identity (P) = Ul_Identity (P) 2
RF DP_Identity (P) = L1_Identity (P) 3)
“4)

This construction is a particular case of DP_LiftL and DP_Iso:

DP_Identity(P) = DP_LiftL(idp) (5)
= DP_Iso(idp) (6)
24.2. Ambient conversion

Definition 24.3 (Ambient conversion)
Given a poset P and two posets F, R C P, the ambient conversion DP is defined as

DP_AmbientConversion(P, F,R) : F —pr R
@)
f*r r— ff=pr
Lemma 24.4 (Query solutions of DP_AmbientConversion).
FR DP_AmbientConversion (P, F, R) = Ul_RepresentPrincipalUpperSet(P, F, R) 8)
RF DP_AmbientConversion (P, F, R) = L1_RepresentPrincipalLowerSet(P, R, F) 9)

This construction is described by the schema DP_AmbientConversion (Section 26.12.5).

24.3. Isomorphism

Definition 24.5 (Isomorphism of posets)
Given two posets Fand R, and an order isomorphism

<g’ g_1> : F (_)Pos R’ (10)
we can define the DP
DP_Iso(F,R) : P —pp P
11
(frry — f*=pg7'(n) =g(f)=pr
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This construction is described by the schema DP_TIso (Section 26.12.7).

Lemma 24.6 (Isomorphisms of DP_Iso).

DP_Iso(g) § DP_Iso(h) =~y DP_Iso(g 3 h) 12)
Lemma 24.7 (Query solutions for DP_Iso).
FR(DP_Iso(g)) = Ul_Lift(g) (13)
RF(DP_Iso(g)) = L1_Lift (g*) (14)
1s)

24.4. Lower lift of a map

Definition 24.8 (Lower lift of a monotone map to a DP)
Given a monotone map
h: Ropy F, (16)

we can lift it to a DP
DP_LiftL(h) : F —pp R

(fnr — [P hr)

17)

Lemma 24.9 (Query solutions for DP_LiftL).

FR(DP_LiftU(h)) = Uih (18)
RF(DP_LiftU(h)) = L1_Lift (h) (19)
(20)
Lemma 24.10 (Isomorphisms of DP_LiftL).
DP_LiftL(g) 3 DP_LiftL(h) = DP_LIiftL(k 3 g) 21

Note that the order of the arguments in the composition is reversed.

24.5. Upper lift of a map

Definition 24.11 (Upper lift of a monotone map to a DPI)
Given a monotone map
h : FoP —Pos Rs (22)

we can lift it to a DP
DP_LiftU(h) : F —pr R

(fnry — h(f*) Zxr

(23)

This construction is described by the schema DP_L1iftU (Section 26.12.9).

Lemma 24.12 (Isomorphisms of DP_LiftU).

DP_LiftU(g) s DP_LiftU(h) =~ DP_LiftU(g ¢ h) (24)

Lemma 24.13 (Query solutions for DP_LiftU).

FR(DP_LiftU(g)) = U1_Lift (g) (25)
RF(DP_LiftU(g)) = Lig (26)
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24.6. Functionalities/requirements limits

In this section we specify several DP constructions that are used as “plumbing” when compiling a MCDP.

This is not a minimal set: to have an efficient compiler, it is actually necessary to recognize useful special cases for which queries are
simpler to solve.

Most of these also only make sense when the posets in question are not lattices. If the posets are lattices then these constructions simplify.
We show some of the simplifications below.

24.6.1. Functionality not more than the requirement and constant

Definition 24.14 (Functionality not more than the requirement and constant)
Given two posets F, R C P, and a constant ¢ € P, we define the DP

DP_FuncNotMoreThan(P, F,R,¢) : F —pr R

(fnr — (T2 n)A("=e0)

(27)

This construction is described by the schema DP_FuncNotMoreThan (Section 26.12.15).

Lemma 24.15.
RF DP_FuncNotMoreThan(P, F, R, ¢) = M_Threshold1(P, ¢) (28)

24.6.2. Requirement not less than the functionality and constant

Definition 24.16 (Requirement not less than the functionality and constant)
Given two posets F, R C P, and a constant ¢ € P, we define the DP

DP_ResNotLessThan(P, F,R,c) : F —pr R

(29)
(fnry — (" =ZenAlc=pr)

This construction is described by the schema DP_ResNotLessThan (Section 26.12.16).

Note that if P was a lattice, we would have

DP_ResNotLessThan(P, F, R, c) = DP_LiftU M_JoinConstant(P, ¢) (30)

Lemma 24.17.
FR DP_ResNotLessThan(P, F, R, c) = M_Threshold2(P, ¢) (31)

24.6.3. All functionalities less than the requirement

Definition 24.18
Given n posets [F,]] and Rall subposets of a poset P, we define the DP

DP_AlIFiLeqR(P, [F],R) : P_C_Product([F]) —pp R

<<f1’ .y fn>, r> — /\(fk <p7) (32)
k
If P was a join semilattice, we would have
AN =er) =V, i) Zer (33)
thus
DP_AlIFiLeqR(P, [F,], R) = DP_LiftU M_Join ([F]) (34)

This construction is described by the schema DP_A11_Fi_Leq_R (Section 26.12.17).
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24.6.4. Any functionality less than the requirement

Definition 24.19
Given a poset [F,]] and Rall subposets of a poset P, we define the DP
DP_Any Fi_Leq R(P,[F],R) : P_C_Product([F,]) —-pp R
<<f1, vy fn>, r> — \/(fk <pT) (35)
k

This construction is described by the schema DP_Any_Fi_Leq_R (Section 26.12.18).

24.6.5. All requirements more than the functionality

Definition 24.20
Given a list of n posets [R,] and R all subposets of a poset P, we define the DP
DP_AIl_Fi_Leq R(P,F,[Rc]) : F —pp P_C_Product ([Ry])
* % 36
A rad) — N =270 (36)
k

This construction is described by the schema DP_F_Leq_A11_Ri (Section 26.12.19).

24.6.6. Any requirement more than the functionality

Definition 24.21
Given a list of n posets [R;] and F all subposets of a poset P, we define the DP
DP_F Leq Any_Ri(P,F,[R(]) : F —pp P_C_Product ([R])
* * 37
et — U =1 (37)
k

This construction is described by the schema DP_F_Leq_Any_Ri (Section 26.12.20).

24.6.7. All constants less than the requirement

Definition 24.22
Given a poset P and a list of n constants [c, ] we define the DP
DP_All Constants_Leq _R(P, [ci]) : 1 —pp P
(%, 1) +—> /\(ck <p7) e
k

This construction is described by the schema DP_A11_Constants_Leqg_R (Section 26.12.21).

24.6.8. Functionality less than all constants

Definition 24.23
Given a poset P and a list of n constants [c,]] we define the DP

DP_F_Leq_All_Constants(P, [c]) : P —pp |
0 — A\ =) (39)
k
This construction is described by the schema DP_F_Leq_Al1l_Constants (Section 26.12.22).
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24.6.9. Functionality and all constants less than the requirement

Definition 24.24
Given a poset P and a list of n constants [c; ]| we define the DP

DP_AIll Constants_And_F_Leq R(P, [c,]) : P —pp P

Fr = ) A N Zen) (40)
k

This construction is described by the schema DP_A11_Constants_And_F_Leq_R (Section 26.12.23).

24.6.10. Functionality or any constant less than the requirement

Definition 24.25
Given a poset P and a list of n constants [c; ] we define the DP

DP_Any_Constants_Or_F_Leq R(P, [c(]) : P —pp P

Far o— ) v \@en “1)
k

This construction is described by the schema DP_Any_Constants_Or_F_Leq_R (Section 26.12.24).

24.6.11. Functionality less than the requirement and all constants

Definition 24.26

Given a poset P and a list of n constants [[c,]| we define the DP
DP_F_Leq All_R_And_Constants(P, [c.]) : P —pp P

(Fr) = e )A NG <) “2)
k

This construction is described by the schema DP_F_Leqg_Al11_R_And_Constants (Section 26.12.25).

24.6.12. Functionality less than the requirement or any constant

Definition 24.27
Given a poset P and a list of n constants [c,]] we define the DP

DP_F _Leq Any R_And_Constants(P, [c]) : P —pp P

(o = eV Ve <en) “3)
k

This construction is described by the schema DP_F_Leq_Any_R_And_Constants (Section 26.12.26).
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25. DPI catalog

25.1. True and false

25.1.1. True
The true DPI is the one that allows any combination of functionality and requirements using the same blueprint.

Definition 25.1
Given arbitrary posets F, R, 3 and a value b, € 73, we define the DP

DP—True(F7 Rs ) 0) . F_)DPI R (1)
by the data

= P_C_ProductSmash ([F, R°?]) @

prov: [f|r*]| - f 3

req: [f 1] o 1" o

avail: [f*|r]—> T )

feas: [f|r*] =T ©

IB: [f|r*] — by P

(8)
This construction is described by the schema DP_True (Section 26.12.3).

Note that

Dp*True( Fl ’ R1 s 1 1) g Dprrue( FZs R2a 2 2) EB DPfTrue( Fl’ R2a PfoProductSmaSh( 1s 2)’ | 1 | 2 |)a (9)

however, the expressions DP_True(...) §d and d § DP_True(...) do not simplify.

25.1.2. False
The false DPI is the one that does not allow any combination of functionality and requirements.

Definition 25.2
Given arbitrary posets F, R, 3 we define the DP

DP_False(F,R, B): F>pp R (10)
by the data

= P_C_ProductSmash ([F, R°?]) (11)

prov: [f|r*| - f (12)

req: [f|r] — r* (13)

avail : [f*|r] = L 14)

feas: [f|r*]— L (15)

IB: 0> 0 (16)

This construction is described by the schema DP_False (Section 26.12.4).
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Note that we do not need to specify IB because the domain is empty.

This construction is useful during compilation, as in certain cases we can prove that the DP is infeasible, in the sense that the compiler
can simplify the DP to DP_False.

Lemma 25.3 (Absorption properties of DP_False). Foranyd: F, »pp R, {5,
DP_False((F;,Ry, B;)sd = DP_False((F,, Ry, P_C_ProductSmash(3,, B,)) 17)
and foranyd: F, »pp Ry {35,

d s DP_False((F,,R,, B,) =~y DP_False((F;, Ry, P_C_ProductSmash(3,, B,)). (18)

Similar absorption properties hold for parallel and trace composition.

25.2. Catalogs
Definition 25.4
Given arbitrary posets F, R, I, 5 and a list of options
[{F&> %> ix> bie)] € P_C_Product([F, R, I, B]) (19)
with the constraint that for all a, b, i, <, i, implies b, <., b,, we can define the catalog
DP_Catalog: F—pp R (20)

by choosing the implementation space I as the poset that has as carrier the set {(i;, /;)} and the order given by lexicographic order
whose first component is
151l &= (i SpfPDA@; Zgr) (21)

and whose second component is the original order on I,. The remaining data is

prov: i, = f (22)
req: iy > ry (23)
avail: iy » T (24)
feas: iy » T (25)
IB: iy = by (26)
(27)

This construction is described by the schema DP_Catalog (Section 26.12.6).

The intuition is that the arbitrary poset I, represents an internal “preference” on the implementation space that is independent of the
functionality and requirements of each implementation. However, in the DPI we want to first order the implementations by functionality
and requirements, and only in case of ties by the internal preference order. With this construction, we are guaranteed that prov, req, IB are
monotone maps.

Lemma 25.5 (Query solutions for DP_Catalog).

FR(DP_Catalog([{ %, 7}, ix» bi)])) = Ul_Catalog ([(fx, 7)) (28)
FRI(DP_Catalog([{f . 7}, ik» i)])) = U_Catalog ([{fx. '} bi)]) (29)
FRB(DP_Catalog([{fx. 7}, ik bi)])) = U_Catalog ([{fk, %, i)]) (30)

RF(DP_Catalog([{f . 7y ix» i) = L1_Catalog ([{fx, r0)]) (3D)
RFI(DP_Catalog([{f, 7}, ix» bi)])) = L_Catalog ([{fx, r}, bi)]) (32)
RFB(DP_Catalog([{fx, r}, ik, bi)])) = L_Catalog ([(f 4, 7}, ix)]) (33)

The construction DP_GenericConstant is a special case of the construction DP_Catalog which has only a single blueprint b, €

This construction is described by the schema DP_GenericConstant (Section 26.12.1).
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25.3. Parallel composition

Definition 25.6
Given n DPIs

[di : Fi —pei Re {54} ]

the parallel composition

DP_C_Parallel([d,]) : P_C_Product ([F.]) = pp; P_C_Product ([R,]) {P_C_Product ([B,])}

is a DPI that consists of:

I = P_C_Product ([I])
prov = M_C_Parallel ([prov,])
req = M_C_Parallel ([req,])
avail = M_C_CodMeetgyq (M_C_Parallel ([avail,]))
feas = M_C_CodMeetgyq (M_C_Parallel ([feas;]))
IB = M_C_Parallel ([IB,])

(34)

(35)

(36)
(37
(3%)
(39)
(40)
(41)

This construction is described by the schema DP_C_Parallel (Section 26.12.10).

Lemma 25.7 (Query functoriality for the parallel composition).

FR(DP_C_Parallel ([d,])) = U1_C_Parallel([FR d,])
FRI(DP_C_Parallel ([d,])) = U_C_Parallel([FRId,])
FRB(DP_C_Parallel ([d,]))) = U_C_Parallel([FRBd,])

RF(DP_C_Parallel ([d,])) = L1_C_Parallel([RF d])
RFI(DP_C_Parallel ([d,]))) = L_C_Parallel([RFId,])
RFB(DP_C_Parallel ([d,])) = L_C_Parallel([RFB d,])

Lemma 25.8 (Approximation results for the parallel composition). For? € {v, @, o, #},

uy € (FR?dy)

U1_C_Parallel ([u,]) € FRI(DP_C_Parallel ([d,]))

w, € (FRI? dy)

U_C_Parallel ([w,]) € FRI}(DP_C_Parallel ([d]))

wy € (FRB! dy)

U_C_Parallel ([w,]) € FRB/(DP_C_Parallel ([d]))

x € (RF dy)

L1_C_Parallel ([¢]) € RF}(DP_C_Parallel ([d]))

€ (RFI dy)

L_C_Parallel ([¢,]) € RFI}(DP_C_Parallel ([d,]))

¢ € (RFB! d,)

L_C_Parallel ([¢,]) € RFB/(DP_C_Parallel ([d,]))
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25.4. Series

Here is one way to define the series of two DPIs.

Definition 25.9 (Binary series)

Given two DPIs d, and d, such that R; and F, are subposets of a poset P, the series of d; and d, is the DPI
d, 5d, 1 F, —>pp R, {8 X By}

defined by

I = P_C_Product([1;, L,])
prov : (i, i)~ prov;(i;)
req : (iy, i) = redy(i,)
avail : (iy, i,) ~ avail;(i;) A avail,(i,)
IB : (iy, i) = (IBy(iy), IB,(i3))
feas : (iy, i,) > feas; (i) A feas,(i,) A (req;(i;) <p prov,(i,))

This construction is not associative.
The following is a way to define the n-ary series of a list of DPIs in a way that is associative.

Definition 25.10 (n-ary series)
Given a list of DPIs [[d;], such thatforallk = 1...n — 1, R, and F,, are subposets of a poset P, the series

DP_C_Series([d,]) : F, =ppr R, {P_C_ProductSmash ([B,])}
is the DPI that consists of:

I = P_C_ProductSmash ([I,])
prov : [iy [+ [i,] = provy iy
req : [iy |-+ | iy] > redy iy
IB = M_C_ParallelSmash ([IB,])
avail = M_C_CodMeetgyq( M_C_DomSmashCodProd ([avail,]))

n—1

n
feas : [iy | |in] = /\ feasy(i) A J\ (req(is) <, Provis:(isr))
k=1 k=1

(54)

(55)
(56)
(57)
(58)
(59)
(60)

(61)

(62)
(63)
(64)
(65)
(66)

(67)

This construction is described by the schema DP_C_Series (Section 26.12.11).

Lemma 25.11.

FR DP_C_Series ([d,]) = U1_C_Series ([FR di])
FRIDP_C_Series([d,]) = U_C_Series ([FRId])
FRBDP_C_Series ([d;]) = U_C_Series ([FRB d,])

RFDP_C_Series ([d]) = L1_C_Series (reversed ([RF d,]))
RFIDP_C_Series ([d,]) = L_C_Series (reversed ([RFId,]))
RFBDP_C_Series ([d,]]) = L_C_Series (reversed ([RFB d;]))

Lemma 25.12 (Approximation results for the series). For ? € {v, @, @, #},

U1_C_Series ([uy]) € FRI(DP_C_Series ([d]))

wuy € (FRI1dy)

U_Series ([uy]) € FRIX(DP_C_Series ([d,]))
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uy € (FRB! dy)

U_Series ([w,]) € FRBI(DP_C_Series ([d,])) (76)

(y € (RF?dy)

L1_C_Series (reversed ([¢,])) € RF/(DP_C_Series ([d,])) (77)

) € (RFI d;)

L_Series (reversed ([¢,])) € RFT}(DP_C_Series ([d,])) (78)

¢ € (RFB!dy)

L_Series (reversed ([, ])) € RFB/(DP_C_Series ([d,])) (79)
25.5. Intersection
Definition 25.13
Given n DPIs
[dy : Fe —ppr R {Bi} ] (80)

whose F, are subposets of a meet-semilattice Fand R, are subposets of a join-semilattice R, their intersection

DP_C_Intersection([d,]) : F—ppr R{P_C_ProductSmash ([B,])} (81)
is the DPI that consists of:
I = P_C_ProductSmash ([I,]) (82)
prov = M_C_CodMeets(M_C_DomSmashCodProd ([prov,])) (83)
req = M_C_CodJoing (M_C_DomSmashCodProd ([req,])) (84)
avail = M_C_CodMeetgyq (M_C_DomSmashCodProd ([avail,])) (85)
feas = M_C_CodMeetgyq (M_C_DomSmashCodProd ([feas;])) (86)
IB = M_C_ParallelSmash ([IB,]) (87)

This construction is described by the schema DP_C_Intersection (Section 26.12.12).

Lemma 25.14 (Query functoriality for the intersection).

FRDP_C_Intersection ([d,]) = U1_C_Intersection ([FR d;]) (88)
FRIDP_C_Intersection ([d,]) = U_C_Intersection ([FRId,]) (89)
FRBDP_C_Intersection ([d,]]) = U_C_Intersection ([FRBd,]) (90)

RFDP_C_Intersection ([d,]) = L1_C_Intersection ([RF d]) 91)
RFIDP_C_Intersection ([d,]) = L_C_Intersection ([RFId]) (92)
RFBDP_C_Intersection ([d;]) = L_C_Intersection ([RFBd]) 93)

Lemma 25.15 (Approximation results for the intersection). For ? € {v, @, o, +},

uy € (FR!dy)

U1_C_Intersection ([w,]) € FRI(DP_C_Intersection ([d,])) 94)

U_C_Intersection ([w]) € FRIZ(DP_C_Intersection ([d,])) (95)

148



uy € (FRB! dy)

U_C_Intersection ([w,]) € FRB}(DP_C_Intersection ([d])) (96)

¢ € (RF.d})

L1_C_Intersection ([¢,]) € RF/(DP_C_Intersection ([d,])) 97)

¢ € (RFI1dy)

L_C_Intersection ([¢,]) € RFI/(DP_C_Intersection ([d])) (98)

¢y € (RFBdy)

L_C_Intersection ([¢,]) € RFB!(DP_C_Intersection ([d])) (99)

25.6. Union

Definition 25.16 _ _
Given n DPIs [d; : F, —pp; R {8} ] whose F, are subposets of a poset F and R, are subposets of a poset R, their union

DP_C_Union([d,]) : F—pp; R{P_C_SumSmash ([B,]) ! (100)
is the DPI that consists of:
I =P_C_SumSmash ([I]) (101)
prov = M_C_CoproductSmash ([prov,]) (102)
req = M_C_CoproductSmash ([req, ]) (103)
avail = M_C_CoproductSmash ([avail]) (104)
feas = M_C_CoproductSmash ([feas,]) (105)
IB = M_C_SumSmash ([IB,]) (106)

This construction is described by the schema DP_C_Union (Section 26.12.13).

Lemma 25.17 (Query functoriality for the union).

FRDP_C_Union ([d,]) = U1_C_Union ([FRd,,]) (107)
FRIDP_C_Union ([d,]) = U_C_Union ([FRId,,]) (108)
FRBDP_C_Union ([d,]) = U_C_Union ([FRBd,]) (109)

RF DP_C_Union ([d,]) = L1_C_Union ([RF d,]) (110)
RFIDP_C_Union ([d]) = L_C_Union ([RFId,]) (111)
RFBDP_C_Union ([d,]) = L_C_Union ([RFBd,]) (112)

Lemma 25.18 (Approximation results for the union). For? € {v, e, e, +},

U1_C_Union ([u]) € FRY(DP_C_Union ([d,])) (113)

w, € (FRIZdy)

U_C_Union ([w,]) € FRI}(DP_C_Union ([d])) (114)

wuy € (FRB! dy)

U_C_Union ([w,]) € FRB/(DP_C_Union ([d,])) (115)
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¢ € (RF dy)

L1_C_Union ([¢,]) € RF/(DP_C_Union ([d,])) (116)

£1 € (RFI'dy)

L_C_Union ([¢,]) € RFI}(DP_C_Union ([d,])) (117)

¢ € (RFB!d,)

L_C_Union ([¢,]) € RFB!(DP_C_Union ([d,])) (118)
25.7. Trace
Definition 25.19
Given a DPI
d, : P_C_Product([F;, F,]) »pp: P_C_Product([R;, R,]) {3, (119)

such that R, and F, are subposets of a poset P, the trace of d, is the DPI

DP_C_Trace(dy) : F, —»ppr R, {5, (120)
whose data is:
=1, (121)
IB = IB, (122)
prov = prov, § m; (123)
req = reqq § m; (124)
avail = avail, (125)
feas : i > feasy(i) A ([reqq 3 7,](0) <p [prov, § m,](0)) (126)

This construction is described by the schema DP_C_Trace (Section 26.12.14).

Lemma 25.20 (Query functoriality for the trace).

FRDP_C_Trace(d,) = Ul_C_Trace (FRd,) (127)
FRIDP_C_Trace(d,) = U_C_Trace (FRId,) (128)
FRBDP_C_Trace(d,) = U_C_Trace (FRBd,) (129)

RFDP_C_Trace(d,) = L1_C_Trace (RFd,) (130)
RFIDP_C_Trace(d,) = L_C_Trace (RFId,) (131)
RFBDP_C_Trace(d,) = L_C_Trace (RFBd,) (132)

Lemma 25.21 (Approximation results for the trace). For? € {v, @, o, +1,

wy € (FR: dy)

U1_C_Trace (uo) € FRI(DP_C_Trace (d,)) (133)

ug € (FRI? dy)

U_C_Trace () € FRI}(DP_C_Trace (d,)) (134)
uo € (FRB] dy)

U_C_Trace (w,) € FRB}(DP_C_Trace (d,)) (135)
to € (RF! dy)

L1_C_Trace(¢,) € RF/(DP_C_Trace (d,)) (136)
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¢y € (RFI’d,)

L_C_Trace(?,) € RFI(DP_C_Trace (d,)) (137)
¢y € (RFB?dy)
L_C_Trace (¢,) € RFB!(DP_C_Trace (d,)) (138)
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Data

26.1. Root - Top-level object types for what can be serialized in a file.

Property | Symbol | Type | Description

version string? Version of the MCDP format used to serialize this object
(major.minor).

description string? A human-readable description of the object used for debug
purposes.

hash string? Unique hash for the object.

kind string Discriminator variable to distinguish subtypes.

The Root schema contains as subtypes all kinds of objects that can serialized in a MCDP file during an export operation.

Subtypes based on the value for kind

"Poset” A poset.

"MonotoneMap" Monotone maps

"L1Map” Map to lower sets of functionalities.

"UlMap” Map to upper sets of resources.

"LMap” Map to lower sets of functionalities and implementations.

"UMap” Map to upper sets of resources and implementations.

"SL1Map" Scalable map to lower sets of functionalities.

"SU1Map" Scalable map to upper sets of resources.

"SLMap” Scalable map to lower sets of functionalities and implementations.
"SUMap” Scalable map to upper sets of resources and implementations.

"DP" Design problem with implementations (DPI)

"NDP" Named DPs represent a graph of DPs with named nodes and node ports.
"NDPInterface" The interface of a named DP.

"NDPTemplate” A template for an NDP.

"Query” Queries

"Value" A typed value

"Check” Checks for the maps, as used in test cases.
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Data

Data

Examples

26.2. Poset - A poset.

Extends: Root(version, description, hash, kind = "Poset")

Property | Symbol | Type | Description
address Address? Pointer to the entity that generated this object.
type string Discriminator variable to distinguish subtypes.

The Poset objects represent various kinds of posets.
Some of these are “primitive” posets, such as P_Decimal, P_Bool, P_Finite.
Some of these are “composite” posets. They are indicated by a prefix P_C_. Some examples are P_C_Product and P_C_Sum.

The posets whose name starts with P_F are “filters”. These represent a subposet of another poset. Some examples are P_F_Interval and
P_F_Subposet.

Each poset defines also the format in which its data can be serialized in YAML/CBOR.

Subtypes based on the value for type

"P_Bool" The poset of boolean values

"P_Decimal” Decimal numbers with fixed precision.

"P_Finite" Arbitrary finite poset

"P_Float" Poset of floating point numbers.

"P_Fractions” Fractions with a maximum absolute value for numerator and denominator.

"P_Integer” Poset of integers.

"P_Unknown" Placeholder for an unknown poset

"P_C_Arrow" Arrow constructors for posets.

"P_C_Discretized" Discretized version of a poset.

"P_C_LowerSets" The poset of lower sets of a given poset.

"P_C_Opposite" Opposite of a poset

"P_C_Power" Power poset of a given poset.
P_C_Twisted" Twisted arrow construction of a poset.

"P_C_Units" A poset with units

"P_C_UpperSets” The poset of upper sets of a given poset.
P_C_Lexicographic” Lexicographic product of posets

"P_C_Product” Cartesian product of posets

"P_C_ProductSmash” Poset smash product

"P_C_Sum" Direct sum of posets.

"P_C_SumSmash" Direct (smash) sum of posets

"P_F_Bounded" A subposet that allows to sample a numeric poset.

"P_F_C_Intersection” Intersection of posets.

"P_F_C_Union" Union of posets

"P_F_Interval” An interval in a poset.

"P_F_LowerClosure” Lower closure in a poset.

"P_F_Subposet” A finite subposet of an ambient poset.
P_F_UpperClosure” Upper closure in a poset.

26.2.1. P_Bool - The poset of boolean values

Extends: Poset(address, type = "P_Bool")

This is how to define the poset. There are no other parame-
ters.

{kind: Poset, type: P_Bool}
Examples of values serialization:

true

false
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26.2.2. P_Decimal - Decimal numbers with fixed precision.

Extends: Poset(address, type = "P_Decimal")

| Symbol | Type | Description

precision

{kind: Poset, type: P_Decimal, precision: 9}

| integer | Number of decimal places.

Examples of values serialization:

"9.0"
The value 0.0.

kind: Poset
type: P_Finite
elements: []
relations: []
aliases: {}

kind: Poset
type: P_Finite
elements: [a, b]
relations: []

kind: Poset

type: P_Finite
elements: [a, b]
relations: [[a, b]]

kind: Poset

type: P_Finite

elements: [a, b, c]
relations: [[a, b]l, [b, cl]
aliases: {a: [al, a2]}

"+inf"
"_inf"
26.2.3. P_Finite - Arbitrary finite poset
Extends: Poset(address, type = "P_Finite")

Property | Symbol | Type | Description

elements array|[string| The elements of the poset, strings.

relations array[array[string]] The relations of the poset, each relation is a pair of elements. The

first element is less than the second element.
aliases dict[string,array[string]]? Aliases for the elements of the poset. The keys are the aliases, and

the values are arrays of elements that are equivalent to the alias.

A finite poset is a set of elements with a partial order defined by a set of relations.

This is the empty poset.

This is a poset with two elements that are not related.

This is a poset with two elements with a < b.

This is a pre-order with 5 elements: a, b, ¢, al, and a2. The
elements a, al, a2 are equivalent. The element a is used as
the representative of the equivalence class.

Examples of values serialization:

a2
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26.2.4. P_Float - Poset of floating point numbers.

Extends: Poset(address, type = "P_Float")

g Property | Symbol | Type | Description
A size string Precision of the floating point number. Current supported values
are 32 and f64.
Possible values: "£8", "£f16", "£32", "£f64", "£80", "£128"
7]
L
[N
s
[;j {kind: Poset, type: P_Float, size: f£32}
26.2.5. P_Fractions - Fractions with a maximum absolute value for numerator and denominator.
Extends: Poset(address, type = "P_Fractions")
5 Property Symbol | Type | Description
‘Q“ size string Precision of the fraction.

Possible values: "i8", "i16", "i32", "i64", "i128"
max_abs_numerator integer Maximum absolute value for the numerator.
max_abs_denominator integer Maximum absolute value for the denominator.

Fractions with a maximum absolute value for numerator and denominator.
Examples of values serialization:
% kind: Poset
— type: P_Fractions
g“ size: 132 "o
< max_abs_numerator: 1000
= max_abs_denominator: 1000
m 111/011
"1 /g
26.2.6. P_Integer - Poset of integers.
Extends: Poset(address, type = "P_Integer")
<
< Property | Symbol | Type | Description
A - o -
size string Bit size of the integer.
Possible values: "i8", "i16", "i32", "i64", "i128"
Examples of values serialization:
{kind: Poset, type: P_Integer, size: i32}
7]
L non
=, 0
§ The value 0.
[a]
"1000000000000000"
A large positive integer.
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26.2.7. P_Unknown - Placeholder for an unknown poset

<
g Extends: Poset(address, type = "P_Unknown")
7]
<
o,
g
é {kind: Poset, type: P_Unknown}
26.2.8. P_C_Arrow - Arrow constructors for posets.
Extends: Poset(address, type = "P_C_Arrow")
<
‘Q" Property Symbol | Type | Description
poset | Poset | The base poset.
Discussed in Section 17.2.2 (Arrow constructions)
The arrow construction of a poset is a poset where the values are pairs of elements from the underlying poset.
This poset has the same elements as P_C_Twisted, but the order is different.
@ — Poset of intervals of decimal numbers.
5] ind: Poset
= type: P_C_Arrow Examples of values serialization:
g poset: {kind: Poset, type: P_Decimal}
<
& ["o", "16"]
The interval from 0 to 10, inclusive.
26.2.9. P_C_Discretized - Discretized version of a poset.
Extends: Poset(address, type = "P_C_Discretized")
<
8 Property Symbol | Type | Description
poset | Poset | The base poset.
Discussed in Section 17.2.3 (Discretized version of a poset)
w1
L
a,
g Kind: The poset of boolean values without the order
< ind: Poset
] type: P_C_Discretized
M poset: {kind: Poset, type: P_Bool}
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26.2.10. P_C_LowerSets - The poset of lower sets of a given poset.
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Extends: Poset(address, type = "P_C_LowerSets")

Symbol | Type

Property

| Description

| Poset

poset

kind: Poset
type: P_C_LowerSets
poset: {kind: Poset, type: P_Decimal}

26.2.11. P_C_Opposite - Opposite of a poset

Extends: Poset(address, type = "P_C_Opposite")

| The base poset.

Discussed in Section 17.2.4 (Posets of subsets)

Poset of lowersets of decimal numbers.
Examples of values serialization:

["10"]
The lower set { 10.

Property Symbol | Type | Description
poset | Poset | The base poset.
Discussed in Section 17.2.1 (Opposite of a poset)
e The opposite poset of decimal numbers.

type: P_C_Opposite
poset: {kind: Poset, type: P_Decimal}
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26.2.12. P_C_Power - Power poset of a given poset.

Extends: Poset(address, type = "P_C_Power")

Property | Symbol | Type

| Description

poset | Poset

kind: Poset
type: P_C_Power
poset: {kind: Poset, type: P_Decimal}

| The base poset.

Discussed in Section 17.2.4 (Posets of subsets)

Poset of powersets of decimal numbers.
Examples of values serialization:

["10", "20"]

The set {10, 20}.

[1
The empty subset.

26.2.13. P_C_Twisted - Twisted arrow construction of a poset.

Extends: Poset(address, type = "P_C_Twisted")

Property | Symbol | Type

| Description

poset | | Poset

| The base poset.

Discussed in Section 17.2.2 (Arrow constructions)

The twisted arrow construction of a poset is a poset where the values are pairs of elements from the underlying poset.

This poset has the same elements as P_C_Arrow, but the order is different.

kind: Poset
type: P_C_Twisted
poset: {kind: Poset, type: P_Decimal}

26.2.14. P_C_Units - A poset with units

Extends: Poset(address, type = "P_C_Units")

Poset of intervals of decimal numbers.
Examples of values serialization:

["e", "10"]

The interval from 0 to 10, inclusive.

Property | Symbol | Type | Description
poset Poset The base poset.
units Unit The units of the poset.



e The poset of decimal numbers with units of m?/s.

type: P_C_Units
poset: {kind: Poset, type: P_Decimal}
units: {kind: Unit, type: Unit_Single, units: mA2/s}

e This is how to assign the units m (meters) and g (grams) to

type: P_C_Units a product P X Q.
poset:
kind: Poset
type: P_C_Product
subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Decimal}
units:
kind: Unit
type: Unit_Vector
subs:
- {kind: Unit, type: Unit_Single, units: m}
- {kind: Unit, type: Unit_Single, units: g}

Examples

26.2.15. P_C_UpperSets - The poset of upper sets of a given poset.

Extends: Poset(address, type = "P_C_UpperSets")

2
‘Q" Property | Symbol | Type | Description
poset | | Poset | The base poset.
Discussed in Section 17.2.4 (Posets of subsets)

2 e Poset of uppersets of decimal numbers.
a type: P_C_UpperSets iali ion:

g Cogats (KInd: Poset, typei P.Decinal} Examples of values serialization:

B
<) ["10"]

The upper set | 10.

26.2.16. P_C_Lexicographic - Lexicographic product of posets

Extends: Poset(address, type = "P_C_Lexicographic")

% Property | Symbol | Type | Description

A
subs array[Poset] A list of posets that are composed together.
labels array[string]? A list of labels for the posets.

Discussed in Section 17.3.3 (Lexicographic product of posets)

This is the lexicographic product of posets. The order is defined by the lexicographic order of the elements of the subs posets.

The elements are the same as in P_C_Product, but the order is different.

kind: Poset

type: P_C_Lexicographic

subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}

Examples
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26.2.17. P_C_Product - Cartesian product of posets

Extends: Poset(address, type = "P_C_Product")

Property | Symbol | Type | Description
subs array[Poset] A list of posets that are composed together.
labels array[string]? A list of labels for the posets.

This is the Cartesian product of posets.

kind: Poset

type: P_C_Product

subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}

{kind: Poset, type: P_C_Product, subs: []}

Discussed in Section 17.3.1 (Cartesian product of posets)

The product of a decimal poset and a boolean poset.

Examples of values serialization:

["10", true]

The element (10, T).

This is the empty product. It has exactly one element, the
empty tuple.

Examples of values serialization:

1

The empty tuple
26.2.18. P_C_ProductSmash - Poset smash product
Extends: Poset(address, type = "P_C_ProductSmash")
Property | Symbol | Type | Description
subs array[Poset] A list of posets that are composed together.
labels array[string]? A list of labels for the posets.
ranges array[Range] The ranges of the posets in the smash product. See also P_C_Sum
naked array[boolean]| Whether each poset is "naked” or not.

Discussed in Section 17.3.1 (Smash product of posets)

This poset is the “smash product”. Its elements are concatenation of tuples of elements of the underlying posets.

We say that a subposet is “naked” if it is not of a “smash nature” and its elements need to be wrapped as a tuple.

The posets that are of a smash nature are:

« Other instances of P_C_ProductSmash

« Instances of P_C_SumSmash

« Instances of filters (e.g. P_F_Subposet or P_C_Units) whose underlying poset is of smash nature.

The ranges parameter describe what is the range in the tuple of each subposet.

Both the ranges and naked parameters are redundant in the sense that they can be computed from the subs, but they are provided for

convenience and to avoid recomputing them.
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kind: Poset

type: P_C_ProductSmash
subs: []

naked: []

ranges: []

kind: Poset
type: P_C_ProductSmash
subs:
- {kind: Poset, type: P_Decimal}
- kind: Poset
type: P_C_ProductSmash
subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}
naked: [true, true]
ranges:
- {type: Range, start: 0, stop: 1, ntot: 2}
- {type: Range, start: 1, stop: 2, ntot: 2}
- {kind: Poset, type: P_Decimal}
naked: [true, false, true]
ranges:
- {type: Range, start: 0, stop: 1, ntot: 4}
- {type: Range, start: 1, stop: 3, ntot: 4}
- {type: Range, start: 3, stop: 4, ntot: 4}

26.2.19. P_C_Sum - Direct sum of posets.

Extends: Poset(address, type = "P_C_Sum")

The empty smash product. It has exactly one element, the
empty tuple.

Examples of values serialization:

[1
The empty tuple

This is the smash product of 3 posets: booleans, a smash
product of two posets, and the decimals. The first and the
last posets are naked, while the middle one is not because
it is of a smash nature.

Examples of values serialization:

[true, "10", false, "20"]

Property | Symbol | Type | Description
subs array[Poset] A list of posets that are composed together.
labels array[string]? A list of labels for the posets.

kind: Poset

type: P_C_Sum

subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}

26.2.20. P_C_SumSmash - Direct (smash) sum of posets

Extends: Poset(address, type = "P_C_SumSmash")

Discussed in Section 17.3.2 (Direct sum of posets)

Property | Symbol | Type | Description

subs array[Poset] A list of posets that are composed together.
labels array|[string|? A list of labels for the posets.

trivial boolean

ranges array[Range]

naked array[boolean]|

Discussed in Section 17.3.2 (Direct (smash) sum of posets)

This is the direct sum of posets but of “smash nature”. See the description of P_C_ProductSmash for the description of ranges and naked.
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kind: Poset
type: P_C_SumSmash
trivial: false
subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}
naked: [true, true]
ranges:
- {type: Range, start: 0, stop: 1, ntot: 2}
- {type: Range, start: 0, stop: 1, ntot: 2}

26.2.21. P_F_Bounded - A subposet that allows to sample a numeric poset.

Extends: Poset(address, type = "P_F_Bounded")

Property | Symbol | Type | Description

poset Poset The ambient poset.

bottom B any The bottom element of the subposet.
top T any The top element of the subposet.
step S string The step size of the subposet.
offset (0} any The offset

bound_high H any An upper bound.

bound_low L any A lower bound.

A bounded poset is a subposet of a numeric poset that allows to discretize it.

It is defined by 5 values that satisfy:
B<L<O<HXT 1)

The subposet is defined by
{B,T}u (LLH n{O+i-S|iezZ}) 2

where [L, H] is the closed interval between L and H.

. This defines the nonnegative integers.
kind: Poset

type: P_F_Bounded

poset: {kind: Poset, type: P_Decimal}
bottom: "0"

bound_low: "0"

step: "1"

offset: "0"

bound_high: "+inf"

top: "+inf"

- This defines the odd integers. The offset is 1 and the step is
ind: Poset

type: P_F_Bounded 2.
poset: {kind: Poset, type: P_Decimal}
bottom: "-inf"

bound_low: "-inf"

step: "2"

offset: "1"

bound_high: "+inf"

top: "+inf"

— This complex example describes the poset with the elements
ind: Poset

type: P_F_Bounded {—00, 0,1.5,3,4.5,6, +00}.
poset: {kind: Poset, type: P_Decimal}
bottom: "-inf"

bound_low: "0"

offset: "0"

step: "1.5"

bound_high: "6"

top: "+inf"
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26.2.22. P_F_C_Intersection - Intersection of posets.

Extends: Poset(address, type = "P_F_C_Intersection")

Property | Symbol | Type | Description

ambient Poset The ambient poset that includes the others.

subs array[Poset] The posets that are included in the intersection. They are all
subposets of the ambient poset.

labels array|[string]? Labels for the posets.

26.2.23. P_F_C_Union - Union of posets

Extends: Poset(address, type = "P_F_C_Union")

Discussed in Section 17.4.4 (Union and Intersection of sub posets)

Property | Symbol | Type | Description

ambient Poset The ambient poset that includes the others.

subs array[Poset] The posets that are included in the union. They are all subposets
of the ambient poset.

labels array|[string]? Labels for the posets.

kind: Poset
type: P_F_C_Union
ambient: {kind: Poset, type: P_Decimal}
subs:
- kind: Poset
type: P_F_Interval
poset: {kind: Poset, type: P_Decimal}
low: "10"
high: "20"
- kind: Poset
type: P_F_Interval
poset: {kind: Poset, type: P_Decimal}
low: "30"
high: "35"
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26.2.24. P_F_Interval - An interval in a poset.

Extends: Poset(address, type = "P_F_Interval")

Property | Symbol | Type | Description

poset P Poset The ambient poset.

low a any The lower bound of the interval.
high b any The upper bound of the interval.

Discussed in Section 17.4.2 (Interval in a poset)

Let P be a poset, and let a and b be elements of P. Then this poset represents the subposet in P, given by {x € P | a < x < b}.

kind: Poset

type: P_F_Interval

poset: {kind: Poset, type: P_Decimal}
low: "10"

high: "20"

26.2.25. P_F_LowerClosure - Lower closure in a poset.

Extends: Poset(address, type = "P_F_LowerClosure")

This describes the interval [10, 20] in the ambient poset of
decimal numbers.

Property | Symbol | Type | Description
poset Poset The ambient poset.
1s LowerSet The lower set.

kind: Poset
type: P_F_LowerClosure
poset:
kind: Poset
type: P_C_Product
subs:
- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}
1s:
kind: LowerSet
type: LowerSet_LowerClosure
points: [["10", true], ["20", false]]

Discussed in Section 17.4.3 (Lower and upper closure in a poset)

This describes the lower closure of the set {(10, T), (20, 1)}
in the ambient poset of decimal numbers and booleans.

26.2.26. P_F_Subposet - A finite subposet of an ambient poset.

Extends: Poset(address, type = "P_F_Subposet")

Property | Symbol | Type | Description
elements array[any]| The elements of the subposet.
poset Poset The ambient poset that contains the elements.

A finite subposet of an ambient poset specified by a list of elements.

As a particular case, the list of elements can be empty.

Discussed in Section 17.4.1 (Finite subposet of an ambient poset)
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kind: Poset

type: P_F_Subposet

poset: {kind: Poset, type: P_Decimal}
elements: ["0.1", "0.2"]

kind: Poset

type: P_F_Subposet

poset: {kind: Poset, type: P_Decimal}
elements: []

26.2.27. P_F_UpperClosure - Upper closure in a poset.

Extends: Poset(address, type = "P_F_UpperClosure")

This describes the subposet {0.1, 0.2} in the ambient poset
of decimal numbers.

This describes the empty subposet in the ambient poset of
decimal numbers.

Property | Symbol | Type | Description

poset Poset The ambient poset.

us UpperSet The upper set.

Discussed in Section 17.4.3 (Lower and upper closure in a poset)

e This describes the upper closure of the set {(10, T), (20, L)}
type: P_F_UpperClosure in the ambient poset of decimal numbers and booleans.
poset:

kind: Poset

type: P_C_Product

subs:

- {kind: Poset, type: P_Decimal}
- {kind: Poset, type: P_Bool}
us:
kind: UpperSet
type: UpperSet_UpperClosure
points: [["10", true], ["20", false]]
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26.3. MonotoneMap - Monotone maps

Extends: Root(version, description, hash, kind = "MonotoneMap")

Property | Symbol | Type | Description

dom dom Poset Domain of the monotone map

cod cod Poset Codomain of the monotone map

type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"M_Constant”

"M_Empty"

"M_Explicit"

"M_Id"

"M_Undefined"

"M_Unknown"
"M_ContainedInLowerSet"
"M_ContainedInUpperSet”
"M_Injection"

"M_Join"

"M_JoinConstant”

"M_Meet"

"M_MeetConstant”
"M_RepresentPrincipalLower
Set_TotalOrderBounded"
"M_RepresentPrincipalUpper
Set_TotalOrderBounded"
"M_SmashInjection”

"M_C_Op"

"M_C_RefineDomain"
M_C_WrapUnits"
C_Coproduct”
_CoproductSmash”
DomProdCodSmash”
_DomSmashCodProd"
_DomUnion"
_Parallel”
_ParallelSmash”
P

_P

S

S

roductSmash

eries”

um”
SumSmash”
"M_AddL"
"M_AddLConstant”
"M_AddU"
"M_AddUConstant"
"M_Ceil®"
"M_DivideLConstant”
"M_DivideUConstant”
"M_Floor®"
"M_MultiplyL"
"M_MultiplyLConstant”
"M_MultiplyU"
"M_MultiplyUConstant”
"M_PowerFracL"
"M_PowerFracU"
"M_RoundDown"
"M_RoundUp"
"M_ScalelL"
"M_ScaleU"
"M_SubLConstant”
"M_SubUConstant"”
"M_C_LiftToSubsets”
"M_LiftToLowerSets"
"M_LiftToUpperSets"
"M_BottomIfNotTop"
"M_IdentityBelowThreshold"
"M_Threshold1"
"M_Threshold2"

M_
M_C
M_C_
M_C
M_C
M_C
M_C
M_C_
M_C
M_C_
M_C_
M_C_

A constant function

The unique map from the empty set to another
A map defined pointwise.

Identity map

Undefined map

Placeholder for an unknown map

Test for containment in a lower set
Test for containment in an upper set
Injection into a poset sum

Join operation

Join with a constant value

Meet operation

Meet with a constant

Largest principal lower set in the poset.

Largest principal upper set in the poset.

Injection into a smash sum

Opposite of a map

A refinement of the domain of a monotone map
Wraps a monotone map with units descriptions for domain and codomain.
Coproduct of monotone maps

Smash coproduct of two monotone maps

A monotone map from a product of domains to a smash product of codomains.
A monotone map from the smash product of domains to the product of codomains.
Domain union of monotone maps

Monoidal product of monotone maps

Monoidal (smash) product of monotone maps
Product of monotone maps

Smash product of monotone maps

Series composition of monotone maps

Sum of monotone maps

Smash sum of monotone maps

Addition in the L topology.

Add a constant in the L topology.

Addition in the U topology.

Addition of constant in the U topology.

Ceiling function relative

Division by a constant (L topology)

Division by a constant (U topology)

Floor function relative

Multiplication (L topology)

Multiplication by a constant (L topology)
Multiplication (U topology)

Multiplication by a constant (U topology)

Lift to the power of a fraction (L topology)

Lift to the power of a fraction (U topology)

Round down

Round up

Scaling in the L topology by a fraction.

Scaling in the U topology by a fraction.
Subtraction of a constant (L topology)

Subtraction by a constant (U topology)

Lift of a monotone map to subsets

Lifts a monotone map to lower sets

Lifts a monotone map to upper sets

Maps top to top, and everything else to bottom.

A monotone map that outputs a constant value if the input is above a threshold.
Threshold map (r-to-f for DP_FuncNotMoreThan)
Threshold map (f-to-r for DP_ResNotLessThan)
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"M_TopIfNotBottom" Maps bottom to bottom, and everything else to top.
"M_Lift" Lifts a value to a tuple with one element.

"M_TakeIndex" Projection of an element in a poset product.
"M_TakeRange" Projection of a range of elements in a smash poset product.
"M_Unlift" Unlifts a one-element tuple to its single element.
"M_C_Leq_X" Tests constant < x

"M_C_Lt_X" Tests constant < x

"M_X_Leq_C" Tests x < constant

"M_X_Lt_C" Tests x < constant

"M_Leq" Tests x; <p X,

26.3.1. M_Constant - A constant function

Extends: MonotoneMap(dom, cod, type = "M_Constant")

Data

Property | Symbol | Type | Description
value | v | value | The constant value of the map.

Discussed in Section 18.2 (Constant maps)

26.3.2. M_Empty - The unique map from the empty set to another

Extends: MonotonelMap(dom, cod, type = "M_Empty")

Data

26.3.3. M_Explicit - A map defined pointwise.

Extends: MonotoneMap(dom, cod, type = "M_Explicit")

Data

Property | Symbol | Type | Description
options \ \ array[M_Explicit_Option]\ A list of pairs (x, y) such that the map sends x to y.

Discussed in Section 18.9 (Catalog)

M_Explicit_Option

s Property Symbol Type Description
<
A X any

y any

26.3.4. M_Id - Identity map

Extends: MonotoneMap(dom, cod, type = "M_Id")

Data

Discussed in Section 18.1 (Identity map)
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26.3.5. M_Undefined - Undefined map

<
g Extends: MonotoneMap(dom, cod, type = "M_Undefined")
26.3.6. M_Unknown - Placeholder for an unknown map
8
8 Extends: MonotoneMap(dom, cod, type = "M_Unknown")
26.3.7. M_ContainedInLowerSet - Test for containment in a lower set
Extends: MonotonelMap(dom, cod, type = "M_ContainedInLowerSet")
§ Property | Symbol | Type | Description
a lower_set L LowerSet The lower set
opspace P Poset The poset in which the lower set is defined.
Discussed in Section 18.12.1 (Lower set containment tests)
This map tests whether the input is contained in the lower set:
(3)

x—>x€eL

26.3.8. M_ContainedInUpperSet - Test for containment in an upper set

Extends: MonotonelMap(dom, cod, type = "M_ContainedInUpperSet")

% Property | Symbol | Type | Description
A
upper_set U UpperSet The upper set
opspace P Poset The poset in which the upper set is defined
Discussed in Section 18.12.2 (Upper set containment tests)
This map tests whether the input is contained in the upper set:
x> xeU 4)
26.3.9. M_Injection - Injection into a poset sum
Extends: MonotoneMap(dom, cod, type = "M_Injection")
<
‘Q“ Property | Symbol | Type | Description
index | | integer | Which space to inject into

Discussed in Section 18.8.2 (Injections)

This is the injection map into the i-th poset of a poset sum P_C_Sum.
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Data

26.3.10. M_Join - Join operation

Extends: MonotoneMap(dom, cod, type = "M_Join")

Property | Symbol | Type

| Description
| The posets in which each join is defined.

opspaces | | array[Poset]

The join operation is defined as follows:

where x; is the i-th component of x in the poset sum.

Data

Discussed in Section 18.6.1 (n-ary Join)

%)

XH\/Xi
i

26.3.11. M_JoinConstant - Join with a constant value

Extends: MonotoneMap(dom, cod, type = "M_JoinConstant")

| Description
The constant value to join with.

Property | Symbol | Type
value c Value
opspace P Poset

This map performs a join with a constant value:

where c is the constant value.

Data

26.3.12. M_Meet - Meet operation

Extends: MonotoneMap(dom, cod, type = "M_Meet")

Symbol | Type

The poset in which the join operation is defined.

Discussed in Section 18.5 (Unary join and meet operations)

(6)

XH— XVe

| Description

Property |

opspaces | array[Poset]

The meet operation is defined as follows:

where X; is the i-th component of x in the poset sum.

| The posets in which each meet is defined.

Discussed in Section 18.6.2 (n-ary Meet)

(7

xo A
i
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Data

26.3.13. M_MeetConstant - Meet with a constant

= "M_MeetConstant")

Extends: MonotoneMap(dom, cod, type

Property | Symbol | Type | Description
value c Value The constant value to meet with.
opspace P Poset The poset in which the meet operation is defined.
Discussed in Section 18.5 (Unary join and meet operations)
This map performs a meet with a constant value:
X XAC (®)

where c is the constant value.

26.3.14. M_RepresentPrincipalLowerSet_TotalOrderBounded - Largest principal lower set in the poset.

Extends: MonotonelMap(dom, cod, type = "M_RepresentPrincipalLowerSet_TotalOrderBounded")

Data

©)

This map m : dom — cod, with dom, cod subposets of a common ambient posets. takes a point x in the domain and returns the largest

lower set containing its down closure.
X —argmaxly
y<x

The compilation process ensures that this map is constructed only when this is always well defined.

Example: dom = R and cod = N

26.3.15. M_RepresentPrincipalUpperSet_TotalOrderBounded - Largest principal upper set in the poset.

Extends: MonotonelMap(dom, cod, type = "M_RepresentPrincipalUpperSet_TotalOrderBounded")

Data

This map m : dom — cod, with dom, cod subposets of a common ambient poset takes a point x in the domain and returns the largest

upper set containing its closure.
X+ argmin]y
y2x

The compilation process ensures that this map is constructed only when this is always well defined.

Example: dom = R and cod = N

26.3.16. M_SmashInjection - Injection into a smash sum

Extends: MonotoneMap(dom, cod, type = "M_SmashInjection")
| Description

Symbol | Type
| Which space to inject into

Property |
| | integer

index

Data

Discussed in Section 18.8.2 (Injections)
This is the injection map into the i-th poset of a smash poset sum P_C_SumSmash.
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Data

26.3.17. M_C_Op - Opposite of a map

Extends: MonotonelMap(dom, cod, type = "M_C_Op")
Symbol | Type | Description
m | MonotoneMap | The original map

Property

m

Discussed in Section 19.1.1 (Opposite of a map)

26.3.18. M_C_RefineDomain - A refinement of the domain of a monotone map

Extends: MonotoneMap(dom, cod, type = "M_C_RefineDomain")

Data

Property Symbol | Type | Description
m m | MonotoneMap | The original map
26.3.19. M_C_WrapUnits - Wraps a monotone map with units descriptions for domain and codomain.
Extends: MonotonelMap(dom, cod, type = "M_C_WrapUnits")
s Property Symbol | Type | Description
<
A m m MonotoneMap The original map
dom_units Unit Units for the domain of the monotone map.
cod_units Unit Units for the codomain of the monotone map.
26.3.20. M_C_Coproduct - Coproduct of monotone maps
Extends: MonotoneMap(dom, cod, type = "M_C_Coproduct")
<
g Property Symbol | Type | Description
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.

Discussed in Section 19.2.5 (Coproduct of maps)

The coproduct of two or more monotone maps is a monotone map that selects one or the other map depending on the input.

Iff: A->Bandg: C — B, then
(10)

M_C_Coproduct(f,g) : P_C_Sum(A4,C) - B
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Data

26.3.21. M_C_CoproductSmash - Smash coproduct of two monotone maps

Extends: MonotoneMap(dom, cod, type = "M_C_CoproductSmash")

Property | Symbol | Type | Description
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.

Discussed in Section 19.2.5 (Coproduct of maps)

The smash coproduct of two or more monotone maps is a monotone map that selects one or the other map depending on the input.

Iff : A->Bandg: C — B, then
M_C_CoproductSmash(f,g) : P_C_SumSmash(A,C) - B (11)

26.3.22. M_C_DomProdCodSmash - A monotone map from a product of domains to a smash product of codomains.

Extends: MonotoneMap(dom, cod, type = "M_C_DomProdCodSmash")

% Property | Symbol | Type | Description
A
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.
Discussed in Section 19.2.1 (Parallel composition)
For two monotone maps f : A - Band g : C — D, we can define the monotone map
M_C_DomProdCodSmash(f,g) : P_C_Product(A,C) —» P_C_ProductSmash(B, D) (12)
in the obvious way.
26.3.23. M_C_DomSmashCodProd - A monotone map from the smash product of domains to the product of
codomains.
Extends: MonotoneMap(dom, cod, type = "M_C_DomSmashCodProd")
§ Property | Symbol | Type | Description
A
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array|[string]? A list of labels for the monotone maps.
Discussed in Section 19.2.1 (Parallel composition)
For two monotone maps f : A —» Band g : C — D, we can define the monotone map
13)

M_C_DomSmashCodProd(f,g) : P_C_ProductSmash(A,C) — P_C_Product(B, D)

in the obvious way.
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Data

26.3.24. M_C_DomUnion - Domain union of monotone maps

Extends: MonotoneMap(dom, cod, type = "M_C_DomUnion")

Property Symbol | Type | Description
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.
Discussed in Section 19.2.6 (Domain union)
Given two monotone maps f : A — Band g : C — B, the domain union of these maps is a monotone map that combines the domains of
both maps:
M_C_DomUnion(f,g) : P_F_C_Union(A,C) —» B 14)
The value is defined as follows:
x) ifxeA
M_C_DomUnion(f,g) : x — ft) . (15)
gx) ifxecC
Note that the order of the maps does matter. We use the first map whose domain contains the input.
26.3.25. M_C_Parallel - Monoidal product of monotone maps
Extends: MonotoneMap(dom, cod, type = "M_C_Parallel")
% Property Symbol | Type | Description
A
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.

Discussed in Section 19.2.1 (Parallel composition)

Iff: A—>Bandg: C — D, then
(16)

M_C_Parallel(f,g) : P_C_Product(A,C) — P_C_Product(B, D)

26.3.26. M_C_ParallelSmash - Monoidal (smash) product of monotone maps

Extends: MonotoneMap(dom, cod, type = "M_C_ParallelSmash")

§ Property | Symbol | Type | Description
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.
Discussed in Section 19.2.1 (Parallel composition)
Iff: A—>Bandg: C — D, then
M_C_ParallelSmash(f,g) : P_C_ProductSmash(A,C) —» P_C_ProductSmash(B, D) 17)
26.3.27. M_C_Product - Product of monotone maps
Extends: MonotoneMap(dom, cod, type = "M_C_Product")
<
S Property | Symbol | Type | Description
maps | m; | array[MonotoneMap] | Alist of monotone maps that are composed together.
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Data

Data

labels \ array[string]? \ A list of labels for the monotone maps.

Discussed in Section 19.2.3 (Product of maps)

The product of two or more monotone maps with the same domain is a monotone map that combines the outputs of both maps in a

product.

Iff: A->Bandg: A — C,then
M_C_Product(f,g) : A - P_C_Product(B, D) (18)

26.3.28. M_C_ProductSmash - Smash product of monotone maps

Extends: MonotonelMap(dom, cod, type = "M_C_ProductSmash")

Property Symbol | Type | Description
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.
Discussed in Section 19.2.3 (Product of maps)
The product of two or more monotone maps with the same domain is a monotone map that combines the outputs of both maps in a smash
product.
Iff: A->Bandg: A - C,then
M_C_ProductSmash(f,g) : A —» P_C_ProductSmash(B, D) (19)
26.3.29. M_C_Series - Series composition of monotone maps
Extends: MonotoneMap(dom, cod, type = "M_C_Series")
% Property | Symbol | Type | Description
A
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.
Discussed in Section 19.2.2 (Series composition)
26.3.30. M_C_Sum - Sum of monotone maps
Extends: MonotoneMap(dom, cod, type = "M_C_Sum")
*E Property | Symbol | Type | Description
A
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array|[string]? A list of labels for the monotone maps.

Discussed in Section 19.2.4 (Sum of maps)

The sum of two or more monotone maps is a monotone map that combines the outputs of both maps.

Iff: A—->Bandg : C - D, then
M_C_Sum(f,g) : P_C_Sum(A,C) — P_C_Sum(B, D) (20)
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Data

26.3.31. M_C_SumSmash - Smash sum of monotone maps

Extends: MonotonelMap(dom, cod, type = "M_C_SumSmash")

Property Symbol | Type | Description
maps m; array[MonotoneMap] A list of monotone maps that are composed together.
labels array[string]? A list of labels for the monotone maps.

Discussed in Section 19.2.4 (Sum of maps)

The smash sum of two or more monotone maps is a monotone map that combines the outputs of both maps.

Iff : A->Bandg: C — D, then
M_C_SumSmash(f, g) : P_C_SumSmash(A, C) — P_C_SumSmash(B, D) (21)

26.3.32. M_AddL - Addition in the L topology.

Extends: MonotoneMap(dom, cod, type = "M_AddL")

| Description

Symbol | Type
\ The sequence of posets in which to perform the operation.

| P; | array[Poset]

Data

Property
opspaces

This map takes a sequence of elements from posets and returns their sum in the L topology.

If the domain is a product of length n, there are n — 1 in opspaces.
For example, if the domain is a product of 4 posets, the sum a + b + ¢ + d is computed as follows:

tl = a+opspacesob
t2 = tl ""opspaces1 ¢

t3 = t2+0pspaceszd

26.3.33. M_AddLConstant - Add a constant in the L topology.

Extends: MonotoneMap(dom, cod, type = "M_AddLConstant")

<

g Property | Symbol | Type | Description
opspace P Poset The poset in which we do the operation.
value c Value The constant to add to the input.

The map x — x +c.

26.3.34. M_AddU - Addition in the U topology.

Extends: MonotonelMap(dom, cod, type = "M_AddU")

| Type | Description

Symbol
| The sequence of posets in which to perform the operation.

P; | array[Poset]

Property

opspaces

Data

See M_AddL for the meaning of opspaces.
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Data

Data

26.3.35. M_AddUConstant - Addition of constant in the U topology.

Extends: MonotoneMap(dom, cod, type = "M_AddUConstant")

Property | Symbol | Type | Description
opspace P Poset The poset in which we do the operation.
value c Value The constant to add.

The map x — x +c.

26.3.36. M_Ceil® - Ceiling function relative

Extends: MonotonelMap(dom, cod, type = "M_Ceil®")
| Description

| Symbol | Type
| The poset in which we do the operation.

Property

opspace P | Poset

This is a relative of the ceiling function defined only on R, and defined as follows:

0 ifx=0
(22)

X 00 if x = o0
floor(x + 1) otherwise

See M_RoundUp for implementing the regular ceiling function.

26.3.37. M_DivideLConstant - Division by a constant (L topology)

Extends: MonotoneMap(dom, cod, type = "M_DivideLConstant")

<

= Property | Symbol | Type | Description

A
opspace P Poset The poset in which we do the operation.
value c Value The constant to divide by.

Discussed in Section 18.4.3 (Division)
The map x — x/c.

26.3.38. M_DivideUConstant - Division by a constant (U topology)

Extends: MonotonelMap(dom, cod, type = "M_DivideUConstant")

<

= Property Symbol | Type | Description

A
opspace P Poset The poset in which we do the operation.
value c Value The constant to divide by.

Discussed in Section 18.4.3 (Division)

The map x — x/c.
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Data

26.3.39. M_Floor0 - Floor function relative

Extends: MonotoneMap(dom, cod, type = "M_Floor®")
Property | Symbol | Type | Description
opspace | P | Poset | The poset in which we do the operation.
This is a relative of the floor function defined only on R, and defined as follows:
0 ifx=0
X+ {0 if x = 00 (23)
ceil(x —1) otherwise
See M_RoundDown for implementing the regular floor function.
26.3.40. M_MultiplyL - Muiltiplication (L topology)
Extends: MonotonelMap(dom, cod, type = "M_MultiplyL")
<
‘Q" Property | Symbol | Type | Description
opspaces | P; | array[Poset] | The sequence of posets in which to perform the operation.

See M_AddL for the meaning of the optional parameters.
26.3.41. M_MultiplyLConstant - Multiplication by a constant (L topology)

Extends: MonotoneMap(dom, cod, type = "M_MultiplyLConstant")

*3 Property | Symbol | Type | Description
A
opspace P Poset The poset in which we do the operation.
value c Value The constant to multiply by.
The map x —~ x - c.
26.3.42. M_MultiplyU - Multiplication (U topology)
Extends: MonotonelMap(dom, cod, type = "M_MultiplyU")
<
8 Property | Symbol | Type | Description
opspaces | P; | array[Poset] | The sequence of posets in which to perform the operation.

Discussed in Section 18.4.2 (Multiplication)

See M_AddL for the meaning of opspaces.
26.3.43. M_MultiplyUConstant - Multiplication by a constant (U topology)

Extends: MonotoneMap(dom, cod, type = "M_MultiplyUConstant")
| Description

<

= Property | Symbol | Type

A
opspace P Poset The poset in which we do the operation.
value c Value The constant to multiply by.

The map x — x - c.
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26.3.44. M_PowerFraclL - Lift to the power of a fraction (L topology)

Extends: MonotoneMap(dom, cod, type = "M_PowerFracL")

s Property Symbol Type | Description
<
A opspace P Poset The poset in which we do the operation.
num N string The numerator of the fraction.
den D string The denominator of the fraction.
The map x — xN/P,
26.3.45. M_PowerFracU - Lift to the power of a fraction (U topology)
Extends: MonotoneMap(dom, cod, type = "M_PowerFracU")
s Property Symbol | Type Description
<
A opspace P Poset The poset in which we do the operation.
num N string The numerator of the fraction.
den D string The denominator of the fraction.
The map x +~ xN/P.
26.3.46. M_RoundDown - Round down
Extends: MonotonelMap(dom, cod, type = "M_RoundDown")
s Property | Symbol | Type | Description
<
A opspace P Poset The poset in which we do the operation.
offset 0 any The offset to subtract before rounding down.
step s string The step to round down to.
Discussed in Section 18.3.1 (Generalized rounding)
26.3.47. M_RoundUp - Round up
Extends: MonotoneMap(dom, cod, type = "M_RoundUp")
s Property Symbol Type \ Description
<
A opspace P Poset The poset in which we do the operation.
offset 0 any The offset to subtract before rounding up.
step N string The step to round up to.
Discussed in Section 18.3.1 (Generalized rounding)
26.3.48. M_Scalel - Scaling in the L topology by a fraction.
Extends: MonotonelMap(dom, cod, type = "M_ScaleL")
s Property Symbol | Type | Description
<
A opspace P Poset The poset in which we do the operation.
num N string The numerator of the fraction.
den D string The denominator of the fraction.

The map x —

x - (N/D).
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26.3.49. M_ScaleU - Scaling in the U topology by a fraction.

Extends: MonotoneMap(dom, cod, type = "M_ScaleU")

s Property Symbol Type | Description

=

A opspace P Poset The poset in which we do the operation.
num N string The numerator of the fraction.
den D string The denominator of the fraction.

The map x — x - (N/D).

26.3.50. M_SubLConstant - Subtraction of a constant (L topology)

Extends: MonotoneMap(dom, cod, type = "M_SubLConstant")

<

g Property Symbol | Type | Description
opspace P Poset The poset in which we do the operation.
value € Value The constant to subtract.

Themapx —» x —c.

26.3.51. M_SubUConstant - Subtraction by a constant (U topology)

Extends: MonotoneMap(dom, cod, type = "M_SubUConstant")

*S Property Symbol | Type | Description
A
opspace P Poset The poset in which we do the operation.
value c Value The constant to subtract.
The map x — x —c.
26.3.52. M_C_LiftToSubsets - Lift of a monotone map to subsets
Extends: MonotoneMap(dom, cod, type = "M_C_LiftToSubsets")
<
8 Property Symbol | Type | Description
m | MonotoneMap | The monotone map that is lifted.
Discussed in Section 18.7 (Lifts to subsets)
26.3.53. M_LiftToLowerSets - Lifts a monotone map to lower sets
Extends: MonotoneMap(dom, cod, type = "M_LiftToLowerSets")
<
8 Property | Symbol | Type | Description
\ The monotone map that is lifted.

m

| | MonotoneMap

Discussed in Section 18.7 (Lifts to subsets)
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26.3.54. M_LiftToUpperSets - Lifts a monotone map to upper sets

Data

Data

Extends: MonotoneMap(dom, cod, type = "M_LiftToUpperSets")

Property | Symbol | Type

| Description

| MonotoneMap

m

| The monotone map that is lifted.

Discussed in Section 18.7 (Lifts to subsets)

26.3.55. M_BottomIfNotTop - Maps top to top, and everything else to bottom.

Data

Extends: MonotonelMap(dom, cod, type = "M_BottomIfNotTop")

Discussed in Section 18.10 (Threshold maps)

Te ifx=T, 4)

X - .
1. otherwise

26.3.56. M_IdentityBelowThreshold - A monotone map that outputs a constant value if the input is above a

threshold.

Extends: MonotoneMap(dom, cod, type = "M_IdentityBelowThreshold")

Property Symbol | Type | Description
value 14 Value Value returned by the map if the input is above the threshold. This
value must be greater than or equal to the threshold.
threshold T Value Threshold value.
Discussed in Section 18.10 (Threshold maps)
V ifT<x
X - ] (25)
x otherwise
where T <V.

Data

26.3.57. M_Thresholdl - Threshold map (r-to-f for DP_FuncNotMoreThan)

Extends: MonotoneMap(dom, cod, type = "M_Threshold1")

| Symbol | Type

Property

| Description

value | v | value

This map returns a constant value:

This map is the r-to-f map for DP_FuncNotMoreThan

| A constant value

Discussed in Section 18.10 (Threshold maps)

x ifx<v
. (26)
v otherwise
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Data

26.3.58. M_Threshold2 - Threshold map (f-to-r for DP_ResNotLessThan)

Extends: MonotonelMap(dom, cod, type = "M_Threshold2")

Property | Symbol | Type | Description
value | v | Value | A constant value
Discussed in Section 18.10 (Threshold maps)
This map returns a constant value:
x ifv<x
X o 27
v otherwise
This map arises as the f-to-r map of DP_ResNotLessThan.
26.3.59. M_TopIfNotBottom - Maps bottom to bottom, and everything else to top.
8
S Extends: MonotonelMap(dom, cod, type = "M_TopIfNotBottom")
Discussed in Section 18.10 (Threshold maps)

Lo ifx=1, @)

T. otherwise

26.3.60. M_Lift - Lifts a value to a tuple with one element.

25
g Extends: MonotoneMap(dom, cod, type = "M_Lift")
Discussed in Section 18.8 (Plumbing)
The map is x — (x)
This is the inverse of M_Unlift.
26.3.61. M_TakeIndex - Projection of an element in a poset product.
Extends: MonotonelMap(dom, cod, type = "M_TakeIndex")
s
8 Property | Symbol | Type | Description
projection | | Projection | Describes the projection

Discussed in Section 18.8.1 (Slicing)

The map x — x; where i is the index of the projection.

Projection - Projection from a product.

o Property | Symbol | Type | Description
g type string Type marker
Must be equal to "Projection"
index integer The index of the element to project.
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Data

ntot | integer | The total number of elements in the product.

26.3.62. M_TakeRange - Projection of a range of elements in a smash poset product.

Extends: MonotonelMap(dom, cod, type = "M_TakeRange")
| Description

| Symbol | Type
| Describes the range of indices to take.

Property
| | Range

range

Discussed in Section 18.8.1 (Slicing)

The map x — Xx; ; where i and j are the bounds of the range.

26.3.63. M_Unlift - Unlifts a one-element tuple to its single element.

Extends: MonotoneMap(dom, cod, type = "M_Unlift")

Data

Discussed in Section 18.8 (Plumbing)

The map is (x) — x
This is the inverse of M_Li ft.

26.3.64. M_C_Leq_X - Tests constant < x

Extends: MonotoneMap(dom, cod, type = "M_C_Leqg_X")

% Property | Symbol | Type | Description
A - - .
opspace P Poset Poset in which the comparison is performed.
value v Value Comparison value.
Discussed in Section 18.11.1 (constant < x)
The map x —» v <p x.
26.3.65. M_C_Lt_X - Tests constant < x
Extends: MonotoneMap(dom, cod, type = "M_C_Lt_X")
S Property | Symbol | Type | Description
A
opspace P Poset Poset in which the comparison is performed.
value v Value Comparison value.

Discussed in Section 18.11.2 (constant < x)

The map x — v <p x.
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26.3.66. M_X_Leqg_C - Tests x < constant

Extends: MonotoneMap(dom, cod, type = "M_X_Leqg_C")

| Description

Property | Symbol | Type
opspace P Poset
value v Value

The map x » x <p v.

26.3.67. M_X_Lt_C - Tests x < constant

Extends: MonotoneMap(dom, cod, type = "M_X_Lt_C")

Poset in which the comparison is performed.
Comparison value.

Discussed in Section 18.11.3 (x < constant)

| Description

]
< Property | Symbol | Type
)]
opspace P Poset
value v Value

The map x — x <p v.

26.3.68. M_Leq - Tests x; <p X,

Extends: MonotoneMap(dom, cod, type = "M_Leq")

Property | Symbol | Type

Poset in which the comparison is performed.
Comparison value.

Discussed in Section 18.11.4 (x < constant)

| Description

Data

opspace | P | Poset

The map (x1, x;) = x; <p X,.

| Poset in which the comparison is performed.

Discussed in Section 18.13 (Order as a function)
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Data

26.4. L1Map - Map to lower sets of functionalities.

Extends: Root(version, description, hash, kind = "L1Map")

Property | Symbol | Type | Description

kdom kdom Poset Kleisli domain of the map

kcod kcod Poset Kleisli co-domain of the map

type string Discriminator variable to distinguish subtypes.

Discussed in Section 11.2 (PosL and PosU)

Subtypes based on the value for type

"L1_Constant”
"L1_Entire"
"L1_Explicit"
"L1_Identity"
"L1_Unknown"
"L1_Catalog"
"L1_IntersectionOfPrinLower
Sets"
"L1_RepresentPrincipalLlower
Set"”
"L1_UnionOfPrinLowerSets"
"L1_C_CodSum"
"L1_C_CodSumSmash"
"L1_C_DomUnion"
"L1_C_Parallel”
"L1_C_ProdIntersection”
"L1_C_Product”
"L1_C_Series"
"L1_C_Intersection”
"L1_C_Union"
"L1_C_RefineDomain"
"L1_C_Trace"
"L1_C_WrapUnits"
"L1_InvMul_Opt"
"L1_InvMul_Pes"
"L1_InvSum_Opt"
"L1_InvSum_Pes"
"L1_FromFilter”
"L1_L_Linv"

"L1_Lift"
"L1_TopAlternating”

Constant map

Returns the entire poset

Map defined pointwise

Lift of the identity map

Placeholder for an unknown map.
Map induced by a catalog of options.
Intersection of principal lower sets.

Represent a principal lower set

Union of principal lower sets.

Co-domain sum combination

Co-domain (smash) sum combination

Domain union

Monoidal product

From product to intersection

Product

Series composition

Intersection

Union

Refines the domain of a monotone map.

Trace

Decorates a map with units.

Finite-resolution optimistic approximation of the inverse of a multiplication map.
Finite-resolution pessimistic approximation of the inverse of an addition map.
Finite-resolution optimistic approximation of the inverse of a multiplication map.
Finite-resolution pessimistic approximation of the inverse of an addition map.
Filters based on a monotone map.

Lower inverse of a monotone map

Lifts a monotone map

Lower inverse for the meet map

26.4.1. L1_Constant - Constant map

Extends: L1Map(kdom, kcod, type = "L1_Constant")

Property |

Symbol | Type

| Description

value |

L

| LowerSet

This is a constant map, which maps every element of the domain to the same value L.
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26.4.2. L1_Entire - Returns the entire poset

Extends: L1Map(kdom, kcod, type = "L1_Entire")

Data

This is the map defined as
x — kcod

which maps every element of the domain to the entire codomain poset kcod.
This is useful when the codomain doesn’t have a compact representation in terms of antichains

26.4.3. L1_Explicit - Map defined pointwise

Extends: L1Map(kdom, kcod, type = "L1_Explicit")

| Symbol | Type
| array[L1_Explicit_Optior] Pairs of input-output

| Description

Data

Property
options |
This is a map defined pointwise, where each option specifies a point in the domain and its corresponding value in the codomain.

L1_Explicit_Option

g Property | Symbol | Type | Description
A x any A point in the domain of the map.
y LowerSet The lower set corresponding to the point x in the domain.
26.4.4. L1_Identity - Lift of the identity map
8 .
8 Extends: 1.1Map(kdom, kcod, type = "L1_Identity")
Discussed in Section 20.1 (Identity morphisms)
The identity map:
x = {x}

26.4.5. L1_Unknown - Placeholder for an unknown map.

Extends: L 1Map(kdom, kcod, type = "L1_Unknown")

Data

This is a placeholder for a map whose type is not known.
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26.4.6. L1_Catalog - Map induced by a catalog of options.

Extends: I.1Map(kdom, kcod, type = "L1_Catalog")

Property Symbol | Type | Description
options | (1) | array[L1l Catalog_Optiong] The options in the catalog
Discussed in Section 20.3 (Catalog maps)
This map is defined by a catalog of options [{f, r})]:
xe JUfelx < (29)
k
L1_Catalog_Options - An option in the catalog
g Property Symbol | Type | Description
A f f any A functionality
r* any A resource

r

An option in the catalog, where f is a point in the domain and r is a resource.
26.4.7. L1_IntersectionOfPrinLowerSets - Intersection of principal lower sets.

Extends: L1Map(kdom, kcod, type = "L1_IntersectionOfPrinLowerSets")

Data

Discussed in Section 20.4 (Union and intersection of principal lower sets)

The domain kdom must be a product poset.

This map is defined as follows:
(x;)i P ﬂ \

(30)

26.4.8. L1_RepresentPrincipallowerSet - Represent a principal lower set

Extends: L.1Map(kdom, kcod, type = "L1_RepresentPrincipalLowerSet")

Data

Discussed in Section 20.5 (Representing principal lower and upper sets)

This map is defined when kdom and kcod are subsets of a common ambient poset P.

26.4.9. L1_UnionOfPrinLowerSets - Union of principal lower sets.

Extends: L1Map(kdom, kcod, type = "L1_UnionOfPrinlLowerSets")

Data

Discussed in Section 20.4 (Union and intersection of principal lower sets)

The domain kdom must be a product poset.

This map is defined as follows:
e [J 1

(31
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26.4.10. L1_C_CodSum - Co-domain sum combination

Given twomaps f : A »> Band g : A — C, the codomain sum of these maps is a map that combines the codomains of both maps:

It is defined as follows:
x = {in(b) | b € f(x)}U{iny(c) | ¢ € g(x)}

Data

Data

Extends: L 1Map(kdom, kcod, type = "L1_C_CodSum")

Property Symbol | Type | Description
ms G array[L1Map] Maps to be composed.
labels array|[string|? A list of labels for the maps

Discussed in Section 20.10 (Codomain Sum)

L1_C_CodSum(f,g) : A - P_C_Sum(B,C) (32)

(33)

26.4.11. L1_C_CodSumSmash - Co-domain (smash) sum combination

Extends: 1. 1Map(kdom, kcod, type = "L1_C_CodSumSmash')

Property | Symbol | Type | Description
ms Cr array[L1Map] Maps to be composed.
labels array[string]? A list of labels for the maps
Giventwomaps f : A - Band g : A — C, the codomain sum of these maps is a map that combines the codomains of both maps:
L1_C_CodSumSmash(f,g) : A — P_C_SumSmash(B, C) (34)
It is defined as follows:
x = {iny(b) | b € f(x)} U{in,y(c) | ¢ € g(x)} (35)
26.4.12. L1_C_DomUnion - Domain union
Extends: L1Map(kdom, kcod, type = "L1_C_DomUnion")
Property Symbol | Type | Description
ms Cr array[L1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps
This is the equivalent of M_C_DomUnion.
Given twomaps f : A —» Band g : C — B, the domain union of these maps is a map that combines the domains of both maps:
L1_C_DomUnion(f,g) : P_F_C_Union(A,C) —» B (36)
The value is defined as follows:
x) ifxeA
S0 -

L1_C_DomUni , X
omUnion(f,g) - oo ifxeC

Note that the order of the maps does matter. We use the first map whose domain contains the input.
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26.4.13. L1_C_Parallel - Monoidal product

Extends: I.1Map(kdom, kcod, type = "L1_C_Parallel")

Property Symbol | Type | Description
ms Cr array[L1Map] Maps to be composed.
labels array[string]? A list of labels for the maps
Discussed in Section 20.8 (Parallel composition)
For a family of maps m; : X; — Y;, the monoidal product is defined as:
L1_C_Parallel({m;}) : P_C_Product({X;}) —» P_C_Product({Y;})
26.4.14. L1_C_ProdIntersection - From product to intersection
Extends: I.1Map(kdom, kcod, type = "L1_C_ProdIntersection")
% Property | Symbol | Type | Description
A
ms Cr array[L1Map] Maps to be composed.
labels array[string]? A list of labels for the maps
The domain kdom should be a product.
The map is defined as follows:
(x;); = m fi(x) (38)
i
26.4.15. L1_C_Product - Product
Extends: L.1Map(kdom, kcod, type = "L1_C_Product")
% Property | Symbol | Type | Description
A
ms e array[L1Map] Maps to be composed.
labels array[string]? A list of labels for the maps

Discussed in Section 20.11 (Product of maps)

For a family of maps m; : X — Y;, we define
L1_C_Product({m;}) : X —» P_C_Product({Y;})

26.4.16. L1_C_Series - Series composition

Extends: L1Map(kdom, kcod, type = "L1_C_Series")

% Property | Symbol | Type | Description
a ms e array[L1Map] Maps to be composed.
labels array[string]? A list of labels for the maps

Discussed in Section 20.12 (Series composition)
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26.4.17. L1_C_Intersection - Intersection

Extends: L.1Map(kdom, kcod, type = "L1_C_Intersection")

Property Symbol | Type | Description
ms G array[L1Map] Maps to be composed.
labels array|[string|? A list of labels for the maps
Discussed in Section 20.13 (Union and Intersection of maps)
For a family of maps m; : X — Y, we define
L1_C_Intersection({m}) : X - Y
x> [ mx)
i
26.4.18. L1_C_Union - Union
Extends: L 1Map(kdom, kcod, type = "L1_C_Union")
% Property | Symbol | Type | Description
A
ms Cx array[L1Map] Maps to be composed.
labels array[string]? A list of labels for the maps

Discussed in Section 20.13 (Union and Intersection of maps)

For a family of maps m; : X — Y, we define

L1_C Union({m;}) : X - Y
X U m;(x)

26.4.19. L1_C_RefineDomain - Refines the domain of a monotone map.

Extends: I.1Map(kdom, kcod, type = "L1_C_RefineDomain")

<
‘Q" Property | Symbol | Type | Description
m | m | LiMap | The map to be transformed.
26.4.20. L1_C_Trace - Trace
Extends: I.1Map(kdom, kcod, type = "L1_C_Trace")
<
S Property Symbol | Type | Description
m m | LiMap | The map to be transformed.

Discussed in Section 20.14 (Trace)

This is the trace of the map.
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26.4.21. L1_C_WrapUnits - Decorates a map with units.

Extends: L1Map(kdom, kcod, type = "L1_C_WrapUnits")

Property Symbol | Type | Description

m m L1Map The map to be transformed.
kdom_units Unit The units for the domain
kcod_units Unit The units for the codomain

26.4.22. L1_InvMul_Opt - Finite-resolution optimistic approximation of the inverse of a multiplication map.

Extends: L1Map(kdom, kcod, type = "L1_InvMul_Opt")

§ Property Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
This map provides an approximation of the map
x+~{(a,b)|a-b<x} (39)
The approximation is optimistic.
26.4.23. L1_InvMul_Pes - Finite-resolution pessimistic approximation of the inverse of an addition map.
Extends: I.1Map(kdom, kcod, type = "L1_InvMul_Pes")
§ Property Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
This map provides an approximation of the map
x> {(a,b)|a-b < x} (40)
The approximation is pessimistic.
26.4.24. L1_InvSum_Opt - Finite-resolution optimistic approximation of the inverse of a multiplication map.
Extends: L1Map(kdom, kcod, type = "L1_InvSum_Opt")
§ Property Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
This map provides an approximation of the map
(41)

x+ {a,b)|a+b < x}

The approximation is optimistic.
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26.4.25. L1_InvSum_Pes - Finite-resolution pessimistic approximation of the inverse of an addition map.

Extends: I.1Map(kdom, kcod, type = "L1_InvSum_Pes")

Property Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
This map provides an approximation of the map
x> {a,b)|a+b < x} (42)
The approximation is pessimistic.
26.4.26. L1_FromFilter - Filters based on a monotone map.
Extends: L1Map(kdom, kcod, type = "L1_FromFilter")
<
8 Property | Symbol | Type | Description
m | m | MonotoneMap | A monotone map m : kdom —pos Bool
Discussed in Section 20.7 (Filtering)
Defines the map:
x} ifm(x
X ) ) (43)

¢  otherwise

26.4.27. L1_L_Linv - Lower inverse of a monotone map

Extends: 1.1Map(kdom, kcod, type = "L1_L_Linv")

Symbol | Type
| m | MonotoneMap

Property | | Description
| The original map.

m

Data

Creates the lower inverse of a monotone map.

26.4.28. L1_Lift - Lifts a monotone map

Extends: 1.1Map(kdom, kcod, type = "L1_Lift")

<
8 Property | Symbol | Type | Description
m | m | MonotoneMap | A monotone map
Discussed in Section 20.2 (Lifting maps)
Lifts a monotone map to a L1Map in the obvious way:
(44)

L1_Lift(m) : x » {m(x)}
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26.4.29. L1_TopAlternating - Lower inverse for the meet map

Extends: I.1Map(kdom, kcod, type = "L1_TopAlternating")

Property | Symbol | Type | Description

upper_bounds ‘ u{ ‘ array[array[any]] ‘
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Data

26.5. UlMap - Map to upper sets of resources.

Extends: Root(version, description, hash, kind = "UlMap")

Property | Symbol | Type | Description

kdom kdom Poset Kleisli domain of the map

kcod kcod Poset Kleisli co-domain of the map

type string Discriminator variable to distinguish subtypes.

Discussed in Section 11.2 (PosL and PosU)

Subtypes based on the value for type

"Ul_Constant”
"Ul_Entire"
"Ul_Explicit"
"Ul_Identity"
"U1_Unknown"
"Ul_Catalog”
"Ul_IntersectionOfPrinUpper
Sets"
"Ul_RepresentPrincipalUpper
Set"
"Ul_UnionOfPrinUpperSets"”
"U1_C_CodSum"
"U1_C_CodSumSmash"
"U1_C_DomUnion"
"Ul_C_Parallel”
"Ul1_C_ProdIntersection”
"Ul1_C_Product”
"Ul_C_Series"
"Ul1_C_Intersection”
"U1_C_Union"
"Ul_C_RefineDomain"
"U1_C_Trace"
"Ul1_C_WrapUnits"
"Ul_InvMul_Opt"
"Ul_InvMul_Pes"
"Ul_InvSum_Opt"
"Ul_InvSum_Pes"
"Ul_FromFilter”
"Ul_L_Uinv"

"Ul_Lift"
"U1_Uinv_Join"
"Ul_Uinv_JoinConstant”

Constant map

Returns the entire poset

Map defined pointwise

Lift of the identity map

Placeholder for an unknown map.
Map induced by a catalog of options.
Intersection of principal upper sets.

Represent a principal upper set

Union of principal upper sets.

Co-domain sum combination

Co-domain (smash) sum combination

Domain union

Monoidal product

From product to intersection

Product

Series composition

Intersection

Union

Refines the domain of a monotone map.

Trace

Decorates a map with units.

Finite-resolution optimistic approximation of the inverse of a multiplication map.
Finite-resolution pessimistic approximation of the inverse of a multiplication map.
Finite-resolution optimistic approximation of the inverse of an addition map.
Finite-resolution pessimistic approximation of the inverse of an addition map.
Filters based on a monotone map.

Computes the upper inverse of a monotone map.

Lifts a monotone map

26.5.1. Ul_Constant - Constant map

Extends: UlMap(kdom, kcod, type = "Ul_Constant")

Property |

Symbol

| Description

| Type

value |

U

| UpperSet

This is a constant map, which maps every element of the domain to the same value U.
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26.5.2. Ul_Entire - Returns the entire poset

Extends: UlMap(kdom, kcod, type = "Ul_Entire")

Data

This is the map defined as
x — kcod

which maps every element of the domain to the entire codomain poset kcod.
This is useful when the codomain doesn’t have a compact representation in terms of antichains

26.5.3. Ul_Explicit - Map defined pointwise

Extends: UlMap(kdom, kcod, type = "Ul_Explicit")

<
S Property | Symbol | Type | Description
options | | array[Ul_Explicit_Optior] Option definitions
This is a map defined pointwise, where each option specifies a point in the domain and its corresponding value in the codomain.
Ul_Explicit_Option
g Property | Symbol | Type | Description
A X X any A point in the domain of the map.
y y UpperSet The upper set corresponding to the point x in the domain.

26.5.4. Ul_Identity - Lift of the identity map

Extends: UlMap(kdom, kcod, type = "Ul_Identity")

Data

The identity map:
x lx

26.5.5. Ul_Unknown - Placeholder for an unknown map.

Extends: UlMap(kdom, kcod, type = "Ul_Unknown")

Data

This is a placeholder for a map whose type is not known.
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Data

26.5.6. Ul_Catalog - Map induced by a catalog of options.

Extends: UlMap(kdom, kcod, type = "Ul_Catalog")

Property | Symbol | Type | Description
options | (fi7y) | array[Ul_Catalog_Optiong] The options in the catalog
Discussed in Section 20.3 (Catalog maps)
This map is defined by a catalog of options [{fy, r})]:
(45)

e U fesx
k

Ul_Catalog_Options - An option in the catalog

g Property | Symbol | Type | Description
A £ f any A point in the domain.
r* any A point in the codomain

An option in the catalog, where f is a point in the domain and r is the corresponding upper set in the codomain.

26.5.7. Ul_IntersectionOfPrinUpperSets - Intersection of principal upper sets.

Extends: UlMap(kdom, kcod, type = "Ul_IntersectionOfPrinUpperSets")

Data

Discussed in Section 20.4 (Union and intersection of principal lower sets)

The domain kdom must be a product poset.

This map is defined as follows:
(xi)i P ﬂ Ix

(46)
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26.5.8. Ul_RepresentPrincipalUpperSet - Represent a principal upper set

Extends: UlMap(kdom, kcod, type = "Ul_RepresentPrincipalUpperSet")

Data

Discussed in Section 20.5 (Representing principal lower and upper sets)

This map is defined when kdom and kcod are subsets of a common ambient poset P.

It is defined as:
x > max{S € P_C_UpperSets(kcod) | S C [, x} 47)

The idea is that we want to “represent” the principal upper set |, x in terms of the codomain kcod.
For example, consider the case
« kdom = 2Z, the even integers
« kcod = 3Z, the multiples of 3
They are both subposets of the ambient poset Z. The map would associate each even integer x with the up closure of the smallest multiple
of 3 greater than or equal to x:
10 112

819

616

416

213

0—~10

In general, the posets are not total orders, so the result is not necessarily a principal upper set.

26.5.9. Ul_UnionOfPrinUpperSets - Union of principal upper sets.

Extends: UlMap(kdom, kcod, type = "Ul_UnionOfPrinUpperSets")

Data

Discussed in Section 20.4 (Union and intersection of principal lower sets)

The domain kdom must be a product poset.

This map is defined as follows:
(X)) = U 1x; (48)
26.5.10. U1_C_CodSum - Co-domain sum combination

Extends: UlMap(kdom, kcod, type = "U1_C_CodSum")

*E Property Symbol | Type | Description

A
ms m; array[UlMap] Maps to be composed.
labels array|[string]? A list of labels for the maps

Discussed in Section 20.10 (Codomain Sum)

Giventwomaps f : A > Band g : A — C, the codomain sum of these maps is a map that combines the codomains of both maps:
U1_C_CodSum(f,g) : A —» P_C_Sum(B,C) (49)

It is defined as follows:
x = {iny(b) | b € f(x)} U{iny(c) | c € g(x)} (50)
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26.5.11. U1_C_CodSumSmash - Co-domain (smash) sum combination

Data

Extends: UlMap(kdom, kcod, type = "U1_C_CodSumSmash')

Property Symbol | Type | Description
ms m; array[UlMap] Maps to be composed.
labels array[string]? A list of labels for the maps
Giventwomaps f : A —» Band g : A — C, the codomain sum of these maps is a map that combines the codomains of both maps:
U1_C_CodSumSmash(f,g) : A — P_C_SumSmash(B, C) (51)
1t is defined as follows:
x = {iny (b) | b € f()}U{iny(c) | ¢ € g(x)} (52)
26.5.12. U1_C_DomUnion - Domain union
Extends: UlMap(kdom, kcod, type = "U1_C_DomUnion")
Property Symbol | Type | Description
ms m; array[UlMap] Maps to be composed.
labels array[string]? A list of labels for the maps
This is the equivalent of 1_C_DomUnion.
Giventwomaps f : A —» Band g : C — B, the domain union of these maps is a map that combines the domains of both maps:
Ul_C_DomUnion(f,g) : P_F_C_Union(A,C) —» B (53)
The value is defined as follows:
x) ifxeA
S 1)

Ul_C_DomUnion(f,g) : x
ton(f.8) 1 X =0 itxec

Note that the order of the maps does matter. We use the first map whose domain contains the input.

26.5.13. U1_C_Parallel - Monoidal product

Extends: UlMap(kdom, kcod, type = "U1_C_Parallel")

*2 Property | Symbol | Type | Description

A
ms m; array[UlMap] Maps to be composed.
labels array|[string]? A list of labels for the maps

Discussed in Section 20.8 (Parallel composition)

For a family of maps m; : X; — Y;, the monoidal product is defined as:
Ul_C_Parallel({m;}) : P_C_Product({X;}) — P_C_Product({Y;})
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26.5.14. U1_C_ProdIntersection - From product to intersection

Extends: UlMap(kdom, kcod, type = "Ul_C_ProdIntersection")

Property Symbol | Type | Description
ns m; array[UlMap] Maps to be composed.
labels array[string]? A list of labels for the maps
The domain kdom should be a product. The map is defined as follows:
(x;); = ﬂ fi(x:) (55)
i
26.5.15. U1_C_Product - Product
Extends: UlMap(kdom, kcod, type = "U1_C_Product")
S Property Symbol | Type | Description
a ms m; array[UlMap] Maps to be composed.
labels array[string]? A list of labels for the maps

Discussed in Section 20.11 (Product of maps)

For a family of maps m; : X — Y;, we define
Ul_C_Product({m;}) : X - P_C_Product({Y;})

26.5.16. Ul_C_Series - Series composition

Extends: UlMap(kdom, kcod, type = "U1_C_Series")

% Property | Symbol | Type | Description
A
ns m; array[UlMap] Maps to be composed.
labels array[string]? A list of labels for the maps
Discussed in Section 20.12 (Series composition)
26.5.17. Ul_C_Intersection - Intersection
Extends: UlMap(kdom, kcod, type = "U1_C_Intersection")
% Property | Symbol | Type | Description
A
ms m; array[UlMap] Maps to be composed.
labels array|[string]? A list of labels for the maps

Discussed in Section 20.13 (Union and Intersection of maps)

: X - Y, we define
Ul_C_Intersection({m;}) : X - Y

X - m m;(x)

For a family of maps m;
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26.5.18. U1_C_Union - Union

Extends: UlMap(kdom, kcod, type = "U1_C_Union")

§ Property Symbol | Type | Description

A
ms m; array[UlMap] Maps to be composed.
labels array|[string|? A list of labels for the maps

For a family of maps m; : X — Y, we define

Discussed in Section 20.13 (Union and Intersection of maps)

Ul_C_Union({m;}) : X »Y

x =m0

26.5.19. U1_C_RefineDomain - Refines the domain of a monotone map.

Extends: UlMap(kdom, kcod, type = "U1_C_RefineDomain")

s
8 Property Symbol | Type | Description
m m | UlMap | Original map
26.5.20. U1_C_Trace - Trace
Extends: UlMap(kdom, kcod, type = "Ul1_C_Trace")
s
‘Q“ Property | Symbol | Type | Description
m m | UlMap | Original map

This is the trace of the map.

Discussed in Section 20.14 (Trace)

26.5.21. U1_C_WrapUnits - Decorates a map with units.

Extends: UlMap(kdom, kcod, type = "U1_C_WrapUnits")

s Property Symbol | Type | Description

<

A m m UlMap Original map
kdom_units Unit Units for the domain
kcod_units Unit Units for the codomain
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Data

Data

26.5.22. U1_InvMul_Opt - Finite-resolution optimistic approximation of the inverse of a multiplication map.

Extends: UlMap(kdom, kcod, type = "Ul_InvMul_Opt")

Property Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
This map provides an approximation of the map
x - {{a,b)|a-b>x} (56)
The approximation is optimistic.
26.5.23. U1_InvMul_Pes - Finite-resolution pessimistic approximation of the inverse of a multiplication map.
Extends: UlMap(kdom, kcod, type = "Ul_InvMul_Pes")
Property | Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
This map provides an approximation of the map
x> {(a,b)|a-b>x} (57)

The approximation is pessimistic.

26.5.24. U1_InvSum_Opt - Finite-resolution optimistic approximation of the inverse of an addition map.

Extends: UlMap(kdom, kcod, type = "Ul_InvSum_Opt")

§ Property | Symbol | Type | Description
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
Discussed in Section 20.6 (Generic inverses for mathematical operations)
This map provides an approximation of the map
x> {{a,b)|a+b>x} (58)
The approximation is optimistic.
26.5.25. Ul_InvSum_Pes - Finite-resolution pessimistic approximation of the inverse of an addition map.
Extends: UlMap(kdom, kcod, type = "Ul_InvSum_Pes")
% Property Symbol | Type | Description
A
n integer Resolution (number of points in the produced antichain)
opspace Poset The poset in which the operation is performed.
Discussed in Section 20.6 (Generic inverses for mathematical operations)
This map provides an approximation of the map
x> {a,b)|a+b>x} (59)

The approximation is pessimistic.
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Data

26.5.26. Ul_FromFilter - Filters based on a monotone map.

Extends: UlMap(kdom, kcod, type = "Ul_FromFilter")

Property Symbol | Type | Description
m | m | MonotoneMap | A monotone map m : kdom — Bool
Discussed in Section 20.7 (Filtering)
Defines the map:
x} ifm(x
X toc} ( ) (60)
@  otherwise
26.5.27. U1_L_Uinv - Computes the upper inverse of a monotone map.
Extends: UlMap(kdom, kcod, type = "Ul_L_Uinv")
<
‘Q" Property | Symbol | Type | Description
m | m | MonotoneMap | A monotone map m : kdom — kcod
Computes the upper inverse Uinv(m) of the monotone map m.
For a monotone map m : P — Q, the upper inverse is defined as:
(Uinvf) : Q" —pes P_C_UpperSets(P) (61)
(62)

g—{peP|qg=f(p}

26.5.28. U1_Lift - Lifts a monotone map

Extends: UlMap(kdom, kcod, type = "Ul_Lift")

| Symbol | Type | Description

Property

Data

| m | MonotoneMap | A monotone map

m

Lifts a monotone map to a UlMap in the obvious way:
Ul_Lift(m) : x —» [ m(x)

26.5.29. U1_Uinv_Join

Extends: UlMap(kdom, kcod, type = "Ul_Uinv_Join")

| Symbol | Type | Description

Discussed in Section 20.2 (Lifting maps)

(63)

Data

Property

lower_bounds | | array[array[any]] |
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Data

26.5.30. Ul_Uinv_JoinConstant

Extends: UlMap(kdom, kcod, type = "Ul_Uinv_JoinConstant")

Property | Symbol | Type | Description
joinl_dom Poset
value Value
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26.6. LMap - Map to lower sets of functionalities and implementations.

Extends: Root(version, description, hash, kind = "LMap")

S Property | Symbol | Type | Description
g kdom kdom Poset The Kleisli domain of the map.
kcod kcod Poset The Kleisli codomain of the map.
Poset The implementation poset of the map.
type string Discriminator variable to distinguish subtypes.

Discussed in Section 14.3 (Categories PosUI and PosLI)

Subtypes based on the value for type

"L_Constant”
"L_Identity"
"L_Unknown"
"L_Catalog"
"L_C_Parallel”
"L_C_Series"
'L_C_Intersection”
"L_C_Union"
"L_C_ITransform"
"L_C_RefineDomain"
"L_C_Trace"
"L_C_WrapUnits"
'L_L_Liftl_Constant"
"L_L_Liftl_Transform”

Constant map

Identity morphism

Placeholder for an unknown map

LMap for a catalog

Monoidal product

Series composition

Intersection of maps

Union of maps

Transforms the implementation of another map.

Refines the domain of a monotone map

Trace

Decorates a map with units.

Lifts a L1IMap morphisms with a constant value for the implementation.
Lifts a L1Map morphism with a function to compute the implementation.

26.6.1. L_Constant - Constant map

Extends: LMap(kdom, kcod,

Property

Data

Symbol | Type

, type = "L_Constant")

| Description

value

| LowerSet | The lower set that is the value of the constant map.

Discussed in Section 21.2 (Constant maps)

26.6.2. L_Identity - ldentity morphism

Data

Extends: LMap(kdom, kcod,

, type = "L_Identity")

Discussed in Section 21.1 (Identity)

26.6.3. L_Unknown - Placeholder for an unknown map

Data

Extends: LMap(kdom, kcod,

, type = "L_Unknown")
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26.6.4. L_Catalog - LMap for a catalog

Extends: LMap(kdom, kcod, , type = "L_Catalog")
<
S Property | Symbol | Type | Description
options | array[L_Catalog_Options]|
Discussed in Section 21.3 (Catalog maps)
This is the LMap that arises from a DP_Catalog.
L_Catalog_Options - Options for L_Catalog
5 Property | Symbol | Type | Description
8 £ f any
P r* any
i any
26.6.5. L_C_Parallel - Monoidal product
Extends: LMap(kdom, kcod, , type = "L_C_Parallel")
% Property Symbol | Type | Description
A
ms array[LMap] Maps to be composed.
labels array|[string]? Labels for the maps.

26.6.6. L_C_Series - Series composition

Data

Data

Extends: LMap(kdom, kcod,

, type = "L_C_Series")

Discussed in Section 21.6 (Parallel composition)

Property Symbol | Type | Description
ms array[LMap] Maps to be composed.
labels array[string]? Labels for the maps.

26.6.7. L_C_Intersection - Intersection of maps

Extends: LMap(kdom, kcod,

, type = "L_C_Intersection")

Discussed in Section 21.5 (Series composition)

Property Symbol | Type Description
ms array[LMap] Maps to be composed.
labels array|[string]? Labels for the maps.
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26.6.8. L_C_Union - Union of maps

Extends: LMap(kdom, kcod, , type = "L_C_Union")
% Property Symbol | Type | Description
A
ms array[LMap] Maps to be composed.
labels array[string]? Labels for the maps.

Discussed in Section 21.8 (Union of maps)

26.6.9. L_C_ITransform - Transforms the implementation of another map.

Extends: LMap(kdom, kcod, , type = "L_C_ITransform")
% Property | Symbol | Type | Description
A
m m LMap The map to be transformed
transform T MonotoneMap The transformation to apply to the implementation of the map.
Discussed in Section 21.9 (Transforming maps)
26.6.10. L_C_RefineDomain - Refines the domain of a monotone map
Extends: LMap(kdom, kcod, , type = "L_C_RefineDomain")
<
‘Q" Property Symbol | Type | Description
m m | LMap | The map to be transformed
26.6.11. L_C_Trace - Trace
Extends: LMap(kdom, kcod, , type = "L_C_Trace")
*S Property Symbol | Type | Description
A
m m LMap The map to be transformed
M_proj m L1Map The projection of the LMap m to a L1Map.
Discussed in Section 21.10 (Trace)
This is the trace of a LMap m.
Because of computation convenience, we also require the projection m’ of the LMap m to a L1Map.
26.6.12. L_C_lrapUnits - Decorates a map with units.
Extends: LMap(kdom, kcod, , type = "L_C_WrapUnits")
S Property | Symbol | Type | Description
S m m LMap The map to be transformed
kdom_units Unit The units for decorating kdom
kcod_units Unit The units for decorating kcod
kimp_units Unit The units for decorating
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Data

26.6.13. L_L_Liftl_Constant - Lifts a L1Map morphisms with a constant value for the implementation.

Extends: LMap(kdom, kcod, ,type ="L_L_Liftl_Constant")

Property | Symbol | Type | Description
m m L1Map A L1Map morphism.
value v any A constant value for the implementation of the L1Map morphism.

Discussed in Section 21.4 (Lifting maps)

26.6.14. L_L_Liftl_Transform - Lifts a L1IMap morphism with a function to compute the implementation.

Extends: LMap(kdom, kcod, ,type ="L_L_Liftl Transform")

s Property Symbol | Type | Description
<
A m t L1Map A L1Map morphism.
transform t MonotoneMap A function to compute the implementation of the L1Map
morphism.

Discussed in Section 21.4 (Lifting maps)
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26.7. UMap - Map to upper sets of resources and implementations.

Extends: Root(version, description, hash, kind = "UMap")

S Property | Symbol | Type | Description
g kdom kdom Poset The Kleisli domain of the map.
kcod kcod Poset The Kleisli codomain of the map.
Poset The implementation poset of the map.
type string Discriminator variable to distinguish subtypes.
Discussed in Section 14.3 (Categories PosUI and PosLI)
Subtypes based on the value for type
"U_Constant” Constant map
"U_Identity" Identity
"U_Unknown" Placeholder for an unknown map
"U_Catalog” UMap for a catalog
"U_C_Parallel” Monoidal product
"U_C_Series" Series composition
"U_C_Intersection” Intersection of maps
"U_C_Union" Union of maps
"U_C_ITransform” Transforms the implementation of another map.
"U_C_RefineDomain" Refines the domain of a monotone map
"U_C_Trace" Trace
"U_C_WrapUnits" Decorates a map with units.
"U_L_Liftl Constant” Lifts a U1Map morphism with a constant value for the implementation.
"U_L_Liftl_Transform” Lifts a U1Map morphism with a function to compute the implementation.
26.7.1. U_Constant - Constant map
Extends: UMap(kdom, kcod, , type = "U_Constant")
<
8 Property | Symbol | Type | Description
value | UpperSet | The upper set that is the value of the constant map.
Discussed in Section 21.2 (Constant maps)
26.7.2. U_Identity - Identity
8 .
8 Extends: UMap(kdom, kcod, , type = "U_Identity")
Discussed in Section 21.1 (Identity)
26.7.3. U_Unknown - Placeholder for an unknown map
8
S Extends: UMap(kdom, kcod, , type = "U_Unknown")
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26.7.4. U_Catalog - UMap for a catalog

Data

Extends: UMap(kdom, kcod,

Property | Symbol | Type

, type = "U_Catalog")

| Description

options

| array[U_Catalog_Options] The options in the catalog.

Discussed in Section 21.3 (Catalog maps)

This is the UMap that arises from a DP_Catalog.

U_Catalog_Options - An option in the catalog

3 Property Symbol Type | Description
8 £ f any
r r* any
i any
An option in the catalog.
26.7.5. U_C_Parallel - Monoidal product
Extends: UMap(kdom, kcod, , type = "U_C_Parallel")
% Property Symbol | Type | Description
A
ms array[UMap] Maps to be composed.
labels array|[string]? Labels for the maps.
Discussed in Section 21.6 (Parallel composition)
26.7.6. U_C_Series - Series composition
Extends: UMap(kdom, kcod, , type = "U_C_Series")
% Property Symbol | Type | Description
A
ms array[UMap] Maps to be composed.
labels array[string]? Labels for the maps.

Discussed in Section 21.5 (Series composition)

26.7.7. U_C_Intersection - Intersection of maps

Extends: UMap(kdom, kcod,

, type = "U_C_Intersection")

*3 Property Symbol | Type | Description

A
ms array[UMap] Maps to be composed.
labels array[string]? Labels for the maps.

Discussed in Section 21.7 (Intersection of maps)
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26.7.8. U_C_Union - Union of maps

Data

Extends: UMap(kdom, kcod, , type = "U_C_Union")
Property Symbol | Type | Description
ns array[UMap] Maps to be composed.
labels array[string]? Labels for the maps.

Discussed in Section 21.8 (Union of maps)

26.7.9. U_C_ITransform - Transforms the implementation of another map.

Extends: UMap(kdom, kcod, , type = "U_C_ITransform")
% Property | Symbol | Type | Description
A
m w UMap The original map
transform MonotoneMap
Discussed in Section 21.9 (Transforming maps)
26.7.10. U_C_RefineDomain - Refines the domain of a monotone map
Extends: UMap(kdom, kcod, , type = "U_C_RefineDomain")
<
‘Q" Property Symbol | Type | Description
m w | UMap | The original map
26.7.11. U_C_Trace - Trace
Extends: UMap(kdom, kcod, , type = "U_C_Trace")
*S Property Symbol | Type | Description
a m w UMap The original map
m_proj m UlMap The projection of the UMap m.
Discussed in Section 21.10 (Trace)
This is the trace of a UMap m.
Because of computation convenience, we also require the projection m’ of the UMap m to a UlMap.
26.7.12. U_C_WrapUnits - Decorates a map with units.
Extends: UMap(kdom, kcod, , type = "U_C_WrapUnits")
S Property | Symbol | Type | Description
I m w UMap The original map
kdom_units Unit The units for decorating kdom
kcod_units Unit The units for decorating kcod
kimp_units Unit The units for decorating
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Data

26.7.13. U_L_Liftl_Constant - Lifts a U1Map morphism with a constant value for the implementation.

Extends: UMap(kdom, kcod, ,type = "U_L_Lift1_Constant")

Property | Symbol | Type | Description
m w UlMap A UlMap morphism.
value v any A constant value for the implementation of the U1Map morphism.

Discussed in Section 21.4 (Lifting maps)

26.7.14. U_L_Liftl_Transform - Lifts a U1Map morphism with a function to compute the implementation.

Extends: UMap(kdom, kcod, ,type = "U_L_Liftl _Transform")

s Property Symbol | Type | Description
<
A m m UlMap A UlMap morphism.
transform f MonotoneMap A function that computes the implementation of the U1Map
morphism.

Discussed in Section 21.4 (Lifting maps)
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26.8. SL1Map - Scalable map to lower sets of functionalities.

Extends: Root(version, description, hash, kind = "SL1Map")

Property | Symbol | Type | Description

g kdom kdom Poset The Kleisli domain of the map.

[ kcod kcod Poset The Kleisli codomain of the map.
pes s® Poset The resolution poset for pessimistic estimate.
opt s® Poset The resolution poset for optimistic estimate.
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"SL1_C_Parallel” Monoidal product

"SL1_C_Series" Series composition

"SL1_Identity" Identity

"SL1_Unknown" Placeholder for an unknown SL1Map

"SL1_C_CodSum" Sum of maps

"SL1_C_CodSumSmash” Smash sum

"SL1_C_ProdIntersection” Product of domains, intersection of codomains
"SL1_C_Product” Product of SL1 maps

"SL1_C_Intersection” Intersection of SL1 maps

"SL1_C_Union" Union of SL1 maps

"SL1_C_RefineDomain" Refinement of the domain

"SL1_C_Trace" Trace

"SL1_C_WrapUnits" Decorates a map with units for the domain and codomain.
"SL1_Exact” Lifts a L1IMap to a SL1Map.

"SL1_InvMultiply” The lower inverse of multiplication.

"SL1_InvSum" The lower inverse of addition.

"SL1_C_ExplicitApprox” Constructs a SL1Map from explicit approximations of L1Map maps.

26.8.1. SL1_C_Parallel - Monoidal product

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_Parallel")

% Property | Symbol | Type | Description

A
ms Cr array[SL1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps.

Discussed in Section 22.3 (Parallel composition)

This is the generalization of L1_C_Parallel.

26.8.2. SL1_C_Series - Series composition

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_Series")

E Property | Symbol | Type | Description

A
ms Cr array[SL1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps.

Discussed in Section 22.4 (Series composition)

This is the generalization of L1_C_Series.
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26.

Data

2

Data

Data

8.3. SL1_Identity - ldentity

Extends: SL.1Map(kdom, kcod, pes, opt, type = "SL1_Identity")
Discussed in Section 22.1 (Identities)

6.8.4. SL1_Unknown - Placeholder for an unknown SL1Map

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_Unknown")

26.8.5. SL1_C_CodSum - Sum of maps

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_CodSum")

Property | Symbol | Type | Description
ms G array[SL1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps.
Discussed in Section 22.9 (Sum)

This is the generalization of L1_C_CodSum.

26.8.6. SL1_C_CodSumSmash - Smash sum

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_CodSumSmash")

% Property | Symbol | Type | Description
A
ms Cr array[SL1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.
Discussed in Section 22.9 (Sum)
This is the generalization of L1_C_CodSumSmash.
26.8.7. SL1_C_ProdIntersection - Product of domains, intersection of codomains
Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_ProdIntersection")
% Property | Symbol | Type | Description
A
ms e array[SL1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.

Discussed in Section 22.10 (Product intersection)

This is the generalization of L1_C_ProdIntersection.

214



Data

26.8.8. SL1_C_Product - Product of SL1 maps

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_Product")

Property | Symbol | Type | Description
ms Cr array[SL1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.
Discussed in Section 22.8 (Product)
This is the generalization of L1_C_Product.
26.8.9. SL1_C_Intersection - Intersection of SL1 maps
Extends: SL.1Map(kdom, kcod, pes, opt, type = "SL1_C_Intersection")
% Property | Symbol | Type | Description
A
ms Cr array[SL1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.

Discussed in Section 22.6 (Intersection)

This is the generalization of L1_C_Intersection.

26.8.10. SL1_C_Union - Union of SL1 maps

Extends: SL.1Map(kdom, kcod, pes, opt, type = "SL1_C_Union")

% Property | Symbol | Type | Description

A
ms Cr array[SL1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.

Discussed in Section 22.5 (Union)

This is the generalization of L1_C_Union.

26.8.11. SL1_C_RefineDomain - Refinement of the domain

Extends: SL.1Map(kdom, kcod, pes, opt, type = "SL1_C_RefineDomain")
| Description

Symbol | Type
| The map to be transformed

m | SLiMap

Property |

m |

Data

This is the generalization of L1_C_RefineDomain.
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Data

26.8.12. SL1_C_Trace - Trace

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_Trace")

Symbol | Type | Description
m | SLiMap | The map to be transformed

Property

m

Discussed in Section 22.7 (Trace)
This is the generalization of L1_C_Trace.

26.8.13. SL1_C_WrapUnits - Decorates a map with units for the domain and codomain.

Extends: SL.1Map(kdom, kcod, pes, opt, type = "SL1_C_WrapUnits")

Data

Property Symbol | Type | Description
m m SL1Map The map to be transformed
kdom_units Unit The units for the domain.
kcod_units Unit The units for the codomain.
This is the generalization of L1_C_WrapUnits.
26.8.14. SL1_Exact - Lifts a L1Map to a SL1Map.
Extends: SL.1Map(kdom, kcod, pes, opt, type = "SL1_Exact")
<
S Property Symbol | Type | Description
m ¢ | LiMap | The L1Map to lift.
Discussed in Section 22.2 (Lifting)
26.8.15. SL1_InvMultiply - The lower inverse of multiplication.
Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_InvMultiply")
<
g Property Symbol | Type | Description
opspace P \ Poset \ The poset where the operation takes place

Discussed in Section 22.11 (Scalable inverse of sum and multiplication operations)

26.8.16. SL1_InvSum - The lower inverse of addition.

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_InvSum")

Symbol | Type | Description
| The poset where the operation takes place

Data

Property

opspace | P | Poset

Discussed in Section 22.11 (Scalable inverse of sum and multiplication operations)
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Data

26.8.17. SL1_C_ExplicitApprox - Constructs a SL1Map from explicit approximations of L1Map maps.

Extends: SL1Map(kdom, kcod, pes, opt, type = "SL1_C_ExplicitApprox")

Property | Symbol | Type | Description

optimistic array[L1Map] The optimistic approximations of the L1Map.
optimistic_labels array[string]? Labels for the optimistic approximations.
pessimistic array[L1Map] The pessimistic approximations of the L1Map.
pessimistic_labels array|[string]? Labels for the pessimistic approximations.

Discussed in Section 22.12 (Explicit approximation)
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26.9. SU1Map - Scalable map to upper sets of resources.

Extends: Root(version, description, hash, kind = "SU1Map")

Property | Symbol | Type | Description
g kdom kdom Poset The Kleisli domain of the map.
[ kcod kcod Poset The Kleisli codomain of the map.
pes s® Poset The resolution poset for pessimistic estimate.
opt s® Poset The resolution poset for optimistic estimate.
type string Discriminator variable to distinguish subtypes.
Subtypes based on the value for type
"SU1_C_Parallel” Monoidal product
"SU1_C_Series" Series composition
"SU1_Identity” Identity

"SU1_Unknown"
"SU1_C_CodSum”
"SU1_C_CodSumSmash”
"SU1_C_ProdIntersection”
"SU1_C_Product”
"SU1_C_Intersection”
"SU1_C_Union"
"SU1_C_RefineDomain"
"SU1_C_Trace"
"SU1_C_WrapUnits"
"SU1_Exact"
"SU1l_InvMultiply”
"SU1_InvSum"
"SU1_C_ExplicitApprox"

26.9.1. SU1_C_Parallel -

Placeholder for an unknown SU1Map

Sum of maps

Smash sum

Product of domains, intersection of codomains
Product of SU1 maps

Intersection of SU1 maps

Union of SU1 maps

Refinement of the domain

Trace

Wraps a map with units.

Lifts a U1Map to a SU1Map.

The upper inverse of multiplication.

The inverse of addition.

Constructs a SU1Map from explicit approximations of U1Map maps.

Monoidal product

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_Parallel")

*3 Property | Symbol | Type | Description

A
ms Wk array[SU1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps.

Discussed in Section 22.3 (Parallel composition)

This is the generalization of U1_C_Parallel.

26.9.2. SU1_C_Series - Series composition

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_Series")

E Property | Symbol | Type | Description

A
ms Wk array[SU1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps.

Discussed in Section 22.4 (Series composition)

This is the generalization of U1_C_Series.
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26.

Data

2

Data

Data

9.3. SU1_Identity - ldentity

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_Identity")
Discussed in Section 22.1 (Identities)

6.9.4. SU1_Unknown - Placeholder for an unknown SU1Map

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_Unknown")

26.9.5. SU1_C_CodSum - Sum of maps

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_CodSum")

Property | Symbol | Type | Description
ms Wk array[SU1Map] Maps to be composed.
labels array|[string]? A list of labels for the maps.
Discussed in Section 22.9 (Sum)

This is the generalization of U1_C_CodSum.

26.9.6. SU1_C_CodSumSmash - Smash sum

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_CodSumSmash")

S Property | Symbol | Type | Description
A
ms WUk array[SU1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.
Discussed in Section 22.9 (Sum)
This is the generalization of U1_C_CodSumSmash.
26.9.7. SU1_C_ProdIntersection - Product of domains, intersection of codomains
Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_ProdIntersection")
S Property | Symbol | Type | Description
A
ns WUk array[SU1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.

Discussed in Section 22.10 (Product intersection)

This is the generalization of U1_C_ProdIntersection.
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26.9.8. SU1_C_Product - Product of SU1 maps

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_Product")

Property | Symbol | Type | Description
ns WUk array[SU1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.
Discussed in Section 22.8 (Product)
This is the generalization of U1_C_Product.
26.9.9. SU1_C_Intersection - Intersection of SU1 maps
Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_Intersection")
S Property | Symbol | Type | Description
A
ms WUk array[SU1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.

This is the generalization of U1_C_Intersection.

26.9.10. SU1_C_Union - Union of SU1 maps

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_Union")

Discussed in Section 22.6 (Intersection)

% Property | Symbol | Type | Description

A
ms WUk array[SU1Map] Maps to be composed.
labels array[string]? A list of labels for the maps.

This is the generalization of U1_C_Union.

26.9.11. SU1_C_RefineDomain - Refinement of the domain

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_RefineDomain")

Symbol | Type | Description

Discussed in Section 22.5 (Union)

Property |

m |

Data

w | SuiMap

This is the generalization of U1_C_RefineDomain.
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26.9.12. SU1_C_Trace - Trace

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_Trace")

Data

Symbol | Type

| Description

Property

m

w | suiMap

This is the generalization of U1_C_Trace.

\ The map to be transformed

26.9.13. SU1_C_WrapUnits - Wraps a map with units.

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_WrapUnits")

Discussed in Section 22.7 (Trace)

s Property Symbol | Type | Description
2]
A m w SU1Map The map to be transformed
kdom_units Unit Units for the domain
kcod_units Unit Units for the codomain
This is the generalization of U1_C_WrapUnits.
26.9.14. SU1_Exact - Lifts a U1Map to a SU1Map.
Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_Exact")
<
S Property Symbol | Type | Description
m | w | UlMap | The UlMap to be lifted to a SU1Map.
Discussed in Section 22.2 (Lifting)
26.9.15. SU1_InvMultiply - The upper inverse of multiplication.
Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_InvMultiply")
<
g Property Symbol | Type | Description
opspace \ Poset \ The poset where the operation is defined.

Discussed in Section 22.11 (Scalable inverse of sum and multiplication operations)

26.9.16. SU1_InvSum - The inverse of addition.

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_InvSum")

| Description

Symbol | Type
| The poset where the operation is defined.

| | Poset

Data

Property

opspace

Discussed in Section 22.11 (Scalable inverse of sum and multiplication operations)
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26.9.17. SU1_C_ExplicitApprox - Constructs a SU1Map from explicit approximations of U1Map maps.

Extends: SU1Map(kdom, kcod, pes, opt, type = "SU1_C_ExplicitApprox")

Property | Symbol | Type | Description

optimistic array[UlMap] The optimistic approximations of the map
optimistic_labels array[string]? Labels for the optimistic approximations.
pessimistic array[U1Map] The pessimistic approximations of the map
pessimistic_labels array|[string]? Labels for the pessimistic approximations.

Discussed in Section 22.12 (Explicit approximation)
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Data

Data

26.10. SLMap - Scalable map

to lower sets of functionalities and implementations.

Extends: Root(version, description, hash, kind = "SLMap")

Property | Symbol | Type | Description
kdom kdom Poset Kleisli domain of the map.
kcod kcod Poset Kleisli co-domain of the map.
Poset Poset of implementations.
pes s@ Poset Poset of resolutions (pessimistic)
opt s© Poset Poset of resolutions (optimistic)
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"SL_Identity"
"SL_Unknown"
"SL_C_Intersection”
"SL_C_Parallel”
"SL_C_Series"
"SL_C_Union"
"SL_C_ITransform”
"SL_C_RefineDomain"
"SL_C_Trace"
"SL_C_WrapUnits"
"SL_L_Exact”
"SL_L_Explicit_Approx"
"SL_L_Lift1l_Constant”
"SL_L_Liftl _Transform"

Identity

Placeholder for unknown SLMap

Intersection of the results of a set of maps.

Monoidal product

Series composition

Composition of SLMaps using the union of the results.
Transforms the implementations of a SLMap.

Refines the domain of another SLMap

Trace of a SLMap.

Decorates with units another SLMap.

Lifts a LMap to a SLMap.

Construct a SLMap from explicit optimistic and pessimistic approximations.
Lifts a SLIMap to SLMap with a constant implementation.
Lifts a SL1Map to SLMap by generating the implementations.

26.10.1. SL_Identity - Identity

Extends: SLMap(kdom, kcod,

, bes, opt, type = "SL_Identity")

26.10.2. SL_Unknown - Placeholder for unknown SLMap

Extends: SLMap(kdom, kcod,

26.10.3. SL_C_Intersection -

Extends: SLMap(kdom, kcod,

, bes, opt, type = "SL_Unknown")

Intersection of the results of a set of maps.

, pes, opt, type = "SL_C_Intersection")

Property | Symbol | Type | Description
ms array[SLMap] Maps to be composed.
labels array|[string]? A list of labels for the maps.

Discussed in Section 23.5 (Intersection)

This is the generalization of L_C_Intersection.
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26.10.4. SL_C_Parallel - Monoidal product

Extends: SL.Map(kdom, kcod, , pes, opt, type = "SL_C_Parallel")

Property Symbol | Type | Description
ms array[SLMap] Maps to be composed.
labels array[string]? A list of labels for the maps.
Discussed in Section 23.3 (Parallel composition)
This is the generalization of L_C_Parallel.
26.10.5. SL_C_Series - Series composition
Extends: SLMap(kdom, kcod, , pes, opt, type = "SL_C_Series")
% Property | Symbol | Type | Description
A
ms array[SLMap] Maps to be composed.
labels array[string]? A list of labels for the maps.

Discussed in Section 23.4 (Series composition)

This is the generalization of L_C_Series.

26.10.6. SL_C_Union - Composition of SLMaps using the union of the results.

Extends: SLMap(kdom, kcod, , pes, opt, type = "SL_C_Union")

*3 Property Symbol | Type | Description

A
ms array[SLMap] Maps to be composed.
labels array|[string]? A list of labels for the maps.

Discussed in Section 23.6 (Union)

This is the generalization of L_C_Union.

26.10.7. SL_C_ITransform - Transforms the implementations of a SLMap.

Extends: SL.Map(kdom, kcod, , pes, opt, type = "SL_C_ITransform")

s Property Symbol | Type | Description
<
A m m SLMap The SLMap to be transformed.
transform f MonotoneMap The monotone map that transforms the implementations of the
SLMap.

This is the generalization of L_C_ITransform.
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26.10.8. SL_C_RefineDomain - Refines the domain of another SLMap

Extends: SL.Map(kdom, kcod, , pes, opt, type = "SL_C_RefineDomain")
<
S Property | Symbol | Type | Description
m m | SLMap | The SLMap to be transformed.
This is the generalization of L_C_RefineDomain.
26.10.9. SL_C_Trace - Trace of a SLMap.
Extends: SLMap(kdom, kcod, , pes, opt, type = "SL_C_Trace")
% Property Symbol | Type | Description
A
m m SLMap The SLMap to be transformed.
M_proj m SL1Map The SL1Map projection of the SLMap m.
Discussed in Section 23.7 (Trace)
This is the generalization of L_C_Trace. For computational convenience, we also require to have m’, the SL1Map projection of the SLMap
m.
26.10.10. SL_C_WrapUnits - Decorates with units another SLMap.
Extends: SL.Map(kdom, kcod, , pes, opt, type = "SL_C_WrapUnits")
5 Property | Symbol | Type | Description
‘Q“ m m SLMap The SLMap to be transformed.
kdom_units Unit Units for the domain of the SLMap.
kcod_units Unit Units for the codomain of the SLMap.
kimp_units Unit Units for the implementations of the SLMap.
This is the generalization of L_C_WrapUnits.
26.10.11. SL_L_Exact - Lifts a LMap to a SLMap.
Extends: SL.Map(kdom, kcod, , pes, opt, type = "SL_L_Exact")
<
‘Q“ Property | Symbol | Type | Description
m | | LMap | The LMap to be lifted to a SLMap.

Discussed in Section 23.1 (Lifts)

26.10.12. SL_L_Explicit_Approx - Construct a SLMap from explicit optimistic and pessimistic approximations.

Extends: SLMap(kdom, kcod, , bes, opt, type = "SL_L_Explicit_Approx")
< Property Symbol | Type | Description
8 optimistic array[LMap] The optimistic approximations of the SLMap.
optimistic_labels array[string]? Labels for the optimistic approximations.
pessimistic array[LMap] The pessimistic approximations of the SLMap.
pessimistic_labels array[string]? Labels for the pessimistic approximations.

Discussed in Section 23.2 (Explicit approximations)
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26.10.13. SL_L_Liftl_Constant - Lifts a SL1Map to SLMap with a constant implementation.

Extends: SL.Map(kdom, kcod,

, pes, opt, type = "SL_L_Lift1_Constant")

| Description

Property Symbol | Type
m SL1Map
value any

This is the generalization of L_L_Lift1_Constant.
This is the particular case of SL_L_Lift1_Transform where the transform map is constant.

Data

The SL1Map to be lifted to a SLMap.
The constant value to be used for the implementations

26.10.14. SL_L_Liftl_Transform - Lifts a SL1Map to SLMap by generating the implementations.

Extends: SLMap(kdom, kcod,

, bes, opt, type = "SL_L_Liftl_Transform")

Property | Symbol | Type Description

m m SL1Map The SL1Map to be lifted to a SLMap.

transform f MonotoneMap The monotone map that transforms the implementations of the
SLMap.

This is the generalization of L_L_Lift1_Transform.
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26.11. SUMap - Scalable map to upper sets of resources and implementations.

Extends: Root(version, description, hash, kind = "SUMap")

Property | Symbol | Type | Description
kdom kdom Poset The Kleisli domain of the map.
kcod kcod Poset The Kleisli codomain of the map.

Poset The implementation poset of the map.
pes s@ Poset The resolution poset for pessimistic estimate.
opt s Poset The resolution poset for optimistic estimate.
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"SU_Identity" Identity

"SU_Unknown" Placeholder for unknown SUMap

"SU_C_Intersection” Intersection of the results of a set of maps.

"SU_C_Parallel” Monoidal product

"SU_C_Series" Series composition

"SU_C_Union" Composition of SUMaps using the union of the results.
"SU_C_ITransform" Transforms the implementations of a SUMap.
"SU_C_RefineDomain” Refines the domain of another SUMap

"SU_C_Trace" Trace of a SUMap.

"SU_C_WrapUnits" Decorates with units another SUMap.

"SU_L_Exact" Lifts a UMap to a SUMap.

"SU_L_Explicit_Approx” Construct a SUMap from explicit optimistic and pessimistic approximations.
"SU_L_Liftl_Constant” Lifts a SU1Map to SUMap with a constant implementation.
"SU_L_Liftl_Transform" Lifts a SU1Map to SUMap by generating the implementations.

26.11.1. SU_Identity - Identity

Extends: SUMap(kdom, kcod, , bes, opt, type = "SU_Identity")

26.11.2. SU_Unknown - Placeholder for unknown SUMap

Extends: SUMap(kdom, kcod, , bes, opt, type = "SU_Unknown")

26.11.3. SU_C_Intersection - Intersection of the results of a set of maps.

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_Intersection")
Property | Symbol | Type | Description
ms m; array[SUMap] Maps to be composed
labels array|[string]? Labels for the maps

Discussed in Section 23.5 (Intersection)

This is the generalization of U_C_Intersection.
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26.11.4. SU_C_Parallel - Monoidal product

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_Parallel")

Property Symbol | Type | Description
ns m; array[SUMap] Maps to be composed
labels array[string]? Labels for the maps
Discussed in Section 23.3 (Parallel composition)
This is the generalization of U_C_Parallel.
26.11.5. SU_C_Series - Series composition
Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_Series")
% Property | Symbol | Type | Description
A
ms m; array[SUMap] Maps to be composed
labels array|[string]? Labels for the maps

Discussed in Section 23.4 (Series composition)

This is the generalization of U_C_Series.

26.11.6. SU_C_Union - Composition of SUMaps using the union of the results.

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_Union")

*3 Property Symbol | Type | Description

A
ms m; array[SUMap] Maps to be composed
labels array|[string]? Labels for the maps

Discussed in Section 23.6 (Union)

This is the generalization of U_C_Union.

26.11.7. SU_C_ITransform - Transforms the implementations of a SUMap.

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_ITransform")

s Property Symbol | Type | Description
<
A m m SUMap Map to be transformed
transform f MonotoneMap The monotone map that transforms the implementations of the
SUMap.

This is the generalization of U_C_ITransform.
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26.11.8. SU_C_RefineDomain - Refines the domain of another SUMap

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_RefineDomain")
Property Symbol | Type | Description
m | m | SuMap | Map to be transformed

This is the generalization of U_C_RefineDomain. The map is refined by restricting the domain to a subset of the original domain.

26.11.9. SU_C_Trace - Trace of a SUMap.

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_Trace")
% Property Symbol | Type | Description
A
m m SUMap Map to be transformed
m_proj m’ SU1Map The SU1Map projection of the SUMap m.
Discussed in Section 23.7 (Trace)
This is the generalization of U_C_Trace.
For computational convenience, we also require to have m’, the SU1Map projection of the SUMap m.
26.11.10. SU_C_WrapUnits - Decorates with units another SUMap.
Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_C_WrapUnits")
< Property Symbol | Type | Description
g m m SUMap Map to be transformed
kdom_units Unit Units for the domain of the SUMap.
kcod_units Unit Units for the codomain of the SUMap.
kimp_units Unit Units for the implementations of the SUMap.
This is the generalization of U_C_WrapUnits.
26.11.11. SU_L_Exact - Lifts a UMap to a SUMap.
Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_L_Exact")
<
S Property Symbol | Type | Description
| UMap | The UMap to be lifted to a SUMap.

m

Discussed in Section 23.1 (Lifts)
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26.11.12. SU_L_Explicit_Approx - Construct a SUMap from explicit optimistic and pessimistic approximations.

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_L_Explicit_Approx")
< Property Symbol | Type | Description
‘Q“ optimistic array[UMap] The optimistic approximations of the SUMap.
optimistic_labels array[string]? Labels for the optimistic approximations.
pessimistic array[UMap] The pessimistic approximations of the SUMap.
pessimistic_labels array|[string]? Labels for the pessimistic approximations.

Discussed in Section 23.2 (Explicit approximations)

26.11.13. SU_L_Liftl_Constant - Lifts a SU1Map to SUMap with a constant implementation.

Extends: SUMap(kdom, kcod, , pes, opt, type = "SU_L_Lift1_Constant")
§ Property | Symbol | Type | Description
A
m m SU1Map The SU1Map to be lifted to a SUMap.
value any The constant value to be used for the implementations
This is the generalization of U_L_Lift1_Constant.
This is the particular case of SU_L_Lift1_Transform where the transform map is constant.
26.11.14. SU_L_Liftl_Transform - Lifts a SU1Map to SUMap by generating the implementations.
Extends: SUMap(kdom, kcod, , bes, opt, type = "SU_L_Liftl_Transform")
s Property Symbol | Type | Description
Jao]
A m m SU1Map The SU1Map to be lifted to a SUMap.
transform f MonotoneMap The monotone map that transforms the implementations of the
SUMap.

This is the generalization of U_L_Lift1_Transform.
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26.12. DP - Design problem with implementations (DPI)

Extends: Root(version, description, hash, kind = "DP")

Property | Symbol | Type | Description
E F Poset Poset of functionalities
R R Poset Poset of requirements
Poset? Poset of blueprints. If not present, it is the smash unit.
Poset? Poset of implementations. If not present, it is the smash unit.
address Address? Pointer to the entity that generated this object.
type string Discriminator variable to distinguish subtypes.

"DP_GenericConstant”
"DP_Identity"

"DP_True"

"DP_False"
"DP_AmbientConversion”
"DP_Catalog"

"DP_Iso"

"DP_LiftL"

"DP_LiftU"

"DP_C_Parallel”

"DP_C_Series"
"DP_C_Intersection”
"DP_C_Union"

"DP_C_Trace"
"DP_FuncNotMoreThan"
"DP_ResNotLessThan"
"DP_All_Fi_Leq R’
"DP_Any_Fi_Leq_R"
"DP_F_Leq_All Ri"
"DP_F_Leq_Any_Ri"
"DP_Al1_Constants_Leqg_R"
"DP_F_Leq_All_Constants”
"DP_A11l_Constants_And_F_Leq_R
"DP_Any_Constants_Or_F_Leq_R"
"DP_F_Leq_All_R_And_Constants
"DP_F_Leq_Any_R_And_Constants'
"DP_C_ExplicitApprox”
"DP_Compiled"

"DP_Unknown"

Discussed in Section 14.1 (DPIs)

Subtypes based on the value for type

A DP with exactly one implementation.

The identity design problem.

The DP that is always true.

The DP that is always false.

Compares functionality and resources in an ambient poset.

A DP defined explicitly by a set of options.

Enforces isomorphism between functionalities and requirements.

A DP generated from a monotone map from requirements to functionalities.
A DP generated from a monotone map from functionality to requirements.
Monoidal product of design problems.

Series composition of DPs.

Intersection of design problems

Union of design problems (DPs).

Trace of a design problem.

Identity with limit to the functionality.

Identity with limit to the resource.

Compares a vector of functions to a resource (conjunction).

Compares a vector of functions to a resource (disjunction).

Compares a vector of resources to a function (conjunction).

Compares a vector of resources to a function (disjunction).

Compare a resource to a set of constants

Compare a functionality to a set of constants

Compares resources to a function and a set of constants (conjunction).
Compares resources to a function and a set of constants (disjunction).
Compares a functionality to a resource and a set of constants (conjunction).
Compares a functionality to a resource and a set of constants (disjunction).
Multi-resolution DP

An "opaque” DP defined explicitly by its interface.

Placeholder for an unknown design problem.

26.12.1. DP_GenericConstant - A DP with exactly one implementation.

The relation is given by:

Extends: DP(F, R, B, T, address, type = "DP_GenericConstant")
Property | Symbol | Type | Description
b_value b any The value of blueprint.
lower_set L LowerSet The lower set of functionalities that are compatible.
upper_set U UpperSet The upper set of resources that are compatible.

Discussed in Section 25.2 (Catalogs)

(feL) A (rebl) (64)
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26.12.2. DP_Identity - The identity design problem.

Data

26.12.3. DP_True - The DP that is always true.

Extends: DP(F, R, B, T, address, type = "DP_Identity")

Extends: DP(F, R, B, T, address, type = "DP_True")

Data

Property

Symbol | Type

| Description

Discussed in Section 24.1 (Identity)

value

The relation is always true.

kind: DP
type: DP_True

| Value

F: {kind: Poset, type: P_C_Product, subs: []}
R: {kind: Poset, type: P_C_Product, subs: []}

B:
kind: Poset
type: P_C_ProductSmash

naked: true
ranges: ...
value:
kind: Value
type: VU
poset:
kind: Poset
type: P_C_ProductSmash

Examples

I: {kind: Poset, type: P_C_ProductSmash, subs: []}

subs: [{kind: Poset, type: P_Decimal}]

subs: [{kind: Poset, type: P_Decimal}]

naked: true
ranges: ...
value: [15]

26.12.4. DP_False - The DP that is always false.

Data

The relation is always false.

Extends: DP(F, R, B, T, address, type = "DP_False")

| The implementation value.
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Discussed in Section 25.1.1 (True)

This is a DP which is always true, whose blueprint value is

(15).

Discussed in Section 25.1.2 (False)
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26.12.5. DP_AmbientConversion - Compares functionality and resources in an ambient poset.

Data

Extends: DP(F, R, B, T, address, type = "DP_AmbientConversion")
Property Symbol | Type | Description
common R | Poset | The ambient poset.
Discussed in Section 24.2 (Ambient conversion)
Let R be an ambient poset for both Fand R:
FCR
RCR
Then this DP corresponds to the feasibility relation
f<rr
26.12.6. DP_Catalog - A DP defined explicitly by a set of options.
Extends: DP(F, R, B, I, address, type = "DP_Catalog")
Property | Symbol | Type | Description
options array[DP_Catalog_Optiongd] A list of options that define the design problem. Each option is a
tuple of functionality, requirement, blueprint, and
implementation.
Discussed in Section 25.2 (Catalogs)
This DP is defined explicitly by a set of options. Each option is a tuple of functionality, requirement, blueprint, and implementation.
The relation is given by:
\Vi (f <A <D
(fj,rj,bj,ij)eoptions
DP_Catalog_Options - One option for the catalog
Property | Symbol | Type | Description
<
= £ any Functionality
A r any Requirement
b any Blueprint
i any Implementation
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26.12.7. DP_Iso - Enforces isomorphism between functionalities and requirements.

Extends: DP(F, R, B, T, address, type = "DP_Iso")
5 Property Symbol | Type | Description
S fwd a MonotoneMap A monotone map from the poset of functionalities to the poset of
requirements.
bwd B MonotoneMap A monotone map from the poset of requirements to the poset of
functionalities.

Discussed in Section 24.3 (Isomorphism)

The isomorphism is defined by the two monotone maps @ : F— Rand § : R — Fsuch that aoff = id and Soa = id.

26.12.8. DP_LiftL - A DP generated from a monotone map from requirements to functionalities.

Extends: DP(F, R, B, T, address, type = "DP_LiftL")
*S Property | Symbol | Type | Description
[a]
m m MonotoneMap A monotone map from the poset of requirements to the poset of
functionalities.
The relation is
S <m(r) (65)

26.12.9. DP_LiftU - A DP generated from a monotone map from functionality to requirements.

Extends: DP(F, R, B, T, address, type = "DP_LiftU")
s Property Symbol | Type | Description
<
A m m MonotoneMap A monotone map from the poset of functionalities to the poset of
requirements. This is used to lift a DP from the requirements to
the functionalities.
Discussed in Section 24.5 (Upper lift of a map)
The relation is
m(f)<r (66)
26.12.10. DP_C_Parallel - Monoidal product of design problems.
Extends: DP(F, R, B, I, address, type = "DP_C_Parallel")
*S Property Symbol | Type | Description
[a]
dps array[DP] A list of design problems (DPs) to be composed.
labels array[string]? A list of labels.

Discussed in Section 25.3 (Parallel composition)
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26.12.11. DP_C_Series - Series composition of DPs.

Extends: DP(F, R, B, T, address, type = "DP_C_Series")
Property | Symbol | Type | Description
dps array[DP] A list of design problems (DPs) to be composed.
labels array[string]? A list of labels.
Discussed in Section 25.4 (Series)
Series composition of DPs.
26.12.12. DP_C_Intersection - Intersection of design problems
Extends: DP(F, R, B, T, address, type = "DP_C_Intersection")
E Property | Symbol | Type | Description
()
dps array[DP] A list of design problems (DPs) to be composed.
labels array|[string]? A list of labels.
Discussed in Section 25.5 (Intersection)
26.12.13. DP_C_Union - Union of design problems (DPs).
Extends: DP(F, R, B, T, address, type = "DP_C_Union")
% Property | Symbol | Type | Description
A
dps array[DP] A list of design problems (DPs) to be composed.
labels array[string]? A list of labels.
Discussed in Section 25.6 (Union)
26.12.14. DP_C_Trace - Trace of a design problem.
Extends: DP(F, R, B, I, address, type = "DP_C_Trace")
<
‘Q" Property | Symbol | Type | Description
dp | pP | The design problem that is being traced.

Discussed in Section 25.7 (Trace)
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Data

26.12.15. DP_FuncNotMoreThan - Identity with limit to the functionality.

Extends: DP(F, R, B, T, address, type = "DP_FuncNotMoreThan")
Property | Symbol | Type | Description
limit | L | any | The limit for the functionality.
Discussed in Section 24.6.1 (Functionality not more than the requirement and constant)
The relation is given by:
(< A (F<n
26.12.16. DP_ResNotLessThan - Identity with limit to the resource.
Extends: DP(F, R, B, T, address, type = "DP_ResNotLessThan")
<
8 Property | Symbol | Type | Description
limit | L | any | The limit for the resource.
Discussed in Section 24.6.2 (Requirement not less than the functionality and constant)
The relation is given by:
(< A L=

26.12.17. DP_A11l_Fi_Leq_R - Compares a vector of functions to a resource (conjunction).

Extends: DP(F, R, B, T, address, type = "DP_Al11_Fi_Leq_R")

<
=
A
Discussed in Section 24.6.3 (All functionalities less than the requirement)
The relation is given by:
(frgn) A A (faST)
26.12.18. DP_Any_Fi_Leq_R - Compares a vector of functions to a resource (disjunction).
<
g Extends: DP(F, R, B, I, address, type = "DP_Any_Fi_Leq_R")

Discussed in Section 24.6.4 (Any functionality less than the requirement)

The relation is given by:
(frgr) v o v (fusD)
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26.12.19. DP_F_Leq_All_Ri - Compares a vector of resources to a function (conjunction).

Extends: DP(F, R, B, I, address, type = "DP_F_Leq_Al11_Ri")

Discussed in Section 24.6.5 (All requirements more than the functionality)

The relation is given by:
Fsr) A oA (FET)

Compare with DP_F_Leq_Any_Ri which uses disjunctions instead of conjunctions.

26.12.20. DP_F_Leq_Any_Ri - Compares a vector of resources to a function (disjunction).

Extends: DP(F, R, B, T, address, type = "DP_F_Leq_Any_Ri")

Data

Discussed in Section 24.6.6 (Any requirement more than the functionality)

The relation is given by:
(fsr) v v (<)

Compare with DP_F_Leq_A11_Ri which uses conjunctions instead of disjunctions.

26.12.21. DP_All_Constants_Leq_R - Compare a resource to a set of constants

Extends: DP(F, R, B, I, address, type = "DP_All_Constants_Leq_R")
| Description

<
g Property | Symbol | Type
constants | ¢ | array[any] | Alist of constants ¢y, ..., c,.
Discussed in Section 24.6.7 (All constants less than the requirement)
The relation is given by:
s A o A (G ED)

Note: This extended form is needed when the constants are not a lattice. In the case of a lattice, the relation would be given by:

and could be realized using DP_GenericConstant.
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26.12.22. DP_F_Leq_All_Constants - Compare a functionality to a set of constants

Extends: DP(F, R, B, T, address, type = "DP_F_Leq_All_Constants")
Property | Symbol | Type | Description
constants | ¢ | array[any] | Alist of constants cy, ..., ¢,.
Discussed in Section 24.6.8 (Functionality less than all constants)
The relation is given by:
(f<e) A A ()

Note: This extended form is needed when the constants are not a lattice. In the case of a lattice, the relation would be given by:

fS/\Ci

and could be realized using DP_GenericConstant.

26.12.23. DP_All_Constants_And_F_Leq_R - Compares resources to a function and a set of constants

(conjunction).
Extends: DP(F, R, B, T, address, type = "DP_All_Constants_And_F_Leq_R")

<
‘Q" Property Symbol | Type | Description
constants | ¢ | array[any] | Alist of constants cy, ..., ¢,.
Discussed in Section 24.6.9 (Functionality and all constants less than the requirement)
The relation is given by:
<) A = A (Sr) A (fZD)
26.12.24. DP_Any_Constants_Or_F_Leq_R - Compares resources to a function and a set of constants
(disjunction).
Extends: DP(F, R, B, T, address, type = "DP_Any_Constants_Or_F_Leqg _R")
<
‘Q" Property Symbol | Type | Description
constants | ¢ | array[any] | Alist of constants cy, ..., ¢,.
Discussed in Section 24.6.10 (Functionality or any constant less than the requirement)
The relation is given by:
(<) v - v (<) v (f<n)
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26.12.25. DP_F_Leq_All_R_And_Constants - Compares a functionality to a resource and a set of constants

(conjunction).
Extends: DP(F, R, B, T, address, type = "DP_F_Leq_Al1_R_And_Constants")

Property Symbol | Type | Description
constants | ¢ | array[any] | Alist of constants cy, ..., ¢,.
Discussed in Section 24.6.11 (Functionality less than the requirement and all constants)
The relation is given by:
(fge) A o A (JZe)A (<)

26.12.26. DP_F_Leq_Any_R_And_Constants - Compares a functionality to a resource and a set of constants

(disjunction).

Extends: DP(F, R, B, T, address, type = "DP_F_Leq_Any_R_And_Constants")
<
8 Property | Symbol | Type | Description
constants | c; | array[any] | Alist of constants ¢y, ..., ¢,.
Discussed in Section 24.6.12 (Functionality less than the requirement or any constant)
The relation is given by:
(f<e) v oo Vv (f2e)V(f<r)
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Examples

Data

Data

26.12.27. DP_C_ExplicitApprox - Multi-resolution DP

Extends: DP(F, R, B, T, address, type = "DP_C_ExplicitApprox")
Property | Symbol | Type | Description
optimistic array[DP] List of optimistic DPs.
optimistic_labels array[string]? Labels for the optimistic DPs.
pessimistic array[DP] List of pessimistic DPs.
pessimistic_labels array|[string]? Labels for the pessimistic DPs.

This DP assembles a "multi resolution” DP from a list of optimistic and pessimistic DPs.

kind: DP
type: DP_C_ExplicitApprox
F: {kind: Poset, type: P_Decimal}
R: {kind: Poset, type: P_Decimal}
optimistic:
- kind: DP
type: DP_True
F: {kind: Poset, type: P_Decimal}
R: {kind: Poset, type: P_Decimal}
value:
kind: Value
type: VU
value: []
poset:
kind: Poset
type: P_C_ProductSmash
subs: []
naked: []
ranges: []
pessimistic:
- kind: DP
type: DP_False
F: {kind: Poset, type: P_Decimal}
R: {kind: Poset, type: P_Decimal}

26.12.28. DP_Compiled - An "opaque" DP defined explicitly by its interface.

Extends: DP(F, R, B, T, address, type = "DP_Compiled")

Property | Symbol | Type | Description

fr SU1Map The function that returns minimal resources needed to satisfy the
requirements.

fbr SUMap The function that returns the maximum functionality given the
budget of resources as well as the blueprint.

fir SUMap The function that returns the maximum functionality given the
budget of resources as well as the implementation.

r_f SL1Map The function that returns the maximum functionality given the
budget of requirements.

r_b_f SLMap The function that returns the maximum functionality given the
budget of resources as well as the blueprint.

rif SLMap The function that returns the maximum functionality given the
budget of resources as well as the implementation.

i_b MonotoneMap The function that maps implementations to blueprints.

i_codfeas MonotoneMap The function that maps implementations to their internal
feasibility.

i_availability MonotoneMap The function that maps implementations to their availability.

prov MonotoneMap The "provides” map from implementations to functionalities.

req MonotoneMap The "requires” map from implementations to requirements.

26.12.29. DP_Unknown - Placeholder for an unknown design problem.

Extends: DP(F, R, B, T, address, type = "DP_Unknown")
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26.13. NDP - Named DPs represent a graph of DPs with named nodes and node ports.

Extends: Root(version, description, hash, kind = "NDP")

< Property Symbol | Type | Description

8

g F dict[string,Poset] Dictionary of functionalities.
R dict[string,Poset] Dictionary of resources.
address Address? Pointer to the entity that generated this object.
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"NDP_Composite” Graph of NDPs with connections between them.
"NDP_Simple” An NDP that contains a single DP.

“"NDP_Sum" sum of NDPs

"NDP_TemplateHole" A special NDP to indicate a template hole in the NDP.

26.13.1. NDP_Composite - Graph of NDPs with connections between them.

Extends: NDP(F, R, address, type = "NDP_Composite")

< Property | Symbol | Type | Description
8 nodes dict[string,NDP] A mabp of node identifiers to their corresponding NDPs in the
graph. Each key is a unique identifier for a node, and the value is
the NDP associated with that node.
connections array[Connection] Connections between the nodes in the NDP graph.
Connection - Represents a connection between two nodes in the NDP graph
Property Symbol | Type | Description
<
= type string Type marker.
A Must be equal to "Connection"
source ConnectionSource The source of the connection.
target ConnectionTarget The target of the connection.
ConnectionTarget - The target of a connection.
< . .
g Property Symbol | Type | Description
type | | string | Discriminator variable to distinguish subtypes.
Subtypes based on the value for type
"ModelRequirement” The target is the requirement of the ambient model.
"NodeFunctionality” The target is the functionality of another subproblem.
ModelRequirement - The target is the requirement of the ambient model.
Extends: ConnectionTarget(type = "ModelRequirement")
<
‘Q" Property | Symbol | Type | Description

requirement | | string | The name of a requirement of the ambient model.

241



Data

NodeFunctionality - The target is the functionality of another subproblem.

Extends: ConnectionTarget(type = "NodeFunctionality")
| Description

Property | Symbol | Type
node string The name of the node that provides the functionality.
node_functionality string The name of the functionality that is provided by the node.
ConnectionSource - The source of a connection.
< . .
g Property | Symbol | Type | Description
type | | string | Discriminator variable to distinguish subtypes.

Subtypes based on the value for type
"ModelFunctionality” The source of a connection is a functionality of the composite graph.
"NodeRequirement” The source of a connection is a requirement of another node.

ModelFunctionality - The source of a connection is a functionality of the composite graph.

Extends: ConnectionSource(type = "ModelFunctionality")

% Property Symbol | Type | Description
A
functionality string The name of the functionality that is provided by the composite
graph.
NodeRequirement - The source of a connection is a requirement of another node.
Extends: ConnectionSource(type = "NodeRequirement")
*E Property | Symbol | Type | Description
A - - ;
node string The name of the node that provides the requirement.
node_requirement string The name of the requirement that is provided by the node.
26.13.2. NDP_Simple - An NDP that contains a single DP.
Extends: NDP(F, R, address, type = "NDP_Simple")
S Property | Symbol | Type | Description
[a]
dp DP The DP that this NDP contains. Must have poset products as
resources and functionalities.
26.13.3. NDP_Sum - sum of NDPs
Extends: NDP(F, R, address, type = "NDP_Sum")
<
= Property | Symbol | Type | Description
A
dps dict[string,NDP] The NDPs to sum.
labels array|[string|? Labels for the NDPs.
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26.13.4. NDP_TemplateHole - A special NDP to indicate a template hole in the NDP.

Extends: NDP(F, R, address, type = "NDP_TemplateHole")

Property | Symbol | Type | Description

parameter_name | | string | The name of the parameter that is to be filled in.
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26.14. NDPInterface - The interface of a named DP.

Extends: Root(version, description, hash, kind = "NDPInterface")

Property | Symbol | Type | Description
address Address? Pointer to the entity that generated this object.
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type
"NDPInterface_Explicit" \ The interface of a named DP, given by two dictionaries for functionalities and resources.

26.14.1. NDPInterface_Explicit - The interface of a named DP, given by two dictionaries for functionalities and
resources.

Extends: NDPInterface(address, type = "NDPInterface_Explicit")

<

g Property Symbol | Type | Description
fs dict[string,Poset] Dictionary from functionality name to poset.
rs dict[string,Poset] Dictionary from requirement name to poset.
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26.15. NDPTemplate - A template for an NDP.

Extends: Root(version, description, hash, kind = "NDPTemplate")

Property Symbol | Type | Description
address Address? Pointer to the entity that generated this object.
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"NDPTemplate_Simple" \ A template described by a graph with holes.

26.15.1. NDPTemplate_Simple - A template described by a graph with holes.

Extends: NDPTemplate(address, type = "NDPTemplate_Simple")

s Property Symbol | Type Description
<
A ndp N NDP The NDP that this template can instantiate. Inside, there are
special “holes”.
parameters dict[string,NDPInterface] | The interface of the holes.
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26.16. Query - Queries

Extends: Root(version, description, hash, kind = "Query")

Data

Property Symbol | Type | Description
address Address? Pointer to the entity that generated this object.
type string Discriminator variable to distinguish subtypes.

Queries represent the questions that can be asked about a model.

Subtypes based on the value for type

"Query_Single" | Single query

26.16.1. Query_Single - Single query

Extends: Query(address, type = "Query_Single")

<
=S Property Symbol | Type | Description
A
model NDP The model to which the query applies.
query_data QueryData The data that is used to answer the query.
QueryData - Query data
<
g Property Symbol | Type | Description
type | | string | Discriminator variable to distinguish subtypes.
Subtypes based on the value for type
"QueryFixFunMinRegData" Data for the query FixFunMinReq
"QueryFixReqMaxFunData" Data for the query FixReqMaxFun
QueryFixFunMinRegData - Data for the query FixFunMinReq
Extends: QueryData(type = "QueryFixFunMinRegData")
< Property Symbol | Type | Description
8 f dict[string,Value] Lower bounds for the functionalities.
r dict[string,Value] Upper bounds for the requirements.
optimize_for array|[string| The names of the functionalities that are optimized for. This is a
list of the keys of the ‘f* object.

QueryFixReqMaxFunData - Data for the query FixRegMaxFun

Extends: QueryData(type = "QueryFixRegMaxFunData'")

5 Property Symbol | Type | Description
‘Q" f dict[string,Value] Lower bounds for the functionalities.
r dict[string,Value] Upper bounds for the requirements.
optimize_for array|[string]| The functionalities that are optimized for. This is a list of the keys
of the ‘f* object.
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26.17. Value - A typed value

Extends: Root(version, description, hash, kind = "Value")

Property | Symbol | Type | Description
address Address? Pointer to the entity that generated this object.
string Discriminator variable to distinguish subtypes.

type
A typed value is a value that has a type (poset). This is used in contexts where the poset to which the value belongs is not clear from the

context.
Subtypes based on the value for type

Wy ‘ A (poset, value) pair.

26.17.1. VU - A (poset, value) pair.

Extends: Value(address, type = "VU")

<

b Property | Symbol | Type | Description

A
poset P Poset The poset to which the value belongs.
value vEP any The value that belongs to the poset.
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26.18. Check - Checks for the maps, as used in test cases.

Extends: Root(version, description, hash, kind = "Check")

<
8 Property | Symbol | Type | Description
type | | string | Discriminator variable to distinguish subtypes.
Subtypes based on the value for type
"L1Check” Check for a L1Map.
"LCheck” Check for a LMap.
"MapCheck” Check for a monotone map.
"SL1Check” Check for a SL1Map.
"SLCheck" Check for a SL1Map.
"SU1Check” Check for a SU1Map.
"SUCheck” Check for a SUMap.
"UlCheck” Check for a U1Map.
"UCheck” Check for a UMap.
26.18.1. L1Check - Check for a L1Map.
Extends: Check(type = "L1Check")
% Property | Symbol | Type | Description
a m m L1Map The map to check
data array[L1Check_Data] Data to check the L1Map.
L1Check_Data - An input-output pair for the L1Map
5 Property | Symbol | Type | Description
S X X any The input to the L1Map.
y LowerSet Expected result (a lower set).
elapsed number? Time taken for the check in seconds (optional).
26.18.2. LCheck - Check for a LMap.
Extends: Check(type = "LCheck")
*S Property Symbol \ Type Description
A
m m LMap The map to check
data array[LCheck_Data] Test pairs
LCheck_Data - An input-output pair for the map
5 Property | Symbol | Type | Description
8 X X any The input to the map
y y LowerSet The expected result (a lower set).
elapsed number? Time taken for the check in seconds.
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26.18.3. MapCheck - Check for a monotone map.

Extends: Check(type = "MapCheck")

s Property Symbol \ Type Description
<
A m m MonotoneMap The map to check.
data array[MapCheck_Data] An input-output pair, where X‘ is the input to the map and ‘y* is
the expected result.
MapCheck_Data - An input-output pair for the map
5 Property | Symbol | Type | Description
S X X any The input to the map.
y y any The expected result
elapsed number? Time taken to compute the result.
26.18.4. SL1Check - Check for a SL1Map.
Extends: Check(type = "SL1Check")
*3 Property Symbol | Type Description
A
m m SL1Map The map to check
data array[SL1Check_Data] Test pairs
SL1Check_Data - An input-output pair
Property | Symbol | Type Description
X any
8 pess any
8 opt any
pess_y LowerSet
opt_y LowerSet
pess_elapsed number? Time taken for the check in seconds.
opt_elapsed number? Time taken for the check in seconds.
26.18.5. SLCheck - Check for a SL1Map.
Extends: Check(type = "SLCheck")
S Property | Symbol | Type | Description
A
m m SLMap The map to check
data array[SLCheck_Data] Test pairs
SLCheck_Data - An input-output pair for the SLMap
Property Symbol | Type Description
8 X any
<
A pess any
opt any
pess_y LowerSet
opt_y LowerSet
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8 pess_elapsed number? Time taken for the check in seconds.
S opt_elapsed number? Time taken for the check in seconds.
26.18.6. SU1Check - Check for a SU1Map.
Extends: Check(type = "SU1Check")
S Property | Symbol | Type | Description
)
m m SU1Map The map to check
data array[SU1Check_Data] Test pairs
SU1Check_Data - An input-output pair for the SU1Map
Property | Symbol | Type Description
X any
8 pess any
S opt any
pess_y UpperSet
opt_y UpperSet
pess_elapsed number? Time taken for the check in seconds.
opt_elapsed number? Time taken for the check in seconds.
26.18.7. SUCheck - Check for a SUMap.
Extends: Check(type = "SUCheck")
*S Property | Symbol | Type | Description
A
m m SUMap The map to check
data array[SUCheck_Data] Test pairs
SUCheck_Data - An input-output pair for the SUMap
Property Symbol | Type Description
X any
s opt any
8 opt_y UpperSet
pess any
pess_y UpperSet
pess_elapsed number? Time taken for the check in seconds.
opt_elapsed number? Time taken for the check in seconds.
26.18.8. UlCheck - Check for a U1Map.
Extends: Check(type = "UlCheck")
<
b Property | Symbol | Type | Description
A
m m UlMap The map to check
data array[UlCheck_Data] Test pairs
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UlCheck_Data - An input-output pair for the U1Map

5 Property Symbol | Type | Description
8 X any
y UpperSet
elapsed number? Time taken for the check in seconds.

26.18.9. UCheck - Check for a UMap.

Extends: Check(type = "UCheck")

<
g Property Symbol | Type | Description
m m UMap The map to check
data array[UCheck_Data] Test pairs
UCheck_Data - An input-output pair for the UMap
5 Property | Symbol | Type | Description
8 X any
y UpperSet
elapsed number? Time taken for the check in seconds.
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27. Miscellaneous level
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Data

27.1. LowerSet - Represents a lower set in a poset.

Property | Symbol | Type | Description
kind string Kind marker.
Must be equal to "LowerSet"
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"LowerSet_LowerClosure” | Alower set defined as the down closure of a finite set of points.

27.1.1. LowerSet_LowerClosure - A lower set defined as the down closure of a finite set of points.

Extends: LowerSet(kind, type = "LowerSet_LowerClosure'")

Symbol | Type | Description

Property

Data

| array[any] | The points in the lower set.

points
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27.2. Range - Description of a range of integers.

Property | Symbol | Type | Description

start integer Start of the range (inclusive).

stop integer End of the range (exclusive).

ntot integer Total number of elements in the array.
type string Type marker

Must be equal to "Range"

This represents the range start:stop (inclusive of start, exclusive of stop) in a total of ntot elements.
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27.3. Unit - Units specifications

Property Symbol | Type | Description

<

= kind string Kind marker.

A Must be equal to "Unit"
description string? A human-readable description of the unit (debug purposes).
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"Unit_None" Represents the absence of units.
"Unit_Single" A simple unit.
"Unit_Vector” A vector of units for a product of posets.

"Unit_Wrapped" A special type of unit that is used to describe the units of composite types.

27.3.1. Unit_None - Represents the absence of units.

Extends: Unit(kind, description, type = "Unit_None")

Data

27.3.2. Unit_Single - A simple unit.

Extends: Unit(kind, description, type = "Unit_Single")

s
8 Property | Symbol | Type | Description | Example
units | string | A string representing the unit. | m
27.3.3. Unit_Vector - A vector of units for a product of posets.
Extends: Unit(kind, description, type = "Unit_Vector")
*3 Property Symbol | Type | Description
[
subs array[Unit] The subunits.
labels array|[string]? labels for the subunits
27.3.4. Unit_Wrapped - A special type of unit that is used to describe the units of composite types.
Extends: Unit(kind, description, type = "Unit_Wrapped")
s Property | Symbol | Type | Description
=)
A name string
inside array[Unit]
shape any
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27.4. UpperSet - Upper sets

Property | Symbol | Type | Description
kind string Kind marker.
Must be equal to "UpperSet"
type string Discriminator variable to distinguish subtypes.

Subtypes based on the value for type

"UpperSet_UpperClosure” | An upper set defined as the up closure of a finite set of points.

27.4.1. UpperSet_UpperClosure - An upper set defined as the up closure of a finite set of points.

Extends: UpperSet(kind, type = "UpperSet_UpperClosure'")

Symbol | Type | Description

Data

Property

points | The points in the set.

| array[any]
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27.5. Address - Specifies the origin of an object from a repo and a library.

Property Symbol | Type | Description

type string Type marker
Must be equal to "Address"

repo string? The Git repository URL

library string The library name

spec string The type of object
Possible values: "models", "templates", "values", "posets"”,
"primitivedps", "interfaces", "queries"

thing string The name of the object
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